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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 53 |. This is test number [ 176 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.

Mathematica 12.3 (64 bit) on windows 10.

. Rubi 4.16.1 in Mathematica 12.1 on windows 10.
. Maple 2021.1 (64 bit) on windows 10.

. Maxima 5.44 on Linux. (via sagemath 9.3)

2
3
4
5.
6
7
8

Fricas 1.3.7 on Linux (via sagemath 9.3)

. Giac/Xcas 1.7 on Linux. (via sagemath 9.3)
. Sympy 1.8 under Python 3.8.8 using Anaconda distribution on Ubuntu.
. Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 under win-

dows 10 (64 bit)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi %100.00 (53) | % 0.00 (0)

Mathematica | % 100.00 (53 ) | % 0.00 (0)
Maple %81.13 (43) | % 18.87 (10)
Maxima % 30.19 (16 ) | % 69.81 (37)

Fricas %9434 (50) | %5.66(3)
Sympy %11.32 (6) | % 88.68 (47)
Giac %50.94 (27 ) | % 49.06 ( 26)
Mupad % 60.38 (32) | %39.62 (21)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following table
describes the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf
size.
B Integral was solved and antiderivative is optimal in quality but leaf

size is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the opti-
mal antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 69.81 15.09 15.09 0.00
Maple 20.75 58.49 1.89 18.87
Maxima 7.55 16.98 5.66 69.81
Fricas 9.43 79.25 5.66 5.66
Sympy 9.43 1.89 0.00 88.68
Giac 7.55 32.08 11.32 49.06
Mupad 0.00 60.38 0.00 39.62

Table 1.3: Antiderivative Grade distribution of each CAS



The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .

The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).



The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in CAS. This type of error
requires more investigations to determine the cause.

System Number failed | Percentage nor-| Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %

Maple 10 100.00 % 0.00 % 0.00 %

Maxima 37 100.00 % 0.00 % 0.00 %

Fricas 3 0.00 % 100.00 % 0.00 %

Sympy 47 91.49 % 8.51 % 0.00 %

Giac 26 11.54 % 0.00 % 88.46 %

Mupad 21 100.00 % 0.00 % 0.00 %

Table 1.4: Time and leaf size performance for each CAS



1.3 Performance

10

The table below summarizes the performance of each CAS system in terms of CPU time
and leaf size of results.

System Mean time | Mean size | Normalized | Median Normalized
(sec) mean size median

Rubi 0.09 63.92 1.00 56.00 1.00
Mathematica | 0.71 88.19 1.49 65.00 1.09

Maple 0.10 230.79 342 172.00 3.15
Maxima 0.43 209.25 2.63 64.50 2.18

Fricas 0.62 2516.24 35.63 1786.50 36.37
Sympy 27.34 161.00 2.99 136.00 2.39

Giac 0.80 237.07 3.62 124.00 2.88
Mupad 1.78 249.41 2.21 44.00 1.00

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used columns from the

above table.
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Normalized mean size of antiderivative
Lower is better

Mean time used (seconds)
Lower is better

20F

list of integrals that has no closed form an-
tiderivative
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1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}
Mupad {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it easier to do
further investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {37[42][44 47}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral
was aborted and considered to have failed and assigned an F grade. The time used by
failed integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This pecrentage can be higher or lower depending on the specific input test file.



14

Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. The exception message will indicate of the error is due to the interactive
question being asked or not.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_1lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffqrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result
back to SageMath syntax and not because these CAS system were not able to do the
integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy and Giac antideriva-
tives is determined using the following function, thanks to user slelievre athttps://


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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lask.sagemath.org/question/57123/could-we-have-a-leaf count-function-in-baseg-

def tree_size(expr):
i
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, wvectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is Nonme:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which is called directly from Python, the following code is used to obtain the
leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative, Maple was used to determine the leaf size of Mupad output by post
processing.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

integrand = evalin(symengine, 'cos(x)*sin(x)"')
the_variable = evalin(symengine, 'x')
anti = int(integrand,the_variable)

Which gives sin(x)~2/2


https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

Mathematica script w

POST PROCESSOR PROGRAM
;/r\ :
Test files from Maple script E Program that

Albert Rich Rubi generates the
website = Ltex repor

using input

from the
’ Matlab script for Mupad/Symbolic toolbox ; result tables

— Giac 4>
SageMath/Python
SCF]Ptt0t§5t » SageMath —» Fricas
Maxima, Fricas,
— Maxima b

\

One record (line) per one integral result. The line is CSV comma separated. This is description of each record
. integer, the problem number.

.integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)

. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. number. CPU time used to solve this integral. 0 if failed.
. string. The integral in Latex format . .
. string. The input used in CAS own syntax. ngh level overview of the CAS

. string. The result (antiderivative) produced by CAS in Latex format independent integration test
. string. The optimal antiderivative in Latex format. .
.integer. 0 or 1. Indicates if problem has known antiderivative or not build SyStem
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
The following field present only in Rubi and Mathematica Tables
.integer. 1 if result was verified or 0 if not verified.
The following fields present only in Rubi Tables Nasser M. Abbasi
14. integer. Number of rules used. Ve 20m
15. integer. Integrand leaf size.
16. real number. Ratio of field 14 over field 15
17. integer. 1 if result was verified or 0 if not verified.
18. String of form “{n,n,..}” which is list of the rules used by Rubi
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each CAS
2.1.1 Rubi

A grade: {[1}2)3/ |4 5(6/7]
2529 B0, 61] 3253 545
B grade: { }

C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: amm g l [12)[13][T4)[15 16} 18} 20} 22 23} 24 [25] 26} 28} 29 B 1} B2} B4
[B6}[38} 42} |47} 48] 49} 50} 51} 2]

B grade: {llllllll}

C grade: { 21}[37] [40} [T {43} 44} 45 46 }

F grade: { }

2.1.3 Maple

A grade: {59101 12 1318 15 505152

bt (13878 IS 202305 BT T B
A4 a5, A8 E9}
C grade: {[53]}

17
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F grade: { 20}21}[2627]36}[37) 41 (42} 46} 47 )

214 Maxima

A grade: { }
B grade: {2 BH B8O/}
C grade: {[10}[12}[14]}

F grade: ([T617)T8)T9,20,P1) 22,3, 75 26,27) 2529, B0} BT 2 53,54 5559, B7) B89,
A0 ) 2 P e 7 O 5T 3

2.1.5 FriCAS

—_

A grade: { [10}[11}[12[14)[T5])
B grade: l%l%" A1316 171519 PO} p1T) 22, P4 25 262728 5033 53,5455 B9

1748 5153}

878,394
C grade: {[29,B149] }
F grade: {[8][23][46] }

2.1.6 Sympy

A grade: {2309}
B grade: {50] }
C grade: { }

F grade: {|1}/6,[7}|8
36

2.1.7 Giac

A grade: { }
B grade: {[1,225) 46718} [13}[19[20}[26} 27 28} B0} B5} 48} }
C grade: {0/ IHIBEELT)

d}e: {617,181} 22} 23,24 25| 52}[53}[34 36] 57} 38}[39) O} 41} 42} 43} 14} 45 46} 47] 51
5253
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2.1.8 Mupad
A grade: { }

Blgidi EHEH@IZ@@
43453 950

C grade: { }

F grade: {[17[19/20}21) 23| 252627 BT} 83} 36, 37 B9} A1} 42} (44} 46} 47} b1} 52, 53]}
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given
as F(-2) if the failure was due to an exception being raised, which could indicate a bug
in the system. If the failure was due to integral not being evaluated within the time limit,
then it is given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — ———— ,
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F(-1) B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 160 160 231 472 624 2111 0 721 158
normalized size | 1 1.00 1.44 2.95 3.90 13.19 0.00 4.51 0.99
time (sec) N/A 0.092 2.898 0.020 0357 0430 0.000 0309 1.371
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 110 110 127 344 410 1164 264 447 111
normalized size | 1 1.00 1.15 3.13 3.73 10.58 2.40 4.06 1.01
time (sec) N/A 0.068 2.083 0.026 0336 0461 119402 0.232 1.315
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 74 74 100 235 239 557 170 241 72
normalized size | 1 1.00 1.35 3.18 3.23 7.53 2.30 3.26 0.97
time (sec) N/A 0.047 1.449 0.020 0324 0453 27591 0.195 1.281
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Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 43 43 65 144 114 197 102 103 41
normalized size | 1 1.00 1.51 3.35 2.65 4.58 2.37 2.40 0.95
time (sec) N/A 0.033 0.507 0.020 0.317 0503 5795 0.158 0.114
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 46 46 47 76 56 488 294 65 37
normalized size | 1 1.00 1.02 1.65 1.22 10.61 6.39 1.41 0.80
time (sec) N/A 0.077 0.063 0.115 0.423 0429 9715 0.134 0.111
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F(-1) B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 89 89 97 172 207 1952 0 198 110
normalized size | 1 1.00 1.09 1.93 2.33 21.93 0.00 222 1.24
time (sec) N/A 0.101 0.609 0.130 0.471 0.476  0.000 0.169 1.581
Problem 7| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F(-1) B B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 142 142 147 352 509 7508 0 409 2719
normalized size | 1 1.00 1.04 248 3.58 52.87 0.00 2.88 19.15
time (sec) N/A 0.160 0.361 0.125 0.558 0.669 0.000 0.217 1913
Problem § Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F(-1) F(-1) B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 201 201 203 608 925 0 0 1356 3685
normalized size | 1 1.00 1.01 3.02 4.60 0.00 0.00 6.75 1833
time (sec) N/A 0.279 0.633 0.129 0.726 0.000 0.000 0.499 2.071
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Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 19 19 19 27 38 70 34 38 15
normalized size | 1 1.00 1.00 1.42 2.00 3.68 1.79 2.00 0.79
time (sec) N/A 0.051 0.099 0.080 0406  0.634 0524 0.113 0.108
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B A C A F C B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 3 3 20 4 19 1 0 26 3
normalized size | 1 1.00 6.67 1.33 6.33 0.33 0.00 8.67 1.00
time (sec) N/A 0.018 0.007 0.078 0.424 0484 0000 0.140 1.178
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 14 14 18 15 17 17 0 23 14
normalized size | 1 1.00 1.29 1.07 1.21 1.21 0.00 1.64 1.00
time (sec) N/A 0.021 0.008 0.139 0.423 0444 0.000 0118 1.371
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 24 24 41 21 49 1 0 60 20
normalized size | 1 1.00 1.71 0.88 2.04 0.04 0.00 2.50 0.83
time (sec) N/A 0.022 0.061 0.072 0.421 0431 0.000 0.130 1.215
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 31 31 40 28 46 211 0 52 27
normalized size | 1 1.00 1.29 0.90 1.48 6.81 0.00 1.68 0.87
time (sec) N/A 0.023 0.040 0.128 0413 0415 0.000 0.122 1.196
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Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 13 13 13 14 11 1 0 24 18
normalized size | 1 1.00 1.00 1.08 0.85 0.08 0.00 1.85 1.38
time (sec) N/A 0.022 0.008 0.060 0.419 0.407  0.000 0.120 1.343
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 11 11 11 12 11 2 0 18 15
normalized size | 1 1.00 1.00 1.09 1.00 0.18 0.00 1.64 1.36
time (sec) N/A 0.021 0.008 0.102 0.417 0.396  0.000 0.115 1.242
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 63 63 60 253 0 2367 0 0 66
normalized size | 1 1.00 0.95 4.02 0.00 37.57 0.00 0.00 1.05
time (sec) N/A 0.123 0.186 0.140 0.000 0.569  0.000 0.000 3.078
Problem 17] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 85 85 191 276 0 4877 0 0 -1
normalized size | 1 1.00 2.25 3.25 0.00 57.38 0.00 0.00 -0.01
time (sec) N/A 0.128 0.846 0.101 0.000 0.656  0.000 0.000 0.000
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 44 44 44 238 0 1551 0 0 51
normalized size | 1 1.00 1.00 541 0.00 3525  0.00 0.00 1.16
time (sec) N/A 0.077 0.032 0.088 0.000 0.483 0.000 0.000 1.623




24

Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 60 60 137 238 0 3455 0 262 -1
normalized size | 1 1.00 2.28 3.97 0.00 5758  0.00 437  -0.02
time (sec) N/A 0.045 0.221 0.121 0.000 0.593 0.000 0.742  0.000
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 56 56 56 0 0 3479 0 259 -1
normalized size | 1 1.00 1.00 0.00 0.00 62.12 0.00 4.62 -0.02
time (sec) N/A 0.110 0.033 0.545 0.000 0.811  0.000 0.763  0.000
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 48 48 42 0 0 1539 0 0 -1
normalized size | 1 1.00 0.88 0.00 0.00 32.06 0.00 0.00 -0.02
time (sec) N/A 0.089 0.092 0.474 0.000 0.473  0.000 0.000 0.000
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 82 82 86 593 0 4940 0 0 112
normalized size | 1 1.00 1.05 7.23 0.00 60.24 0.00 0.00 1.37
time (sec) N/A 0.149 0.431 0.084 0.000 0.804 0.000 0.000 9.037
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 123 123 219 633 0 0 0 0 -1
normalized size | 1 1.00 1.78 5.15 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.244 0.978 0.087 0.000 0.000  0.000 0.000 0.000
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 63 63 59 578 0 2362 0 0 64
normalized size | 1 1.00 0.94 9.17 0.00 3749  0.00 0.00 1.02
time (sec) N/A 0.102 0.164 0.069 0.000 0.581 0.000 0.000 3.396
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 88 88 161 578 0 5037 0 0 -1
normalized size | 1 1.00 1.83 6.57 0.00 57.24 0.00 0.00 -0.01
time (sec) N/A 0.089 0.289 0.112 0.000 0.735  0.000 0.000 0.000
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 71 71 71 0 0 3949 0 470 -1
normalized size | 1 1.00 1.00 0.00 0.00 55.62 0.00 6.62 -0.01
time (sec) N/A 0.139 0.062 0.449 0.000 0.678 0.000 7.812  0.000
Problem 27] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F B F B F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 77 77 180 0 0 4025 0 473 -1
normalized size | 1 1.00 2.34 0.00 0.00 52.27 0.00 6.14 -0.01
time (sec) N/A 0.128 0.472 0.454 0.000 0.660 0.000 7972  0.000
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 60 97 0 683 0 119 68
normalized size | 1 1.00 1.94 3.13 0.00 22.03  0.00 3.84 2.19
time (sec) N/A 0.026 0.076 0.142 0.000 0.438 0.000 0.147 1.340
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Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F C F C B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 45 45 62 142 0 228 0 124 43
normalized size | 1 1.00 1.38 3.16 0.00 5.07 0.00 2.76 0.96
time (sec) N/A 0.034 0.051 0.149 0.000 0.457 0.000 0.196 1.299
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 50 50 116 158 0 1043 0 265 78
normalized size | 1 1.00 2.32 3.16 0.00 20.86 0.00 5.30 1.56
time (sec) N/A 0.039 0.345 0.115 0.000 0.448 0.000 0.197 1.394
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F C F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 67 67 118 211 0 361 0 285 -1
normalized size | 1 1.00 1.76 3.15 0.00 5.39 0.00 4.25 -0.01
time (sec) N/A 0.048 0.174 0.121 0.000 0.443 0.000 0.202  0.000
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 47 47 47 129 0 1576 0 0 39
normalized size | 1 1.00 1.00 2.74 0.00 33.53 0.00 0.00 0.83
time (sec) N/A 0.110 0.103 0.118 0.000 0.534 0.000 0.000 1.689
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 60 60 134 137 0 3513 0 0 -1
normalized size | 1 1.00 2.23 2.28 0.00 5855  0.00 0.00 -0.02
time (sec) N/A 0.095 0.249 0.116 0.000 0.651  0.000 0.000 0.000
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Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 29 29 29 114 0 1298 0 0 23
normalized size | 1 1.00 1.00 3.93 0.00 4476  0.00 0.00 0.79
time (sec) N/A 0.065 0.015 0.099 0.000 0.478 0.000 0.000 1.743
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 31 31 77 114 0 1357 0 196 25
normalized size | 1 1.00 2.48 3.68 0.00 43.77 0.00 6.32 0.81
time (sec) N/A 0.027 0.124 0.125 0.000 0.497 0.000 0.345 1479
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 56 56 56 0 0 3397 0 0 -1
normalized size | 1 1.00 1.00 0.00 0.00 60.66 0.00 0.00 -0.02
time (sec) N/A 0.109 0.049 0.500 0.000 0.644 0.000 0.000 0.000
Problem 37] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F B F F(-2) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 51 51 132 0 0 1621 0 0 -1
normalized size | 1 1.00 2.59 0.00 0.00 31.78 0.00 0.00 -0.02
time (sec) N/A 0.096 1.457 0.511 0.000 0.532  0.000 0.000 0.000
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 52 52 52 287 0 2541 0 0 45
normalized size | 1 1.00 1.00 5.52 0.00 48.87  0.00 0.00 0.87
time (sec) N/A 0.124 0.131 0.093 0.000 0.587  0.000 0.000 2.003




28

Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 53 53 109 289 0 2279 0 0 -1
normalized size | 1 1.00 2.06 5.45 0.00 43.00  0.00 0.00  -0.02
time (sec) N/A 0.100 0.996 0.098 0.000  0.606  0.000 0.000 0.000
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 49 49 41 273 0 2299 0 0 41
normalized size | 1 1.00 0.84 5.57 0.00 4692  0.00 0.00 0.84
time (sec) N/A 0.087 0.042 0.081 0.000 0589 0.000 0.000 1.938
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F B F F(-2) F
verified N/A Yes Yes TBD TBD TBbD TBD TBD TBD
size 78 78 70 0 0 6991 0 0 -1
normalized size | 1 1.00 0.90 0.00 0.00 89.63  0.00 0.00  -0.01
time (sec) N/A 0.146 0.058 0.464 0.000  0.894 0.000 0.000  0.000
Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F F(-2) F
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 85 85 149 0 0 3931 0 0 -1
normalized size | 1 1.00 1.75 0.00 0.00 46.25 0.00 0.00 -0.01
time (sec) N/A 0.155 6.007 0.478 0.000  0.822 0.000 0.000  0.000
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 74 74 63 435 0 6560 0 0 82
normalized size | 1 1.00 0.85 5.88 0.00 88.65  0.00 0.00 1.11
time (sec) N/A 0.146 0.101 0.098 0.000  1.002 0.000 0.000 3.339
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Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-2) F
verified N/A Yes NO TBD TBD TBbD TBD TBD  TBD
size 88 88 258 454 0 6591 0 0 -1
normalized size | 1 1.00 2.93 5.16 0.00 7490  0.00 0.00  -0.01
time (sec) N/A 0.128 7.092 0.097 0.000  1.018 0.000 0.000  0.000
Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 70 70 43 420 0 5736 0 0 76
normalized size | 1 1.00 0.61 6.00 0.00 81.94  0.00 0.00 1.09
time (sec) N/A 0.102 0.038 0.083 0.000 0995 0.000 0.000 3.412
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 108 108 73 0 0 0 0 0 -1
normalized size | 1 1.00 0.68 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.205 0.059 0.462 0.000  0.000 0.000 0.000  0.000
Problem 47] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F F(-2) F
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 131 131 171 0 0 10729 0 0 -1
normalized size | 1 1.00 1.31 0.00 0.00 81.90 0.00 0.00 -0.01
time (sec) N/A 0.236 6.753 0.489 0.000 1905 0.000 0.000  0.000
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 25 25 44 62 0 547 0 69 63
normalized size | 1 1.00 1.76 2.48 0.00 21.88  0.00 276 2.52
time (sec) N/A 0.019 0.069 0.137 0.000 0452 0.000 0.126 1.350
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Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F C F C B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 27 27 46 66 0 175 0 73 22
normalized size | 1 1.00 1.70 244 0.00 6.48 0.00 2.70 0.81
time (sec) N/A 0.020 0.040 0.135 0.000 0.452 0.000 0.155 1.254
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 38 38 40 41 73 95 102 25 38
normalized size | 1 1.00 1.05 1.08 1.92 2.50 2.68 0.66 1.00
time (sec) N/A 0.067 0.079 0.079 0.413 0450 0982 0.131 0.093
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 89 89 86 116 0 5172 0 0 -1
normalized size | 1 1.00 0.97 1.30 0.00 58.11 0.00 0.00 -0.01
time (sec) N/A 0.141 0.155 0.166 0.000 0.679  0.000 0.000 0.000
Problem 52 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F B F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 40 40 40 37 0 1290 0 0 -1
normalized size | 1 1.00 1.00 0.92 0.00 32.25 0.00 0.00 -0.02
time (sec) N/A 0.076 0.016 0.141 0.000 0.683  0.000 0.000 0.000
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 74 74 73 431 0 3938 0 0 -1
normalized size | 1 1.00 0.99 5.82 0.00 5322 0.00 0.00 -0.01
time (sec) N/A 0.120 0.497 0.124 0.000 0.826  0.000 0.000  0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules

column is the number of unique rules used. The integrand size column is the leaf size
number of rules

of the integrand. Finally the ratio is given. The larger this ratio is, the harder

integrand size

the integral was to solve. In this test, problem number [50] had the largest ratio of [.6250]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized

# | grade steps unique antiderivative ntegrand %

L . - leaf size integrand leaf size
1 A 4 3 1.00 14 0.214
2 A 4 3 1.00 14 0.214
3 A 4 3 1.00 14 0.214
4 A 4 3 1.00 14 0.214
5 A 3 3 1.00 14 0.214
6 A 5 5 1.00 14 0.357
7 A 6 6 1.00 14 0.429
8 A 7 6 1.00 14 0.429
9 A 3 3 1.00 10 0.300
10 A 3 3 1.00 12 0.250
11 A 4 4 1.00 10 0.400
12 A 4 4 1.00 12 0.333
13 A 5 5 1.00 10 0.500
14 A 3 3 1.00 12 0.250
15 A 3 3 1.00 10 0.300

Continued on next page




Table 2.1 — continued from previous page

number of number of normalized
# | grade steps unique antiderivative ntegrand %
o . o leaf size integrand leaf size
16/ A 6 6 1.00 17 0.353
171 A 7 6 1.00 17 0.353
18 A 5 5 1.00 15 0.333
19 A 6 5 1.00 12 0.417
20| A 7 5 1.00 15 0.333
21 A 5 5 1.00 17 0.294
22/ A 7 6 1.00 17 0.353
23 A 8 7 1.00 17 0.412
24 | A 6 5 1.00 15 0.333
25 A 7 6 1.00 12 0.500
26| A 8 6 1.00 15 0.400
27/ A 7 6 1.00 17 0.353
28 A 5 5 1.00 10 0.500
29 A 6 5 1.00 12 0.417
30| A 6 6 1.00 10 0.600
31 A 7 6 1.00 12 0.500
32| A 5 5 1.00 17 0.294
33 A 6 5 1.00 17 0.294
34| A 4 4 1.00 15 0.267
35 A 3 3 1.00 12 0.250
36| A 7 5 1.00 15 0.333
371 A 5 5 1.00 17 0.294
38 A 5 5 1.00 17 0.294
39 A 4 4 1.00 17 0.235
401 A 5 5 1.00 15 0.333
41 A 8 6 1.00 15 0.400

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized

# | grade steps unique antiderivative ntegrand %

L . - leaf size integrand leaf size
420 A 6 6 1.00 17 0.353
43 A 6 6 1.00 17 0.353
44 | A 6 6 1.00 17 0.353
45 A 6 5 1.00 15 0.333
46/ | A 9 7 1.00 15 0.467
47| A 7 7 1.00 17 0.412
48 A 3 3 1.00 10 0.300
49 A 3 3 1.00 12 0.250
50| A 6 5 1.00 8 0.625
51 A 8 7 1.00 15 0.467
52| A 4 4 1.00 15 0.267
53 A 6 6 1.00 15 0.400
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Chapter 3

Listing of integrals

3.1 f (a +b cothz(c + dx))5 dx

Optimal. Leaf size=160

b (10a2 + 5ab + b?) coth®(c + dx)  b? (10a° +10a%b + 5ab? + b%) coth’(c + dx) b (5a* +10a%b + 102262 +
- 5d - 3d - d

[Out] (a+b) " 5%x-b*(5%a~4+10%a"3%b+10*a~2%b~2+5%axb”~3+b~4) *xcoth(d*x+c)/d-1/3%b~2x%(
10*xa~3+10*a”2*%b+5*xa*xb”~2+b"3) xcoth (d*x+c) ~3/d-1/5%b" 3% (10*a~2+5*a*xb+b~2) *cot
h(d*xx+c)~5/d-1/7*b" 4% (5*xa+b) *xcoth(d*x+c)~7/d-1/9%b"5*xcoth(d*x+c) ~9/d

Rubi [A] time = 0.09, antiderivative size = 160, normalized size of antiderivative =
f rul
1.00, number of steps used = 4, number of rules used = 3, integrand size = 14, number of rules

= 0.214, Rules used = {3661, 390, 206}

b3 (10512 +5ab + bz) coth™(c + dx) b2 (1Oa2b +10a® + 5ab? + b3) coth®(c +dx) b (1Oa2b2 +10a%b + 5a* +
- 5d - 3d - d

integrand size

Antiderivative was successfully verified.
[In] Int[(a + b*Coth[c + d*x]~2)75,x]

[Out] (a + b)75*xx — (b*(5%a”4 + 10*a”3*b + 10*a~2*b~2 + 5*a*b”™3 + b~4)*Coth[c + d
*x])/d - (b72%(10*a”~3 + 10*a~2%b + 5*xa*xb™2 + b~3)*Coth[c + d*x]~3)/(3*d) -
(b™3%(10%a~2 + 5*a*b + b~2)*Coth[c + d*x]~5)/(5%d) - (b~4*(5%a + b)*Coth[c

+ d*x]"7)/(7*d) - (b~5*Coth[c + d*x]~9)/(9*d)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt

35
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Qla, 0] |l LtQ[b, 01)

Rule 390

Int[((a_) + (b_.)*x(x_)"(n_ )" (p)*((c_) + (d_.)*(x_)"(n_))"(q ), x_Symbol]
:> Int[PolynomialDivide[(a + b*x"n)"p, (c + d*x"n)~(-q), x], x] /; FreeQ[{a
, b, ¢, d}, x] && NeQ[bkc - a*d, 0] && IGtQ[n, 0] && IGtQlp, 0] && ILtQlq,
0] && GeQlp, -9l

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_)*(x_)1)"(n_))~(p_), x_Symbol] :>

With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[(c*ff)/f, Subst[Int[(a + b*(
ffxx)"n)"p/(c”2 + f£f 2xx"2), x], x, (cxTan[e + f*x])/ff], x]] /; FreeQ[{a,

b, c, e, £, n, p}, x] && (IntegersQ[n, p] || IGtQ[p, 0] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps

(u+b

2)’
Subst f 7 dx, x, coth(c + dx)

f(a + bcothz(c + dx))5 dx = 7

Subst ( [ (—b (5a* +10a%b + 10a2b? + 5ab® + b*) - b? (104> + 10a%b + 5ab? + b

(

b(5a* +10a%b +10a2b? + 5ab® + b*) coth(c + dx) ~ b?(10a° + 10a2b + 5ab? +
d - 3d
5a* +10a%b +10a26? + 5ab° + b*) coth(c + dx) b2 (104> + 1042

—(a+b)5x—b( _
B d

Mathematica [A] time = 2.90, size = 231, normalized size = 1.44

157504 tanh®(c+dx) 10503 (3tanh?(c+dx)+1) tanh®(c+dx)  21042(15 tanh® (c+dx)+5 tanh?(c+dx)+3) tanh* (c+dx)
+ +

b5 coth”(c + dx) A e =

Antiderivative was successfully verified.

[In] Integrate[(a + b*Coth[c + d*x]~2)75,x]
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[Out] -1/315%(b"5*Coth[c + d*x]~9*(35 + 45*xTanh[c + d*x]~2 + 63*Tanh[c + d*x]~4 +
105%Tanh[c + d*x]~6 + 315*xTanh[c + d*x]~8 + (1575%a"4xTanh[c + d*xx]~8)/b~4

- (315%(a + b) 5*ArcTanh[Sqrt[Tanh[c + d*x]~2]]*Tanh[c + d*x]~10)/(b~5*Sqr

t[Tanh[c + d*x]~2]) + (1050*a”3*Tanh[c + d#*x] “6*(1 + 3*Tanh[c + d*x]~2))/b~

3 + (210*%a~2*Tanh[c + d*x] "4*(3 + 5*Tanh[c + d*x]~2 + 15%Tanh[c + d*x]~4))/

b"2 + (15*axTanh[c + d*xx] "2*(15 + 21*Tanh[c + d*x]~2 + 35*xTanh[c + d*x]"4 +
105%Tanh[c + d*x]~6))/b))/d

fricas [B] time = 0.43, size = 2111, normalized size = 13.19

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(d*x+c)~2)75,x, algorithm="fricas")

[Out] -1/315%((1575%a"4xb + 4200*a”3*b~2 + 4830*a~2*%b~3 + 2640*a*b”~4 + 563*b~5)*c
osh(d*x + c)79 + 9x(1575%a~4*b + 4200*a”3*b~2 + 4830*a~2%b~3 + 2640*a*xb”4 +
563*b~5)*cosh(d*x + c)*sinh(d*x + c)~8 - (1575*a~4*b + 4200*a”3*b"2 + 4830
*a"2%b"3 + 2640*a*b~4 + 563*%b~5 + 315%(a”5 + 5*xa~4xb + 10*a”3*b"2 + 10*a”~2*
b~3 + 5*axb~4 + b~5)*d*x)*sinh(d*x + c)~9 - 9% (1225*a"4*b + 2800*a~3*b~2 +
2730*%a"2*b"3 + 1240*axb™4 + 213*%b~5)*cosh(d*x + c)~7 + 9% (1575%xa"4*xb + 4200
*a"3%b"2 + 4830*a~2%b”3 + 2640*axb”4 + 563*b~5 + 315%(a”5 + 5xa~4*b + 10*a”
3*b~2 + 10%a"2*b~3 + b*xaxb”4 + b"5)*d*x — 4*%(1575%a"4*xb + 4200%a”3*xb~2 + 48
30*a”"2*b"3 + 2640*a*b~4 + 563*%b~5 + 315%x(a”5 + 5%xa~4*b + 10*a”3*b"2 + 10*a”
2*%b~3 + 5*axb”4 + b~5)*d*x)*cosh(d*x + c)”2)*sinh(d*x + c)~7 + 21*x(4x(1575%
a~4xb + 4200*%a”3*b"2 + 4830%a"2%b~3 + 2640*a*b~4 + 563*b~5)*cosh(d*x + c)~3
- 3*%(1225*%a"4*xb + 2800*a~3%b~2 + 2730*a”2*xb~3 + 1240*a*xb~4 + 213*b~5)*cosh
(d*x + c))#*sinh(d*x + c)”6 + 36%(875%a"4*b + 1750*a"3*b"2 + 1680*a~2*%b"3 +
890*a*xb”4 + 213*b~5)*cosh(d*x + c)”5 - 9%x(6300*a~4*b + 16800*a~3*b~2 + 1932
0*xa~2*xb~3 + 10560*axb”4 + 2252xb~5 + 14*x(1575%a~4%b + 4200*a”3*%b"2 + 4830*a
“2*%b"3 + 2640*ax*b~4 + 563%b”5 + 315%x(a”5 + 5%a”4xb + 10*a~3*b"2 + 10*a~2*b”
3 + B*xa*b™4 + b~5)*d*x)*cosh(d*x + c)”4 + 1260*(a”5 + 5*a"4*b + 10*a~3%b~2
+ 10%a"2*b~3 + bxaxb”™4 + b~5)*xd*x — 21%(1575%a"4*xb + 4200*a”3*b"2 + 4830*a”
2%b~3 + 2640*a*b”4 + 563*b~5 + 315%(a”5 + 5*xa~4*b + 10*a~3*%b"2 + 10*a~2%b"3
+ 5*%a*xb”~4 + b~5)*d*x)*cosh(d*x + c)~2)*sinh(d*x + c)”5 + 9*%(14x(1575*a~4x*b
+ 4200*%a”3*b"2 + 4830%a~2%b~3 + 2640*a*b~4 + 563*b~5)*cosh(d*x + c)°5 - 35
*(1225*%a"4*b + 2800*a~3*b~2 + 2730*a"2*b~3 + 1240*axb~4 + 213*b~5)*cosh(d*x
+ ¢c)~3 + 20%(875%a"4*b + 1750%a"3*b~2 + 1680*a”2*xb~3 + 890*a*xb~4 + 213*b”5
Y*xcosh(d*x + c¢))*sinh(d*x + c)~4 - 84%(525*%a"4*b + 950*a~3*b~2 + 980*a”2*b~
3 + 490*a*b”4 + 63*%b~5)*cosh(d*x + c)~3 - 3*x(28*%(1575*%a"4*b + 4200*a~3*b"2
+ 4830%a"2%b~3 + 2640*a*xb”4 + 563*b~5 + 315%(a”5 + 5*a~4*b + 10*a”~3%b"2 + 1
0*a~2*b~3 + b*axb~4 + b~5)*d*x)*cosh(d*x + ¢)~6 - 44100*a"4*b - 117600*a” 3%
b~2 - 135240*%a”~2%b"3 - 73920*a*b”~4 - 15764%b~5 - 105%(1575*a~4*b + 4200*a~3
*b”"2 + 4830%a"2*b~3 + 2640*axb~4 + 563*%b”5 + 315%x(a”5 + 5*a”4xb + 10*a~3*xb~
2 + 10*%a”2*b"3 + b*a*xb~4 + b~5)*d*x)*cosh(d*x + c)~4 - 8820%(a”5 + 5*a”4x*b
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+ 10%a"3*b~2 + 10%a”2*b~3 + bxa*xb”4 + b~5)*d*x + 120%x(1575*%a”~4*b + 4200*a”3
*b"2 + 4830*%a”"2*b"3 + 2640*a*xb”4 + 563*b"5 + 315x(a”5 + 5*xa”4*b + 10*a”~3*b~
2 + 10*%a"2*b~3 + 5*axb~4 + b~5)*d*x)*cosh(d*x + c)~2)*sinh(d*x + c)~3 + 9%(
4% (1575%a~4*b + 4200*a~3*b~2 + 4830*a”2*b~3 + 2640*a*xb~4 + 563*b~5)*cosh(d*
x + ¢)77 - 21%x(1225%a~4xb + 2800*a~3*%b”"2 + 2730%a"2*b~3 + 1240*a*xb~4 + 213*
b~5)*cosh(d*x + ¢c)~5 + 40%(875*a"4*b + 1750%a~3*b~2 + 1680*a”~2*xb~3 + 890*a*
b~4 + 213%b"5)*cosh(d*x + c)~3 - 28%(525xa~4*xb + 950*%a~3*b~2 + 980*a~2*b~3

+ 490*a*b~4 + 63*b~5)*cosh(d*x + c))*sinh(d*x + c)~2 + 126*%(175%a"4*xb + 300
*a~3%b"2 + 330*%a”"2*b"3 + 140*a*xb~4 + 63*b~5)*cosh(d*x + c) - 9*((1575*%a"4x*b
+ 4200%a"3*b"2 + 4830*%a~2%b~3 + 2640*a*b”~4 + 563*b~5 + 315%(a~5 + bxa~4x*b

+ 10*%a”3*b"2 + 10*a~2%b~3 + b*a*b”4 + b~5)*d*x)*cosh(d*x + ¢c)”8 - 7*x(1575%a
“4xb + 4200%a"3*b"2 + 4830%a"2*xb"3 + 2640*%axb”4 + 563*b~5 + 315%(a”5 + 5*a”
4xb + 10*a~3*b"2 + 10*a~2*b"3 + 5*a*xb”4 + b~5)*d*x)*cosh(d*x + c)~6 + 22050
*a"4xb + 58800*%a”3*%b"2 + 67620*%a"2*b~3 + 36960*a*xb~4 + 7882*b~5 + 20*(1575%
a~4xb + 4200%a”3*b~2 + 4830*a”"2%b"3 + 2640*a*xb”4 + 563*b~5 + 315%(a”5 + 5*a
“4xb + 10*%a”3*b”"2 + 10*a"2%b~3 + b*axb"4 + b~5)*d*x)*cosh(d*x + c)”4 + 4410
*(a”5 + B5*a"4*b + 10*%a~3%b"2 + 10*%a”2*b”"3 + b5*xaxb~4 + b~5)*d*x - 28*(1575*a
“4xb + 4200%a"3*b"2 + 4830%a"2xb"3 + 2640*%axb”4 + 563*b~5 + 315%(a”5 + 5*a”
4xb + 10*a~3%*b"2 + 10*a”2*b~3 + b5*a*xb~4 + b~5)*d*x)*cosh(d*x + c)~2)*sinh(d
*x + c¢))/(d*sinh(d*x + c)~9 + 9x(4*d*cosh(d*x + c)~2 - d)*sinh(d*x + c)~7 +
9% (14*d*cosh(d*x + c)”"4 - 21xd*cosh(d*x + c)~2 + 4*d)*sinh(d*x + c)~5 + 3%
(28*d*cosh(d*x + c)~6 - 105*d*cosh(d*x + c)~4 + 120*d*cosh(d*x + c)~2 - 28%
d)*sinh(d*x + c)~3 + 9x(d*cosh(d*x + c)~8 - 7*xd*cosh(d*x + c)~6 + 20*d*cosh
(d*x + c)~4 - 28*d*cosh(d*x + c)~2 + 14*d)*sinh(d*x + c))

giac [B] time = 0.31, size = 721, normalized size = 4.51

1575 ape(16dx+16¢) L 6300 z3p2(16dx+16 c) +9450 g2p3 (16 dx+16 C)+6E

2
3%@?+5fb+Hm%LHOfW+5d#+WNM+d— (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(d*x+c)~2)75,x, algorithm="giac")

[Out] 1/315%(315%(a~5 + 5%a~4*b + 10*a”3*b~2 + 10*a~2%b~3 + B*a*b”™4 + b~5)*x(dxx +
c) - 2%(1575*%a"4x*xbxe” (16xd*x + 16*c) + 6300*a”3*xb"2xe~ (16*d*x + 16*c) + 94
50*%a"2*%b"3*e” (16*d*x + 16%c) + 6300*a*b”4*e” (16*d*x + 16%c) + 1575*b~5*xe” (1
6*%d*x + 16%c) - 12600*a~4xb*e” (14*d*x + 14*c) - 44100%a~3*b"2%e” (14*d*x + 1
4dxc) - 56700*a”~2%b”3*e” (14*xd*x + 14%c) - 31500*a*xb”4*e” (14*d*x + 14%c) - 63
00*b~5*xe~ (14*d*x + 14%*c) + 44100*a"4x*xb*xe” (12xdxx + 12%c) + 136500*%a”3*b"2xe
“(12%d*x + 12*%c) + 161700%a~2%b~3*e” (12*xd*x + 12*c) + 90300*a*xb~4*e” (12*xd*x
+ 12%c) + 21000%b~5xe” (12*d*x + 12*c) - 88200*a~4*b*e” (10*d*x + 10*c) - 24
5700%a~3*b"2%e” (10*%d*x + 10*c) - 283500%a”2xb"3*xe”~ (10*d*x + 10%c) - 157500%
a*b~4xe” (10xd*x + 10*c) - 31500%b~5*e~ (10*d*x + 10%c) + 110250*a~4x*b*xe” (8*d
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*x + 8%c) + 283500*%a”~3*b"2%e” (8*d*x + 8*c) + 325080*a~2*b~3*e” (8*d*x + 8*c)
+ 175140*a*xb”~4*e” (8*xd*x + 8*c) + 39438*b~5*xe” (8*d*x + 8*c) - 88200*a”4*b*e
“(6*d*x + 6%c) - 216300*a~3%b"2%e” (6*%d*x + 6%c) - 244020%a~2%b~3*e” (6*xd*x +
6*%c) - 131460*axb~4xe” (6*d*x + 6%c) - 26292*xb~5xe”~ (6*d*x + 6*c) + 44100*a”
4xbxe” (4xdxx + 4*c) + 107100*%a”3*b"2xe” (4*d*x + 4*c) + 117180*%a~2xb~3*e” (4%
d*x + 4*c) + 63540*a*xb~4*e” (4*d*x + 4*c) + 13968*b~5xe” (4*d*x + 4*c) - 1260
O*a~4x*xbkxe” (2xd*xx + 2%c) - 31500*%a”3*b"2xe”~ (2*d*x + 2%c) - 34020*a”~2*xb~3*e”(
2%d*x + 2%c) - 17460*axb~4*xe” (2xd*x + 2%c) - 3492*xb~5*e” (2*d*x + 2%c) + 157
5%a”~4xb + 4200%a~3*b~2 + 4830*a~2*b~3 + 2640*a*xb~4 + 563%b~5)/(e” (2*d*x + 2
xc) - 1)79)/d

maple [B] time = 0.02, size = 472, normalized size = 2.95

(coth® (dx +c)) ab* 2(coth’® (dx +c))a?b® 5 (coth” (dx +c))ab* 10 (coth’ (dx +c)) a®F? 10 (coth® (dx
- d - d - 7d - 3d - 3d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*coth(d*x+c)~2)75,x)

[Out] 5/d*1n(coth(d*x+c)+1)*a”3*b"2+5/2/d*1n(coth(d*x+c)+1)*a*xb~4-5/d*a~4*bxcoth(
d*x+c)-5/2/d*1n(coth(d*x+c)-1)*a*xb~4+5/2/d*x1n(coth (d*x+c)+1)*a~4*b-10/3/d*c
oth(d*x+c) "3*a”~3*b"2-10/3/d*coth(d*x+c) ~3*a~2*xb~3-5/3/d*coth(d*x+c) ~3*axb~™4
-5/d*1n(coth(d*x+c)-1)*a~3*b~2-5/d*1n(coth(d*x+c)-1)*a~2%b~3-5/7/d*coth (d*x

+c) “7T*a*xb~4-10/d*a~2*¥b~3*coth (d*x+c)-5/d*a*xb~4*coth (d*x+c)-1/d*coth(d*x+c)”
5*%axb~4+1/2/d*1n(coth(d*x+c)+1)*a~5-1/2/d*1n(coth(d*x+c)-1)*a~5-1/2/d*1n(co
th(d*x+c)-1)*b~5+1/2/d*1n(coth(d*x+c)+1)*b~5-1/5/d*coth (d*x+c) “5xb~5-1/3/d*
coth(d*x+c) “3*b~5-1/7/d*xcoth(d*x+c) “7*b~5-1/d*b~5*xcoth (d*x+c)-2/d*coth (d*x+

c) "5*a~2%b~3-10/d*a"3*b~2*xcoth (d*x+c)-5/2/d*1n(coth(d*x+c)-1)*a~4*b+5/d*1n(
coth(d*x+c)+1)*a"2*b"3-1/9*b"5xcoth (d*x+c) ~9/d

maxima [B] time = 0.36, size = 624, normalized size = 3.90

1 5| 315 315¢ 2 (3492 e(-2dx-20) _ 13968 p(~4dx-40) 4 26297 p(-6dx-6¢) _ 39438 p(-8dx-8¢) 4 3150() (-1
— + _
315 x d ‘K9A4M4d_36¢4ﬂ40+84&%ﬂ%d_1%%@&&8d+1ﬂ%pm¢hmd_

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(d*x+c)~2)75,x, algorithm="maxima"

[Out] 1/315%b7"5*(315*x + 315%c/d - 2*(3492*%e” (—-2*xd*x - 2%c) - 13968*e” (-4*xd*x - 4
*c) + 26292*e” (-6*xd*x - 6xc) - 39438*e” (-8*d*x — 8*c) + 31500%e” (-10*d*x -
10%c) - 21000*%e”~ (-12*d*x - 12%c) + 6300*e”(-14*xd*x - 14*c) - 1575*%e” (-16*d*
X — 16*xc) - 563)/(d*(9*e” (-2*xd*x — 2*c) - 36%e” (-4*d*x - 4*c) + 84xe” (-6*d*
X — 6*%c) — 126%e”(-8*d*x - 8*c) + 126%e”(-10*d*x - 10*c) - 84*xe”~ (-12*d*x -
12%c) + 36%e”(-14*d*x - 14*c) - 9*e~(-16*d*x - 16%c) + e~ (-18*d*x - 18%c) -
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1))) + 1/21*a*b”4*(105*%x + 105%c/d — 8*(203*e” (-2*d*x - 2*c) - 609*e” (-4x*d
*x — 4*xc) + T70xe” (-6*d*x — 6%c) - 770xe” (-8*d*x - 8*c) + 315%e”~(-10*d*x -
10%c) - 105*%e” (-12*%d*x - 12%c) - 44)/(d*x(7T*e” (-2*d*x - 2*c) - 21*e” (-4*xd*x
- 4xc) + 35*%e” (-6*xd*xx - 6%c) - 35*%e” (-8*d*x — 8*c) + 21%xe”(-10*d*x - 10%c)
- Txe” (-12*%d*x — 12*%c) + e~ (-14*d*x - 14*xc) - 1))) + 2/3*a"2*b"3*(15*x + 15
*c/d - 2% (70*%e” (-2*d*x - 2%c) - 140*e” (-4*xd*x — 4xc) + 90*e” (-6*d*x — 6*c)
- 45%e” (-8*d*x — 8*c) - 23)/(d*(5*e” (-2*xd*x — 2*c) - 10*e” (-4*d*x - 4*c) +
10%e” (-6xd*x — 6%c) — 5*e”(-8*d*x - 8*c) + e~ (-10*d*x - 10*c) - 1))) + 10/3
*a"3%b" 2% (3*xx + 3kc/d - 4%(3ke” (-2*d*x - 2xc) - 3ke”(-4*xdxx - 4xc) - 2)/(d*
(3*xe” (-2%d*x - 2%c) - 3*xe”(-4xd*x - 4*c) + e~ (-6*xd*x — 6xc) - 1))) + B*xa™4x*
bx(x + c¢/d + 2/(d*(e”(-2*%d*x - 2*c) — 1))) + a~b#*x

mupad [B] time = 1.37, size = 158, normalized size = 0.99

coth (c +dx)° (104> +1022 5> + 5ab* + b°) coth(c+dx)° (10a2b° +5ab +1°) coth(c+d
3d - 5d -

x(a+ b)5—

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*coth(c + d*x)~2)75,x)

[Out] x*(a + b)~5 - (coth(c + d*x) " 3*(5xa*xb™4 + b~5 + 10*a~2*b~3 + 10*a~3*xb"2))/(
3xd) - (coth(c + d*x) 5*(5xaxb”4 + b~5 + 10*¥a"2*xb~3))/(5%d) - (coth(c + d*x

) T7x(5*a*xb”4 + b75))/(7*d) - (b~ 5*coth(c + d*x)~9)/(9%d) - (b*coth(c + d*x)
*(5*a*xb”™3 + 10*a”~3*b + 5%a”4 + b™4 + 10*a”"2*xb~2))/d

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*coth(d*x+c)**2)**5,x)

[Out] Timed out
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32 [(a+Dbcoth’(c+dx) dx

Optimal. Leaf size=110

b? (6a2 + 4ab + b?) coth(c + dx) b(2a + b) (2a2 + 2ab + b?) coth(c + dx) b3(4a + b) coth’(c + dx)
3d - d - 5d

+x(a+b

[Out] (a+b) "4xx-b* (2%a+b)*(2*a~2+2*xa*xb+b~2)*coth(d*x+c)/d-1/3*b~ 2% (6*xa~2+4*axb+b~
2)*xcoth(d*x+c)~3/d-1/5%b~3* (4*a+b) *coth(d*x+c) ~5/d-1/7*b"4*xcoth(d*x+c)~7/d

Rubi [A] time = 0.07, antiderivative size = 110, normalized size of antiderivative =

f rul
1.00, number of steps used = 4, number of rules used = 3, integrand size = 14, number of rules

= 0.214, Rules used = {3661, 390, 206}

integrand size

b? (6a% + 4ab + b?) coth®(c + dx)  b(2a + b) (2a? + 2ab + b?) coth(c + dx) b3(4a + b) coth®(c + dx)
- 3d - d - 5d

+x(a+b

Antiderivative was successfully verified.
[In] Int[(a + b*Coth[c + d*x]~2)74,x]

[Out] (a + b)~4*xx - (b*x(2%a + b)*(2*%a~2 + 2%axb + b~2)*Coth[c + d*x])/d - (b™2*(6
*a”~2 + 4*axb + b~2)*Coth[c + d*x]~3)/(3*d) - (b"3x(4*a + b)*Coth[c + d*x]~5
)/ (5xd) - (b~4*Coth[c + d*xx]~7)/(7*d)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 390

Int[((a_) + (b_)*x(x_D)"(m))"(p)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]

:> Int[PolynomialDivide[(a + b*x"n)"p, (c + d*x™n)~(-q), x], x] /; FreeQ[{a
, b, ¢, d}, x] &% NeQ[bxc - axd, 0] && IGtQ[n, O] && IGtQ[p, O] && ILtQlq,

0] && GeQ[p, -q]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + b*(
ffxx)"n)"p/(c”2 + f£f72xx"2), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
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qQ[n~2, 16]1)

Rubi steps
(a+bx2)4
\ Subst| [ —— dx, x, coth(c + dx)
f (a -+ beoth?(c +dv)) " dx = -
Subst (f (—b(Za +b) (2a2 +2ab + bz) - 1? (6a2 +4ab + bz) x% — b3(4a + b)x* -
- d
b(2a + b) (2512 + 2ab + bz) coth(c +dx) b? (6a2 +4ab + bz) coth®(c + dx) |
T d - 3d -
b(2a + b) (2a2 + 2ab + b?) coth(c + dx) b2 (6a? + 4ab + b?) coth’(
= (a + b)*x - y —~ 2

Mathematica [A] time = 2.08, size = 127, normalized size = 1.15

coth(c + dx) (b (35D (602 + 4ab + b?) coth?(c + dx) + 105 (44> + 6a?b + 4ab? + b°) + 21b*(4a + b) coth*(c + d

105d

Antiderivative was successfully verified.

[In] Integrate[(a + b*Coth[c + d*x]~2)74,x]

[Out] -1/105%(Coth[c + d*x]*(b*(105%(4*a”~3 + 6*a~2%b + 4*a*b”2 + b~3) + 35xbx(6%*a
"2 + 4xaxb + b~2)*Cothl[c + d*x]~2 + 21%b~2*x(4*a + b)*Coth[c + d*x]~4 + 15*b
~3*Coth[c + d*x]76) - 105%(a + b) 4*ArcTanh[Sqrt[Tanh[c + d*x]~2]]*Sqrt[Tan

hlc + d*x]~2]))/d

fricas [B] time = 0.46, size = 1164, normalized size = 10.58

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(d*x+c)~2)74,x, algorithm="fricas")

[Out] -1/105%(4*x(105*%a"3%b + 210%a~2*b"2 + 161*axb”3 + 44%xb~4)*cosh(d*x + ¢c)77 +
28%(105%a”3%b + 210*%a~2*b"2 + 161*a*xb™3 + 44%xb~4)*cosh(d*x + c)*sinh(d*x +
c)”6 - (420%a"3%b + 840%a~2%b"2 + 644*axb”3 + 176*xb"4 + 105%x(a”4 + 4*a~3%*b
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+ 6*%a”"2*b”"2 + 4*xaxb”3 + b~4)*d*x)*sinh(d*x + ¢)77 - 28%(75*%a”3*b + 120*a”~2x
b"2 + 71xaxb~3 + 14*b~4)*cosh(d*x + c)~5 + 7*(420*%a"3*b + 840*a~2*%b~2 + 644
*axb~3 + 176%b"4 + 105%(a”4 + 4%a~3*b + 6*%a~2*%b”2 + 4*axb”3 + b~4)*dxx - 3%
(420*%a”~3%b + 840*a”2%b"2 + 644*axb~3 + 176*b~4 + 105%(a”4 + 4*a”~3%b + 6%a”2
*b”"2 + 4*axb”3 + b~4)*d*x)*cosh(d*x + c) 2)*sinh(d*x + c)~5 + 140%((105%a"3
*b + 210*%a”2*b"2 + 161*a*xb~3 + 44*b~4)*cosh(d*x + ¢)~3 - (75*%a”3*b + 120*a”
2%b"2 + 71*xaxb™3 + 14*b~4)*cosh(d*x + c))*sinh(d*x + c)~4 + 84*(45%a”3*b +
60*a~2%b"2 + 41*axb”3 + 14*b~4)*cosh(d*x + ¢)~3 — 7*(5x(420*a”~3*%b + 840*a~2
*b”"2 + 644*xaxb”3 + 176*b"4 + 105%(a”4 + 4*a”~3%b + 6%a”2*b"2 + 4xaxb”3 + b~4
)xdxx)*cosh(d*x + c)”4 + 1260*a~3%b + 2520*%a”2*b~2 + 1932*a*xb~3 + 528*b~4 +
315*%(a"4 + 4*a”~3*b + 6%a”2%b"2 + 4*xa*xb”3 + b~4)*d*x - 10%(420*a”3*b + 840
a"2xb~2 + 644*axb~3 + 176%b"4 + 105%(a”4 + 4*a"3xb + 6%xa”2%b"2 + 4*xaxb”3 +
b~4) *d*x)*cosh(d*x + c) 2)*sinh(d*x + c)~3 + 28%(3*(105*%a"3*b + 210*a~2*b~2
+ 161*a*b”3 + 44xb~4)*cosh(d*x + c)”5 - 10*x(75%a~3%b + 120*a”2*b~2 + 71lxax
b~3 + 14*b~4)*cosh(d*x + c)~3 + 9*(45*xa~3%b + 60*a”2*b”2 + 41*axb~3 + 14xb~
4)xcosh(d*x + c))*sinh(d*x + c)72 - 420%(5*%a”3*b + 6*xa~2*b"2 + 5*xaxb~3)*cos
h(d*x + c) - 7*((420*%a"3*b + 840*a~2*b"2 + 644*a*b”3 + 176*b~4 + 105%(a"4 +
4*xa~3*%b + 6*%a”2*%b"2 + 4*a*b”3 + b~4)*d*x)*cosh(d*x + c)”6 - 5%x(420*a”~3xb +
840*a~2*b~2 + 644xaxb”3 + 176*b~4 + 105%(a~4 + 4*a~3*b + 6*a”2xb~2 + 4x*axb
~3 + b74)*d*x)*cosh(d*x + c)”4 - 2100*%a"3*b - 4200*%a"2*b~2 - 3220*a*b~3 - 8
80*b~4 - 525x(a”4 + 4*a~3%b + 6*%a”2*b”2 + 4xaxb”3 + b74)*d*x + 9*(420*a”"3*Db
+ 840%a”2%b"2 + 644*xaxb”3 + 176*b"4 + 105%(a"4 + 4*a”~3%b + 6%a”2*xb"2 + 4xa
*b~3 + b74)*d*x)*cosh(d*x + c¢) 2)*sinh(d*x + c))/(d*sinh(d*x + c)~7 + 7*x(3%
d*cosh(d*x + c)”2 - d)*sinh(d*x + c)~5 + 7*(5*d*cosh(d*x + c)~4 - 10*d*cosh
(d*x + ¢)72 + 3*d)*sinh(d*x + ¢)~3 + 7*(d*cosh(d*x + c)~6 - 5*d*cosh(d*x +
c)”4 + 9xd*xcosh(d*x + c)”2 - 5*d)*sinh(d*x + c))

giac [B] time = 0.23, size = 447, normalized size = 4.06

105 a3be(12dx+12 C)+315 a2b28(12 dx+12£)+315 ab3e(12dx+12 C)+105 b4e(12dx+12 C)_‘

105 (a + 403D + 6 4262 + 4 ab® + b¥)(dx + ¢) - d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(d*x+c)~2)74,x, algorithm="giac")

[Out] 1/105%(105*(a~4 + 4*a~3*b + 6*a”~2*%b"2 + 4xa*xb~3 + b~4)*(d*x + c) - 8*x(105*a
~3xb*e” (12*xd*x + 12*%c) + 315%a”2*b " 2*xe” (12*d*x + 12%c) + 315*axb”™3*xe” (12xd*

X + 12*%c) + 105%b~4x*xe” (12*d*x + 12%c) - 630*a”3xb*e” (10*d*x + 10*c) - 1575%
a~2%b"2*e” (10*d*x + 10*c) - 1260*a*b”3*e” (10*d*x + 10%c) - 315*b~4x*xe” (10*dx*

X + 10*c) + 1575%a"3*b*e” (8*d*x + 8*c) + 3360*a”2*b~2*e” (8*d*x + 8xc) + 255
5xaxb~3*e” (8*d*x + 8xc) + 770%¥b"4*e” (8*d*x + 8xc) - 2100*a”3*b*e” (6xd*x + 6

*c) - 3990*a”2*b"2xe” (6xd*x + 6%c) - 3080*a*xb~3xe” (6%d*x + 6%c) - 770*b"4x*e
“(6xdxx + 6*xc) + 1575*%a”3xb*e” (4*d*x + 4*c) + 2835*xa"2*xb"2xe” (4xd*x + 4*c)
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+ 2121*%a*xb"3*e” (4*xd*x + 4*c) + 609*b"4d*xe” (4xd*x + 4*c) - 630*a”3*xb*xe” (2xd*x
+ 2%c) - 1155*%a”2*xb"2%e” (2*d*x + 2*c) - 812*axb~3*e” (2*d*x + 2*c) - 203*b~

4xe” (2xd*xx + 2%c) + 105%a”3%b + 210%a~2%b~2 + 161*a*b”3 + 44%xb~4)/(e” (2*xd*x
+ 2xc) - 1)77)/d

maple [B] time = 0.03, size = 344, normalized size = 3.13

(coth® (dx +¢)) b*  b* (coth® (dx + ¢)) ,In(coth(dx +¢) +1)at 2In(coth(dx +¢) +1)a’h_3In(coth (dx-
- 5d - 3d 2d d d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*coth(d*x+c)~2)"4,x)

[Out] -1/5/d*coth(d*x+c) ~5%b~4-1/3/d*coth(d*x+c) ~3*%b~4+1/2/d*1In(coth(d*x+c)+1)*a”
4+2/d*1n(coth(d*x+c)+1)*a~3xb+3/d*x1n(coth(d*x+c)+1)*a~2%b"2+2/d*1n(coth(d*x
+c)+1)*axb~3+1/2/d*1n(coth(d*x+c)+1)*b~4-1/d*coth(d*x+c) *b"4-1/2/d*1n(coth(
dxx+c)-1)*a~4-2/d*1n(coth(d*x+c)-1)*a~3*xb-3/d*1n(coth(d*x+c)-1)*a~2xb"2-2/d
*1n(coth(d*x+c)-1)*a*b~3-1/2/d*1n(coth(d*x+c)-1)*b~4-1/7+¥b"4*xcoth(d*x+c) "7/
d-4/5/d*coth(d*x+c) “5*a*xb~3-2/d*coth (d*x+c) “3*xa~2%b~2-4/3/d*coth (d*x+c) ~3*a
*b~3-4/d*axb~3*kcoth (d*x+c)-4/d*a"3*xbxcoth (d*x+c)-6/d*a”~2*¥b~ 2*xcoth (d*x+c)

maxima [B] time = 0.34, size = 410, normalized size = 3.73

1 b4 105 ¢ 8 (203 6(_2 dx-2¢) _ 609 e(—4 dx—4c) + 770 e(—6 dx—6¢c) _ 770 e(—8 dx—8c¢) + 315 6(_10 dx-10¢) _ 1
— b*[105x + -
105 X d d(7 e(=2dx=2c) _ 21 p(-4dx—4c) 4 35 p(-6dx-6¢) _ 35 p(-8dx-8¢) 4 21 p(-10dx-10¢) _ 77 p(-12dx-1:

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(d*x+c)~2)74,x, algorithm="maxima")

[Out] 1/105%b~4*(105*x + 105*c/d - 8*(203*e” (-2xdxx - 2%c) - 609*e” (-4*xd*x — 4*c)
+ 770*%e” (-6*xd*x — 6xc) - 770%e” (-8*d*x — 8*c) + 315%e”(-10*d*x - 10*c) - 1
05*%e” (—12*xd*x — 12%c) - 44)/(d*x(7T*e” (-2xd*x - 2%c) - 21*e” (-4*d*x — 4xc) +
35%e” (-6*xd*x — 6%c) - 35%e” (-8*d*x — 8*c) + 21*e”(-10*d*x - 10*c) - 7Txe~ (-1
2%d*xx - 12*%c) + e~ (-14*xd*x - 14%c) - 1))) + 4/15*%a*xb”3*(15*x + 15*c/d - 2x*(
T0*e™ (=2*xd*x — 2xc) - 140%e” (-4*d*x - 4*xc) + 90%e” (-6*d*x - 6*c) - 45*xe”~ (-8
*d*x - 8*c) - 23)/(d*x(5xe” (-2*d*x - 2*c) - 10*e”~(-4xd*x - 4*c) + 10*xe” (-6*d
*¥X — 6%c) - B*e”(-8*xdxx - 8%c) + e (-10*d*x — 10*c) - 1))) + 2*a " 2xb™2*x(3*x
+ 3*kc/d - 4*x(3xe” (-2*d*x - 2%c) - 3*ke” (-4*xd*xx - 4*c) - 2)/(d*x(3*xe” (-2*xd*x
- 2%c) - 3*xe”(-4*xd*x - 4xc) + e”(-6*xd*x - 6xc) - 1))) + 4*a”3*bx(x + c/d +
2/(d*x(e” (-2xd*x — 2%c) - 1))) + a"4x*x

mupad [B] time = 1.31, size = 111, normalized size = 1.01

coth (c +dx)° (6a2b? +4ab® + bt) coth(c+dx)’ (b* +4ab) ptcoth(c+dx) beoth(c+da
3d - 5d - 7d -

x(a+b)y-
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*coth(c + d*x)~2)74,x)

[Out] x*(a + b)"4 - (coth(c + d*x)~3*(4*axb”3 + b™4 + 6xa”2*xb"2))/(3*d) - (coth(c
+ d*x) "5x(4*%axb”™3 + b~4))/(5%d) - (b"4*coth(c + d*x)~7)/(7*d) - (bxcoth(c
+ d*x)*(4*%a*xb”2 + 6%xa”2xb + 4*%xa”~3 + b~3))/d

sympy [A] time = 119.40, size = 264, normalized size = 2.40

a*x + ®aPbx + Oa?b?x + ablx + bty
IRY
X (a + b coth (c))
3 21,2 212 3 3 3
4 3 4a°b 219 6acb 2ab 3 4ab 4ab 4ab
a*x + 4a°bx — ——— + 6a°b°x — - + 4ab’x — - -
d tanh (c+dx) dtanh (c+dx)  dtanh® (c+dx) dtanh (c+dx)  3dtanh> (c+dx)  5dtanh’ (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(d*x+c)**2)**4,x)

[Out] Piecewise((ax*x4*x + zoo*a**3*bkxx + zooxax*2*xb**2*xX + zZoo*axb**3*x + zoo¥b**
4xx, Eq(c, log(exp(-d*x))) | Eq(c, log(-exp(-d*x)))), (x*x(a + b*coth(c)**2)

xx4 . Eq(d, 0)), (a*x*4*xx + 4xa*xx3*bxx — 4xa*x*x3*b/(dxtanh(c + d*x)) + B*a*x*2x%
b**2xx — Bxa*x*x2xb**2/(d*tanh(c + d*x)) - 2*a*x*2*b**2/(d*tanh(c + d*x)**3) +
dxaxbxx3xx — 4xaxb**3/(d*tanh(c + d*x)) - 4*axb**3/(3*d*tanh(c + dxx)*%*3)

- 4xaxb**3/(5xd*xtanh(c + d*x)**5) + bx*xdxx — bxx4/(d*tanh(c + d*x)) - b*xx4/
(3*d*tanh(c + d*x)**3) - b*x*x4/(5*d*tanh(c + d*x)**5) — b*x4/(7+*d*tanh(c + d
*x)**x7), True))
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3.3 f (a +b cothz(c + dx))3 dx

Optimal. Leaf size=74

b3 coth’(c + dx)
5d

b(3a% + 3ab + b?) coth(c + dx)  12(3a + b) coth®(c + dx)
d B 3d

+x(a + b)® -

[Out] (a+b) " 3*x-b*(3*a”~2+3*xa*b+b”2)*coth(d*x+c)/d-1/3%b" 2% (3*a+b)*coth(d*x+c)~3/d
-1/5%b~3*coth(d*x+c)~5/d

Rubi [A] time = 0.05, antiderivative size = 74, normalized size of antiderivative = 1.00,

) ) number of rules
number of steps used = 4, number of rules used = 3, integrand size = 14, —— =

0.214, Rules used = {3661, 390, 206}

integrand size

b3 coth®(c + dx)
5d

b (3a2 + 3ab + bz) coth(c +dx)  p2(3a + b) coth’(c + dx)

3 _
7 ¥ + x(a + b)

Antiderivative was successfully verified.
[In] Int[(a + bxCoth[c + d*x]~2)73,x]

[Out] (a + b)"3*x - (b*x(3*¥a”"2 + 3*axb + b~2)*Coth[c + d*x])/d - (b"2x(3*a + b)*Co
thlc + d*x]~3)/(3*%d) - (b~"3*Cothl[c + d*x]~5)/(5%d)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 390

Int[((a_) + (b_.)*x(x_)"(n_ )" (p)*((c_) + (d_.)*(x_)"(n_))"(q ), x_Symbol]

:> Int[PolynomialDivide[(a + b*x"n)"p, (c + d*x"n)~(-q), x], x] /; FreeQ[{a
, b, ¢, d}, x] && NeQ[bkc - a*d, 0] && IGtQ[n, 0] && IGtQlp, 0] && ILtQlq,

0] && GeQlp, -q]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (f_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + f*x], x]}, Dist[(c*ff)/f, Subst[Int[(a + b*(
ff*x)"n)"p/(c™2 + f£72xx72), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, c, e, £, n, p}, x] && (IntegersQ[n, p] || IGtQ[p, 0] || EqQ[n~2, 4] || E
qQ[n~2, 161)
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Rubi steps

(u+bx2)3
Subst f T dx, x, coth(c + dx)

[ o+ beotti(c + )’ dx =

d
Subst ( [ (—b (342 + 3ab + b2) — 13(3a + b)x? — x4 © ) dx, x, coth(c +d
- d
_ b(34% +3ab +1?) coth(c + dx)  1?(3a + b)coth’(c +dx)  b* coth’(c +d
- d 3d 5d
o b(3a%+3ab+b?)coth(c +dx)  12(3a + b)coth’(c +dx) b cot
=(a+Db)yx- 7 - 37 -

Mathematica [A] time = 1.45, size = 100, normalized size = 1.35

3 2
(a + b)” tanh ( tanh®(c + dx) ) tanh(€+4%) p coth(c + dx) (15 (302 + 3ab + b2) + 5b(3a + b) coth?(c + da

d+/ tanh? (c +dx) 15d

Antiderivative was successfully verified.

[In] Integrate[(a + b*Coth[c + d*x]~2)73,x]

[Out] -1/15%(b*Coth[c + d*x]*(15%(3*a~2 + 3xa*xb + b~2) + 5xb*x(3*a + b)*Coth[c + d
*x] 72 + 3%b"2xCoth[c + d*x]74))/d + ((a + b)"3*ArcTanh[Sqrt[Tanh[c + d*x]~2
11*Tanh[c + d*x])/(d*Sqrt[Tanh[c + d*x]~2])

fricas [B] time = 0.45, size = 557, normalized size = 7.53

(45026 + 60 ab? + 23 b°) cosh (dx + ¢)° + 5 (45 4% + 60 ab? + 23 b°) cosh (dx + ¢) sinh (dx + )" - (45 a?b +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(d*x+c)~2)73,x, algorithm="fricas")

[Out] -1/15%((45*a~2*b + 60*a*b”2 + 23*b~3)*cosh(d*x + c)~5 + 5x(45*xa”~2*xb + 60*a*
b"2 + 23*%b~3)*cosh(d*x + c)*sinh(d*x + c)~4 - (45*%a”2*b + 60*a*xb”2 + 23%b~3
+ 16*%(a”3 + 3*a"2xb + 3*a*xb”2 + b~3)*d*x)*sinh(dxx + c)~5 - Bk (27*a"2*xb +
24%a*xb”2 + 5xb~3)*cosh(d*x + c)~3 + 5x(45*%a”~2*b + 60*a*xb”2 + 23*b~3 + 15%(a
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3 + 3*%a”2*b + 3*axb”2 + b~3)*d*x - 2*%(45*a”"2*b + 60*a*b”2 + 23*b~3 + 15%(a
3 + 3*%a”2*b + 3*a*b”2 + b~3)*d*x)*cosh(d*x + c¢)"2)*sinh(d*x + c)”3 + 5x(2%
(45%a~2%b + 60*a*b”2 + 23*b~3)*cosh(d*x + c)~3 - 3*(27*xa"2%b + 24*a*b™2 + 5
*b~3)*cosh(d*x + c))*sinh(d*x + c)~2 + 10*(9*a~2xb + 6*a*xb”2 + 5*xb~3)*cosh(
d*x + c) - 5x((45*a"2%b + 60*a*b”2 + 23*b~3 + 15%(a”3 + 3*a”"2*b + 3*xaxb”2 +
b~3)*d*x)*cosh(d*x + c)”4 + 90*a~2xb + 120*a*b”2 + 46*b~3 + 30*(a”3 + 3*a”
2%b + 3*a*xb”2 + b~3)*d*x - 3*%(45%a”2*b + 60*axb”2 + 23*%b"3 + 15%(a”3 + 3*a”
2%b + 3*a*b”2 + b~3)*d*x)*cosh(d*x + c) 2)*sinh(d*x + c))/(d*sinh(d*x + c)~
5 + 5*x(2*d*cosh(d*x + ¢)~2 - d)*sinh(d*x + c)~3 + 5%(d*cosh(d*x + c)~4 - 3«
dxcosh(d*x + c)”2 + 2*d)*sinh(d*x + c))

giac [B] time = 0.19, size = 241, normalized size = 3.26

2 (45 aZbe(S dx+8 C)+90 abze(S dx+8¢) +45 b3€(8 dx+8 C)_180 a2be(6 dx+6¢) —270 ab2€(6 dx+6 C)_9O b3€(6 dx-

15 (a® +3a%b + 3ab? + b°)(dx + ¢) -

154
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(d*x+c)~2)73,x, algorithm="giac")

[Out] 1/15%(15%(a~3 + 3*a”2%b + 3*a*b”™2 + b~3)*x(d*x + c) - 2*(45*a”2*xb*xe” (8xdxx +
8%c) + 90*axb~2xe” (8xd*x + 8*c) + 45*b~3*xe” (8xd*x + 8*c) - 180*a”2xbxe” (6%

d*x + 6%c) — 270xaxb”2*e” (6*%d*x + 6*c) — 90*b~3*e” (6*d*x + 6*c) + 270*a”~2xDb

*e” (4*d*x + 4*c) + 330*axb”2%e” (4*d*x + 4*xc) + 140*%b~3*e” (4*d*x + 4x*c) - 18
O*a~2*bkxe” (2xd*x + 2%c) - 210*a*b™2xe” (2xd*x + 2%c) - 70*b " 3*xe” (2*xd*x + 2*c

) + 45%a”2*b + 60*axb”2 + 23%b~3)/(e”(2xd*x + 2*c) - 1)75)/d

maple [B] time = 0.02, size = 235, normalized size = 3.18

In (coth (dx + ¢) =1)a®> 31In(coth (dx +c) —1)a?b 31In(coth (dx +c) —1)ab? _In(coth (dx +¢) - 1) b3 _(_C
2d 2d 2d 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*coth(d*x+c)~2)"3,x)

[Out] -1/2/d*1n(coth(d*x+c)-1)*a”~3-3/2/d*1n(coth(d*x+c)-1)*a"~2*xb-3/2/d*1n(coth(d*
x+c)-1)*axb~2-1/2/d*1n(coth(d*x+c)-1)*b~3-1/3/d*coth(d*x+c) “3*b~3-1/d*coth(
d*x+c)*b~3-1/5%b"3*coth(d*x+c) ~5/d+1/2/d*1n(coth(d*x+c)+1)*a~3+3/2/d*1n(cot
h(d*x+c)+1)*a~2%b+3/2/d*1n(coth(d*x+c)+1) *axb~2+1/2/d*1n(coth(d*x+c)+1)*b~3
-1/d*coth(d*x+c) ~3*a*xb~2-3/d*coth (d*x+c) *a~2*xb-3*a*xb~2*coth (d*x+c) /d

maxima [B] time = 0.32, size = 239, normalized size = 3.23

3x+ —

15¢ 2 (70 e(~2dx-2¢) _ 14() p(-4dx=40) 4 9() p(-6dx-6¢) _ 45 p(-8dx-8c) _ 23) " 3c
— +a
_ 1) d

1
—b3|15x +
15 d d(5 e(—2 dx-2c) _ 10 6(_4 dx—4c) +10 e(—6 dx—6¢c) _ 5 6(_8 dx-8c¢) + e(—lO dx—10c¢)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(d*x+c)~2)73,x, algorithm="maxima")

[Out] 1/15%b~3*(15%x + 15%c/d - 2*(70*e” (-2xdxx - 2%c) - 140*e” (-4*xd*x - 4%*c) + 9
O*e” (-6*xd*x — 6*c) - 45%e” (-8*d*x - 8*c) - 23)/(d*(5*xe” (-2*d*x - 2*c) - 10x%

e~ (-4*d*x - 4*c) + 10*xe”(-6*d*x - 6%c) - 5*xe” (-8*d*x - 8*c) + e~ (-10*d*x -

10%xc) — 1))) + a*b™2*%(3*x + 3*c/d - 4% (3*xe” (-2*d*x - 2*c) — 3*xe”(-4*d*x - 4

xc) — 2)/(d*(3xe” (-2*d*x - 2xc) - 3*e”(-4xdxx - 4%c) + e~ (-6*d*x - 6%c) - 1

))) + 3%xa~2%bkx(x + c/d + 2/(d* (e~ (-2%d*x - 2%c) - 1))) + a~3x*x

mupad [B] time = 1.28, size = 72, normalized size = 0.97

coth(c +dx)° (b*+3ab?) pcoth(c+dx)’ beoth(c+dx) (3a2+3ab+1?)

x(a+b)- 34 - 54 d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*coth(c + d*x)~2)73,x)

[Out] x*(a + b)~"3 - (coth(c + d*x)~3*(3*%a*xb”2 + b~3))/(3*%d) - (b~ 3*coth(c + dxx)~
5)/(5%d) - (b*xcoth(c + d*x)*(3%a*xb + 3*a~2 + b~2))/d

sympy [A] time = 27.59, size = 170, normalized size = 2.30

a3x + &abx + ab?x + &b3x

3
x(a + beoth? (c))
2 2 2 3 3 3
3 2 3a“b 2 3ab ab 3 b b b
a’x + 3a“bx - ——— + 3abx - - + b°x — - -
d tanh (c+dx) dtanh (c+dx)  dtanh® (c+dx) dtanh (c+dx)  3dtanh® (c+dx)  5dtanh® (c+dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(d*x+c)**2)**3,x)

[Out] Piecewise((a**3%x + zoo*a*x*2*b*x + zoo*axbx*2*xx + zoo*b**3*x, Eq(c, log(exp
(=d*x))) | Eq(c, log(-exp(-d*x)))), (xx(a + bxcoth(c)**2)*x3, Eq(d, 0)), (a

*%3%x + Bkark2kbkxx — 3xa*x*2xb/(d*tanh(c + d*xx)) + 3*axb**2*x - 33kxaxbx*x2/(dx
tanh(c + d*x)) - axb**2/(d*tanh(c + dxx)**3) + b**3*x - b**3/(d*tanh(c + d*

x)) - bxx3/(3xd*tanh(c + d*xx)**3) — b**3/(5xd*xtanh(c + d*x)*x5), True))
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3.4 f (a +b cothz(c + dx))2 dx

Optimal. Leaf size=43

b2 coth®(c + dx)
3d

b(2a + b) coth(c + dx)
d

+x(a + b)? -

[Out] (a+b) " 2xx-b*(2*a+b)*coth(d*x+c)/d-1/3*b~2*xcoth(d*x+c)~3/d

Rubi [A] time = 0.03, antiderivative size = 43, normalized size of antiderivative = 1.00,

. . ber of rul
number of steps used = 4, number of rules used = 3, integrand size = 14, Y e o

0.214, Rules used = {3661, 390, 206}

integrand size

b2 coth®(c + dx)
3d

_b(2a + b) coth(c + dx)

y +x(a + b)? -

Antiderivative was successfully verified.

[In] Int[(a + b*Coth[c + d*x]~2)72,x]

[Out] (a + b)"2*x - (b*(2*a + b)*Cothlc + d*x])/d - (b~2xCothl[c + d*x]~3)/(3*d)
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 390

Int[((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]

:> Int[PolynomialDivide[(a + b*x"n)"p, (c + d*x"n)~(-q), x], x] /; FreeQ[{a
, b, ¢, d}, x] && NeQ[bkc - a*d, 0] &% IGtQ[n, 0] && IGtQlp, 0] && ILtQlq,

0] && GeQlp, -q]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (f_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + f*x], x]}, Dist[(c*ff)/f, Subst[Int[(a + b*(
ffxx)"n)"p/(c”2 + f£f72xx"2), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, c, e, £, n, pr, x] && (IntegersQ[n, p] || IGtQ[p, 0] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps
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1-x2

a 2 2
Subst ( f L) dx, x, coth(c + dx))

f(a + bcothz(c + zJZx))2 dx =

d
Subst ( i (—b(2a +b) -1+ ‘:—”f) dx, x, coth(c + dx))
d
_ _b(Za + b) coth(c + dx) ~ b2 coth®(c + dx) N (a + b)* Subst (f 1_17 dx, x, coth
d 3d d
~ (a4 bPx-— b(2a + b) c;)th(c + dx) ~ b? coth;;c + dx)

Mathematica [A] time = 0.51, size = 65, normalized size = 1.51

coth(c + dx) (b (6a + beoth®(c + dx) + 3b) — 3(a + b)* tanh ™ (\/tanhz(c + dx) ) \/tanhz(c + dx) )

3d

Antiderivative was successfully verified.

[In] Integrate[(a + b*Coth[c + d*x]~2)72,x]

[Out] -1/3%(Coth[c + d*xx]*(b*x(6*a + 3*%b + bxCoth[c + d*x]~2) - 3*(a + b) " 2xArcTan
h[Sqrt[Tanh[c + d*x]~2]]*Sqrt[Tanh[c + d*x]~2]))/d

fricas [B] time = 0.50, size = 197, normalized size = 4.58
2 (3ab + 2b2) cosh (dx +¢)® + 6 (3ab + 2b2) cosh (dx + ¢) sinh (dx + ¢)* - (3 (a2 +2ab+ bz)dx +6ab+4,
3 (d sinh (dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(d*x+c)~2)72,x, algorithm="fricas")

[Out] -1/3*%(2*%(3*a*xb + 2*¥b~2)*cosh(d*x + c)~3 + 6x(3*axb + 2*b~2)*cosh(d*x + c)*s
inh(d*x + ¢c)72 - (3x(a”™2 + 2*axb + b~2)*d*x + 6*axb + 4*xb~2)*sinh(d*x + c)~

3 - 6*axbxcosh(d*x + c) + 3*(3*(a”"2 + 2*xaxb + b™2)*d*x - (3*(a"2 + 2xaxb +
b~2)*d*x + 6%axb + 4*b"2)*cosh(d*x + ¢)~2 + 6*axb + 4*xb~2)*sinh(d*x + c¢))/(
d*sinh(d*x + c)~3 + 3*(d*cosh(d*x + c)”2 - d)*sinh(d*x + c))

giac [B] time = 0.16, size = 103, normalized size = 2.40

3 abeddx+4 c)+3 p2o4dx+4 c)_6 abe(2dx+2 c)_3 p2e(2dx+2 c)+3 ab+2 bZ)

3 (a2 +2.ab + b2)(dx + ©) - 4

GJde+2c)_1)3

3d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(d*x+c)~2)72,x, algorithm="giac")

[Out] 1/3%(3*x(a”"2 + 2%axb + b"2)*(d*x + c) - 4*x(3*xaxbkxe” (4xd*x + 4*c) + 3*%b"2xe”(
4xdxx + 4%c) - 6*axbkxe” (2xd*x + 2%c) - 3xb"2xe” (2*%d*x + 2%c) + 3xaxb + 2xb”
2)/ (e~ (2*%d*x + 2%c) - 1)°3)/d

maple [B] time = 0.02, size = 144, normalized size = 3.35

v (CO’fh3 (dx + C)) 2abcoth (dx + ¢) b?coth (dx +c) In(coth(dx +c)—1)a® In(coth(dx +c)—1)ab In
- 3d - d - d - 2d - d o

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*coth(d*x+c)~2)"2,x)

[Out] -1/3*b"2*coth(d*x+c) ~3/d-2/d*a*b*xcoth(d*x+c)-b~2*xcoth(d*x+c)/d-1/2/d*x1n(cot
h(d*x+c)-1)*a"2-1/d*1n(coth(d*x+c)-1)*axb-1/2/d*1n(coth(d*x+c)-1)*b"2+1/2/d
*1n(coth(d*x+c)+1)*a~2+1/d*x1n(coth(d*x+c)+1)*xa*xb+1/2/d*1n(coth(d*x+c)+1)*b~

2

maxima [B] time = 0.32, size = 114, normalized size = 2.65

(-2dx-2¢) _ A ,(~4dx—4c) _
117239“‘2— 4(36 e 2) 2ablx+ S+ 2 +ax
3 d a3AQMQd_3A4M4@+d%M%Q_1) d ddaﬂaa_n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(d*x+c)~2)72,x, algorithm="maxima"

[Out] 1/3%b"2%(3%x + 3*c/d - 4*x(3xe” (-2%d*x — 2%c) — 3xe~ (-4*xdxx — 4*xc) - 2)/(dx*(
3xe” (-2*%d*x — 2*%c) - 3xe” (-4*d*x - 4*c) + e (-6*d*xx - 6%c) - 1))) + 2kaxbx*(
x + c/d + 2/(dx(e”(-2*%d*x - 2*%c) - 1))) + a"2*x

mupad [B] time = 0.11, size = 41, normalized size = 0.95

) b2 coth (c + d x)° _ beoth(c+dx) (2a+b)
3d d

x(a+b)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*coth(c + d*x)~2)72,x)
[Out] x*(a + b)"2 - (b"2*coth(c + d*x)~3)/(3*xd) - (bxcoth(c + d*x)*x(2*xa + b))/d
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sympy [A] time = 5.79, size = 102, normalized size = 2.37

a’x + Sabx + Ob?x for ¢ = log (—e‘dx) Ve =log (e‘d")

X (a + b coth? (c))2 ford =0

2ab 12 v? v?

d tanh (c+dx) +box - — d " aent rin otherwise

a?x + 2abx —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(d*x+c)**2)**2, x)

[Out] Piecewise((a**2*x + zoo*axb*x + zooxb**2*x, Eq(c, log(exp(-d*x))) | Eq(c, 1

og(-exp(-d*x)))), (xx(a + bxcoth(c)**2)*x2, Eq(d, 0)), (ax*2xx + 2%a*xbxx -
2*%ax*xb/(d*xtanh(c + d*xx)) + b*x*2xx - b**x2/(d*tanh(c + d*x)) - b**x2/(3*d*xtanh(

c + dxx)*x3), True))
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35  [——5——dx

a+b cothz(c+dx)

Optimal. Leaf size=46
-1 +\/a tanh(c+dx)
I
a+b \/E d(a + D)

[Out] x/(atb)-arctan(a”(1/2)*tanh(d*x+c)/b~(1/2))*b~(1/2)/(a+b)/d/a~(1/2)

Rubi [A] time = 0.08, antiderivative size = 46, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 3, number of rules used = 3, integrand size = 14, —————

0.214, Rules used = {3660, 3675, 205}

integrand size

_1 { Va tanh(c+dx)
v Vot (Sees)

a+b Vad(a +b)

Antiderivative was successfully verified.
[In] Int[(a + b*Cothl[c + d*x]~2)~(-1),x]

[Out] x/(a + b) - (Sqrt[bl*ArcTan[(Sqrt[al*Tanh[c + d*x])/Sqrt[bl])/(Sqrtlal*(a +
b) *d)

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/bl

Rule 3660

Int[((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]172)"(-1), x_Symbol] :> Simp[x/(a -
b), x] - Dist[b/(a - b), Int[Secle + f*x]~2/(a + b*Tanl[e + fxx]~2), x], x]
/; FreeQ[{a, b, e, f}, x] && NeQ[a, b]

Rule 3675

Int[sec[(e_.) + (f_D*x )] "(m )*x((a_ ) + (b_.)*((c_.)*tan[(e_.) + (f_.)*(x_
Y1) ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x], x]}, Dis
t[ff/(c”(m - D*f), Subst[Int[(c™2 + f£72xx72) " (m/2 - 1)*(a + b*(ff*x)"n) p
, x], x, (cxTanle + fx*x])/ff], x]] /; FreeQ[{a, b, c, e, f, n, p}, x] && In
tegerQ[m/2] && (IntegersQn, pl || IGtQ[m, 0] || IGtQ[p, 0] || EqQ[n~2, 4]
|| EqQQ[n~2, 161)

Rubi steps
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2
b f csch®(c+dx)

f 1 dx = X _ a+b coth?(c+dx)
a + beoth?(c + dx) a+b a+b
1
x b Subst ( [ = dx, x, coth(c + dx))
Ca+b (a+b)d
-1 +/a tanh(c+dx)
__x Yot (5=
a+b Va(a +b)d

Mathematica [A] time = 0.06, size = 47, normalized size = 1.02

N tan_l( \a tar\l/}%(ﬁdx))

N

tanh_l(tanh(c + dx)) —
d(a + D)

Antiderivative was successfully verified.

[In] Integrate[(a + b*Coth[c + d*x]~2)~(-1),x]

[Out] (-((Sqrt[bl*ArcTan[(Sqrt[al*Tanh[c + d*x])/Sqrt[bl])/Sqrtl[al) + ArcTanh[Tan
hlc + d*x]])/((a + b)*d)

fricas [B] time = 0.43, size = 488, normalized size = 10.61

b (a2+2 ab+b2) cosh(dx+c)4+4 (112+2 ab+b2) cosh(dx+c) sinh(dx+c)3+(a2+2 ab+b2) sinh(dx+c)4—2 (az—bz) cosh(dx+c)2+2
2dx + /- log

(a+b) cosh(dx+c)*+4 (a+b) cosh(dx+c) sinh(d>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*coth(d*x+c)~2),x, algorithm="fricas")

[Out] [1/2%(2xd*x + sqrt(-b/a)*xlog(((a”2 + 2*a*b + b~2)*cosh(d*x + c)~4 + 4x(a”2
+ 2xaxb + b~2)*cosh(d*x + c)*sinh(d*x + c)~3 + (a”2 + 2*a*b + b~2)*sinh(d*x

+ ¢c)74 - 2¢(a”2 - b™2)*cosh(d*x + ¢c)72 + 2*x(3*(a”2 + 2*a*b + b~2)*cosh(d*x

+ ¢)72 - a”2 + b72)*sinh(d*x + c)72 + a”2 - 6*xa*b + b~2 + 4x((a”2 + 2*ax*b

+ b"2)*cosh(d*x + ¢)~3 - (a™2 - b™2)*cosh(d*x + c))*sinh(d*x + c) - 4*x((a"2

+ axb)*cosh(d*x + ¢c)72 + 2*(a”2 + a*b)*cosh(d*x + c)*sinh(d*x + c) + (a”2

+ axb)*sinh(d*x + c)72 - a2 + a*b)*sqrt(-b/a))/((a + b)*cosh(d*x + c)~4 +
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4*x(a + b)*cosh(d*x + c)*sinh(d*x + ¢c)~3 + (a + b)*sinh(d*x + c)"4 - 2x(a -
b)*cosh(d*x + ¢)~2 + 2%(3*(a + b)*cosh(d*x + ¢)”2 - a + b)*sinh(d*x + ¢)~2
+ 4*x((a + b)*cosh(d*x + ¢)”3 - (a - b)*cosh(d*x + c))*sinh(d*x + c) + a + Db
)))/((a + b)*d), (d*x - sqrt(b/a)*arctan(1/2*((a + b)*cosh(d*x + c)~2 + 2x(
a + b)*cosh(d*x + c)*sinh(d*x + c) + (a + b)*sinh(d*x + c)”2 - a + b)*sqrt(

b/a)/b))/((a + b)*d)]

giac[A] time = 0.13, size = 65, normalized size = 1.41

) arctan( 2o20X420) 42 dx+2¢) 44
2 Vab dx+c
B Vab (a+b) T awb
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*coth(d*x+c)~2),x, algorithm="giac")

[Out] -(b*arctan(l/2x*(a*xe” (2xd*x + 2%c) + b*e”(2xd*x + 2*c) - a + b)/sqrt(axb))/(
sqrt(axb)*(a + b)) - (d*x + c)/(a + b))/d

maple [A] time = 0.12, size = 76, normalized size = 1.65

barctan coth(dx+c)b
_In(coth (dx+c)-1) N In (coth (dx +c¢c) +1) N Vab

d (2b + 2a) d(2b + 2a) d(a+b)Vab

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*coth(d*x+c)~2),x)

[Out] -1/d/(2%b+2*xa)*1n(coth(d*x+c)-1)+1/d/(2*b+2*a)*1n(coth(d*x+c)+1)+1/d*b/(a+b
)/ (axb)~(1/2)*arctan(coth(d*x+c)*b/(axb)~(1/2))

maxima [A] time = 0.42, size = 56, normalized size = 1.22

(a+b)e~24x-20)_g4p
barctan( v )+ dx + ¢
Vab (a + b)d (a +b)d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*coth(d*x+c)~2),x, algorithm="maxima")

[Out] bxarctan(1/2*x((a + b)*e”(-2*d*x - 2xc) - a + b)/sqrt(a*b))/(sqrt(axb)*(a +
b)*d) + (d*x + c)/((a + b)*d)



57

mupad [B] time = 0.11, size = 37, normalized size = 0.80

batan (bcotjgd x))

+
a+b  d\ab (a+Db)

X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + bxcoth(c + d*xx)~2),x)
[Out] x/(a + b) + (bxatan((b*coth(c + d*x))/(axb)~(1/2)))/(d*(a*xb)~(1/2)*(a + b))

sympy [A] time = 9.72, size = 294, normalized size = 6.39

= fora=0Ab=0Ad=0
coth” (c)
dx tanh? (c+dx) dx tanh (c+dx)
- > > - > fora=-b
2bd tanh” (c+dx)-2bd ~ 2bd tanh” (c+dx)-2bd  2bd tanh” (c+dx)-2bd
x
X forb=20
a
— ford =0
a+b coth” (¢)
tanh (c+dx)
X——
4 fora=0
b
Ziu\/de\/I blog (—i\/E \/§+tanh (c+dx)) blog (1\/5 \/§+tanh (c+dx))
“3 - 3 + 3 otherwise
2ia? x/Ed\/g +2iabid\/§ 2ia2\b d\/g +2iab§d\/§ 2ia2\b d\/g +2iab§d\/g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+bxcoth(d*x+c)**2),x)

[Out] Piecewise((zoo*x/coth(c)**2, Eq(a, 0) & Eq(b, 0) & Eq(d, 0)), (-d*x*tanh(c
+ dxx)**2/(2%b*d*tanh(c + d*x)**2 - 2%b*d) + d*x/(2*%bxd*xtanh(c + d*x)**2 -
2xbxd) - tanh(c + d*x)/(2*¥bxd*tanh(c + d*x)**2 - 2xb*d), Eq(a, -b)), (x/a,

Eq(b, 0)), (x/(a + b*coth(c)**2), Eq(d, 0)), ((x - tanh(c + dx*x)/d)/b, Eq(a

, 0)), (2xIxaxsqrt(b)*d*x*sqrt(l/a)/(2*«I*xa*x*2*sqrt(b)*d*sqrt(1/a) + 2xI*axb

*x* (3/2)*d*sqrt(1/a)) - bxlog(-I*sqrt(b)*sqrt(l/a) + tanh(c + dxx))/(2*I*a*x
2xsqrt (b) *d*sqrt (1/a) + 2*Ixaxb*x*(3/2)*d*sqrt(1l/a)) + b*log(I*sqrt(b)*sqrt(

1/a) + tanh(c + d*x))/(2*Ixa*x*x2*xsqrt(b)*d*sqrt(1/a) + 2xI*xaxb*x(3/2)*d*sqrt
(1/a)), True))



58

1
36 | > dx
(a+b coth®(c+dx))
Optimal. Leaf size=89
_1 [ Va tanh(c+dx)
~ Vb (3a + b) tan™ ( Vb ) b coth(c + dx) L
2a%2d(a + b)? 2ad(a +b) (a + beoth®(c + dx)) ~ (a+b)?

[Out] x/(a+b) "2+1/2xbxcoth(d*x+c)/a/(a+b)/d/(a+bxcoth(d*x+c) ~2)-1/2*(3*a+b)*arcta
n(a~(1/2)*tanh(d*x+c) /b~ (1/2))*b~(1/2)/a~(3/2)/(a+b)~2/4

Rubi [A] time =0.10, antiderivative size = 89, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 5, number of rules used = 5, integrand size = 14, —————— =

0.357, Rules used = {3661, 414, 522, 206, 205}

integrand size

_1 { V/a tanh(c+dx)
Vb (3a + b) tan ( Vb ) b coth(c + dx) X

+
2a%2d(a + b)? 2ad(a +b) (a + beoth®(c + dx)) (a +Db)?

Antiderivative was successfully verified.
[In] Int[(a + b*Coth[c + d*x]~2)"(-2),x]

[Out] x/(a + b)"2 - (Sqrt[b]*(3*a + b)*ArcTan[(Sqrt[al*Tanh[c + d*x])/Sqrt[bl])/(
2%xa~ (3/2)*x(a + b)~2xd) + (b*xCoth[c + d*xx])/(2xax(a + b)*d*(a + b*Cothl[c + d
*x]72))

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 414

Int[((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> =Simp[(b*x*(a + b*x™n)~(p + *(c + d*x"n)"(q + 1))/(a*xnx(p + 1)*(b*xc -
axd)), x] + Dist[1/(a*n*x(p + 1)*(b*c - axd)), Int[(a + b*x™n) " (p + 1) *(c +
d*x"n) “g*Simp [b*c + nx(p + 1)*(b*c - axd) + dxbx(n*x(p + q + 2) + 1)*x"n, x]
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, x], x] /; FreeQ[{a, b, c, d, n, q}, x] && NeQ[b*c - a*xd, 0] && LtQ[p, -1]
& !'( !IntegerQ[p] && IntegerQ[ql && LtQ[q, -1]) && IntBinomialQ[a, b, c,
d, n, p, q, x]

Rule 522

Int[((e_ ) + (f_)*(x_)"(n_))/(((a)) + (b_)*x_)"(m ))*((c_) + (d_.)*(x_)"(
n_))), x_Symbol] :> Dist[(b*e - axf)/(b*c - axd), Int[1/(a + b*x"n), x], x]
- Dist[(d*xe - cxf)/(bxc - axd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, b,

c, d, e, £, n}¥, xl]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (f_)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ffxx)"n)"p/(c”2 + ££72xx72), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps
Subst ( f ;2 dx, x, coth(c + dx))
f 1 q (1—x2)(a+bx2)
X =
(a + booth?(c + dx))’ d
b-2(a+b)+bx?
i beoth(c + dx) Subst(fzzzaa;aggdx;ncoﬂﬂc4—dxﬂ
2a(a + b)d (a +b cothz(c + dx)) 2a(a + b)d
b coth(c + dx) Subst (f 1_17 dx, x, coth(c + dx)) (b(3a
= 5 + 5 +
2a(a + b)d (a + b coth”(c + dx)) (a+Db)d
-1 +\/a tanh(c+dx)
. x __V@(&1+b)““‘ (———75——‘)+ b coth(c + dx)
(a +b)? 2a%2(a + b)*d 2a(a + b)d (a +b cothz(c + dx))

Mathematica [A] time = 0.61, size = 97, normalized size = 1.09

Vb coth(c+dx)
Va b(a+Db) coth(c+dx)
a3/ a(a+b cothz(c+dx))

2d(a + b)?

\/E(3a+b) tan’l(

—log(1 - coth(c + dx)) + log(coth(c + dx) + 1)
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Antiderivative was successfully verified.

[In] Integrate[(a + b*Cothl[c + d*x]~2)7(-2),x]

[Out] ((Sqrt[b]l*(3*a + b)*ArcTan[(Sqrt[b]*Coth[c + d*x])/Sqrtlall)/a~(3/2) + (b*(
a + b)*Coth[c + d*x])/(ax(a + b*Coth[c + d*x]~2)) - Logl[l - Coth[c + d*x]]
+ Log[1l + Coth[c + d*x]])/(2x(a + b)~2*d)

fricas [B] time = 0.48, size = 1952, normalized size = 21.93

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*coth(d*x+c)~2)~2,x, algorithm="fricas")

[Out] [1/4*(4x(a”~2 + a*b)*d*x*cosh(d*x + c)~4 + 16*(a”2 + a*b)*d*x*cosh(d*x + c)*
sinh(d*x + ¢c)73 + 4*x(a”2 + a*b)*d*x*sinh(d*x + c)~4 + 4%x(a”2 + a*b)*d*x - 4
*(2+%(a”2 - axb)*d*x - axb + b~2)*cosh(d*x + c)~2 + 4%x(6*x(a”2 + axb)*d*x*cos
h(d*x + ¢)72 - 2%(a”2 - a*b)*d*x + a*b - b"2)*sinh(d*x + ¢c)”2 + ((3*%a"2 + 4
*axb + b"2)*cosh(d*x + c)”4 + 4%(3*a”2 + 4xaxb + b~2)*cosh(d*x + c)*sinh(dx*
X + ¢)73 + (3%a”2 + 4*axb + b"2)*sinh(d*x + c)”4 - 2*x(3*a”"2 - 2xaxb - b"2)*
cosh(d*x + ¢c)72 + 2% (3*(3*a"2 + 4*axb + b~2)*cosh(d*x + ¢)72 - 3*a™2 + 2*ax*
b + b"2)*sinh(d*x + c)72 + 3%a”2 + 4*axb + b"2 + 4*x((3*%a”2 + 4*axb + b~2)*c
osh(d*x + ¢)73 - (3*a”2 - 2*a*b - b~2)*cosh(d*x + c))*sinh(d*x + c))*sqrt(-
b/a)*log(((a”2 + 2xa*b + b~2)*cosh(d*x + c)”™4 + 4x(a”2 + 2%a*b + b~2)*cosh(
d*x + c)*sinh(d*x + ¢)73 + (a2 + 2*a*b + b~2)*sinh(d*x + ¢c)”4 - 2*x(a"2 - Db
~2)*cosh(d*x + c)72 + 2x(3%(a”2 + 2*a*b + b"2)*cosh(d*x + ¢)”2 - a”2 + b”"2)
*sinh(d*x + ¢c)72 + a2 - 6*a*xb + b™2 + 4*x((a”2 + 2*xaxb + b~2)*cosh(d*x + c)
~3 - (a2 - b"2)*cosh(d*x + c))*sinh(d*x + c) - 4x((a"2 + ax*b)*cosh(d*x + c¢
)72 + 2%(a”2 + axb)*cosh(d*x + c)*sinh(d*x + c) + (a”2 + axb)*sinh(d*x + c)
T2 - a”2 + axb)*sqrt(-b/a))/((a + b)*cosh(d*x + c)~4 + 4x(a + b)*cosh(d*x +
c)*sinh(d*x + ¢c)”3 + (a + b)*sinh(d*x + ¢c)”4 - 2x(a - b)*cosh(d*x + c)~2 +
2% (3x(a + b)*cosh(d*x + ¢c)”2 - a + b)*sinh(d*x + c)~2 + 4*((a + b)*cosh(dx*
X + ¢c)”3 - (a - b)*cosh(d*x + c))*sinh(d*x + c) + a + b)) - 4xaxb - 4%b~2 +
8% (2x (a2 + axb)*d*x*cosh(d*x + c)”3 - (2x(a”2 - a*b)*d*x - axb + b~2)*cos
h(d*x + c))*sinh(d*x + c))/((a"4 + 3*a”~3xb + 3*a"2*b"2 + a*xb~3)*d*cosh(d*x
+ ¢c)74 + 4x(a”4 + 3*%a~3*b + 3*%a”"2*b”"2 + a*b~3)*d*cosh(d*x + c)*sinh(d*x + ¢
)73 + (a”4 + 3*a”3*b + 3*a"2*b"2 + axb”3)*d*sinh(d*x + c)”4 - 2+x(a”4 + a”3x*
b - a”2*%b"2 - a*b~3)*d*cosh(d*x + c)~2 + 2%(3+%(a"4 + 3*a"3*b + 3*xa~2xb"2 +
a*xb~3)*d*cosh(d*x + ¢c)”2 - (2”4 + a”3%b - a"2%b"2 - a*xb~3)*d)*sinh(d*x + c)
"2 + (a”4 + 3*%a”3%b + 3*%a"2*b"2 + axb~3)*d + 4*x((a”4 + 3*%a"3*xb + 3*a~2%b"2
+ axb”3)*xd*cosh(d*x + ¢c)”3 - (a4 + a~3*b - a"2*b"2 - a*xb~3)*d*cosh(d*x + c
Y)xsinh(d*x + c)), 1/2*x(2*x(a"2 + a*b)*d*x*cosh(d*x + c)~4 + 8*x(a”2 + a*b)x*d
*x*cosh(d*x + c)*sinh(d*x + c)~3 + 2*x(a”2 + a*b)*d*x*sinh(d*x + c)”4 + 2x(a
"2 + axb)*d*x - 2*x(2x(a”2 - axb)*d*x - axb + b"2)xcosh(d*x + c)”2 + 2x(6%(a
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2 + axb)*d*x*cosh(d*x + ¢c)72 - 2%(a”2 - a*b)*d*x + a*b - b"2)*sinh(d*x + ¢
)72 - ((3*%¥a”2 + 4*axb + b~2)*cosh(d*x + c)74 + 4*x(3*a”~2 + 4xaxb + b~2)*cosh
(d*x + c)*sinh(d*x + ¢c)”3 + (3*a”2 + 4*xaxb + b~2)*sinh(d*x + c)~4 - 2*x(3*a”
2 - 2%a*xb - b72)*cosh(d*x + ¢)72 + 2*x(3*(3*a”~2 + 4xaxb + b~2)*cosh(d*x + c)
"2 - 3*%a”2 + 2*axb + b72)*sinh(d*x + c)72 + 3*a”2 + 4xaxb + b72 + 4*x((3*a”2
+ 4xaxb + b"2)*cosh(d*x + c)~3 - (3*%a”™2 — 2%axb - b~2)*cosh(d*x + c))*sinh
(d*x + c))*sqrt(b/a)*arctan(1/2*((a + b)*cosh(d*x + ¢c)"2 + 2x(a + b)*cosh(d
*x + c)*sinh(d*x + c) + (a + b)*sinh(d*x + c)”2 - a + b)*sqrt(b/a)/b) - 2*a
*b - 2*%b72 + 4x(2x(a”2 + axb)*d*x*cosh(d*x + ¢)~3 - (2+¢(a”2 - axb)*d*xx - ax
b + b"2)*cosh(d*x + c))*sinh(d*x + c))/((a"4 + 3*a~3xb + 3*a~2*b"2 + a*xb~3)
*d*cosh(d*x + ¢c)”4 + 4x(a”4 + 3*a"3*b + 3*a"2*b"2 + a*xb~3)*d*cosh(d*x + c)x*
sinh(d*x + ¢c)”3 + (a”4 + 3*a"3%b + 3*a"2*b"2 + a*b~3)*d*sinh(d*x + c)"4 - 2
*(a"4 + a”3%b - a"2%b”2 - ax*b~3)*d*cosh(d*x + c)~2 + 2x(3*(a"4 + 3*a~3*b +

3*a”"2*b”"2 + a*b~3)*d*cosh(d*x + c)”2 - (2”4 + a~3%b - a"2*%b”2 - a*b"3)*d)*s
inh(d*x + ¢c)72 + (a4 + 3*a~3xb + 3*a”2*%b"2 + a*b~3)*d + 4x((a”4 + 3*a~3x*b

+ 3*%a”2*b”"2 + a*b~3)*d*cosh(d*x + ¢c)”3 - (a”4 + a~3*%b - a"2*b”2 - a*xb”~3)*dx
cosh(d*x + c))*sinh(d*x + c))]

giac [B] time = 0.17, size = 198, normalized size = 2.22

3 ab+b? ‘ 20 dx+2¢)  poRdx+2¢)_, 4 p
( ab+ )arc an 2 Vab 2 (dx+c) 2 (abe(2 dx+2¢)_p2,(2dx+2¢)_ ab—bz)

(a3+2a2b+ab?)Vab T 212ab+b? (342 a2 +a12) (e @ x+40) 1 x40 9 o2 42042 pel@ x+20) 1 g 1)
i 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*coth(d*x+c)~2)~2,x, algorithm="giac")

[Out] -1/2*((3*axb + b~2)*arctan(1/2*x(a*xe” (2xd*x + 2*c) + b*e” (2*xd*x + 2*c) - a +
b)/sqrt(axb))/((a”3 + 2%a~2*b + a*xb~2)*sqrt(a*b)) - 2x(d*x + c)/(a”2 + 2*a

*b + b72) - 2% (axbxe” (2xd*x + 2%c) - b7 2*e”(2*d*x + 2*c) - axb - b"2)/((a"3

+ 2*%a”2*%b + axb"2)x(axe” (4*d*x + 4*xc) + bxe” (4xd*x + 4*c) - 2*axe” (2xdxx +

2%c) + 2xbxe”(2xd*x + 2*c) + a + b)))/d

maple [B] time = 0.13, size = 172, normalized size = 1.93

In (coth (dx +c) —=1) In(coth (dx +c) +1) b coth (dx + ¢) b? coth (dx + c)
- 2 + 2 + 2 2 + 2 2
2d(a + b) 2d (a + b) 2d (a +b)* (a + b(coth? (dx +¢))) 2d(a+b)*a(a+b(coth

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*coth(d*x+c)~2)72,x)

[Out] -1/2/d/(a+b) "2%1n(coth(d*x+c)-1)+1/2/d/(a+b) "2%1n(coth(d*x+c)+1)+1/2/d*b/(a
+b) "2*coth(d*x+c)/ (a+bxcoth(d*x+c) "2)+1/2/d*b"2/ (a+b) "2/a*coth(d*x+c)/ (a+bx*
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coth(d*x+c) ~2)+3/2/d*b/ (a+b) "2/ (a*xb) ~(1/2) *arctan(coth(d*xx+c) *b/ (axb) ~(1/2)
)+1/2/d*%b"2/ (a+b) "2/a/(axb) ~(1/2)*arctan(coth(d*x+c)*b/(axb) ~(1/2))

maxima [B] time = 0.47, size = 207, normalized size = 2.33

(a+b)el2dx-26)_g4p
(3 ab + bz) arctan( = ) ab+ b2 — (ab _ bZ)e(—de—ZC)

+
2 (a3 +2a2b + abz)\/%d (a4 +3a3b +3a%b% +ab3 -2 (a4 + a3b — a2b? - ab3)e(‘2d"‘2c) + (a4 +3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*coth(d*x+c)~2)72,x, algorithm="maxima"

[Out] 1/2%(3*a*b + b~2)*arctan(1/2*((a + b)*e~(-2*d*x - 2%c) - a + b)/sqrt(a*b))/
((a”3 + 2%¥a”2xb + a*xb”2)*sqrt(a*b)*d) + (a*xb + b™2 - (a*b - b~2)*e” (-2xd*x
- 2xc))/((a”4 + 3%xa”3*b + 3*¥a”2*%b”2 + a*b”3 - 2x(a”4 + a”3*b - a”2*%b"2 - ax
b~3)*e” (-2*%d*x — 2xc) + (a4 + 3*a”3*b + 3*a"2*b"2 + axb”"3)*e”(-4xd*x - 4*c

))*d) + (d*xx + c)/((a”2 + 2%a*xb + b~2)*d)

mupad [B] time = 1.58, size = 110, normalized size = 1.24
ax b x coth(c+d x)2 b coth(c+d x) b coth(c+d x) ) >
(a+b)* (a+b)? 2ad (a+b) t ( Vab (b 30 b)
5 +
beoth(c+dx)* +a Vab (2ad+ab (4ad +2bd))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + bxcoth(c + d*xx)~2)"2,x)

[Out] ((a*x)/(a + b)~2 + (b*x*coth(c + d*x)~2)/(a + b)~2 + (b*coth(c + dx*x))/(2*a
*dx(a + b)))/(a + bxcoth(c + d*xx)~2) + (atan((b*coth(c + dxx))/(axb)~(1/2))
*(3xaxb + b~2))/((axb) " (1/2)*(2*%a"3*d + axbx(4*axd + 2*bxd)))

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*coth(d*x+c)**2)**2, %)

[Out] Timed out
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1
37 | 5 dx
(a+b coth®(c+dx))
Optimal. Leaf size=142
2 2 -1 +\/a tanh(c+dx)
b(7a+3b)coth(c +dx) Vb (154% +10ab + 3% tan (—@ ) b coth(c + dx)
8a2d(a +b)? (a + b coth’(c + dx)) 8a%f2d(a + b)’ 4ad(a +b) (a + beoth®(c +

[Out] x/(a+b) 3+1/4*b*coth(d*x+c)/a/(a+b)/d/(a+bxcoth(d*x+c)~2) "2+1/8*b* (7*a+3*b)
xcoth(d*x+c)/a"2/(a+b) "2/d/ (a+bxcoth(d*x+c) ~2)-1/8* (15*a~2+10*axb+3*b~2) *ar
ctan(a”~(1/2)*tanh(d*x+c) /b~ (1/2))*b~(1/2)/a"~(5/2)/(a+b)~3/d

Rubi [A] time = 0.16, antiderivative size = 142, normalized size of antiderivative =

ber of rul
1.00, number of steps used = 6, number of rules used = 6, integrand size = 14, e e

= 0.429, Rules used = {3661, 414, 527, 522, 206, 205}

integrand size

2 > -1 \/E tanh(c+dx)
Vb (15a +10ab + 3b )tan (T) . b(7a + 3b) coth(c + dx) N b coth(c + dx)
8a%2d(a + b)3 8a2d(a + b)? (a + beoth®(c + dx)) 4ad(a + b) (u + bcoth?(c -

Antiderivative was successfully verified.
[In] Int[(a + b*Coth[c + d*x]1~2)7(-3),x]

[Out] x/(a + b)"3 - (Sqrt[bl*(15%a~2 + 10*a*b + 3*b~2)*ArcTan[(Sqrt[a]*Tanh[c + d
*xx])/Sqrt[b]])/(8*xa~(5/2)*(a + b)~3*d) + (bxCoth[c + d*x])/(4*ax(a + b)*d*(

a + bxCoth[c + dxx]~2)"2) + (b*(7*a + 3*b)*Coth[c + d*xx])/(8*a~2x(a + b) 2%

dx(a + bxCoth[c + d*x]~2))

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 414

Int[((a_) + (b_)*x(x_)"(m_)) " (p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> —-Simp[(bxx*(a + b*x™n)~(p + 1)*(c + d*x"n)~(q + 1))/ (a*nx(p + 1)*(b*xc -
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axd)), x] + Dist[1/(a*nx(p + 1)*(b*c - axd)), Int[(a + b*xx™n) " (p + 1)*(c +
d*x"n) “g*Simp[b*c + nx(p + 1)*(b*c - axd) + dxb*x(nx(p + q + 2) + 1)*x"n, x]
, x], x] /; FreeQ[{a, b, c, d, n, q}, x] && NeQ[bxc - axd, 0] && LtQ[p, -1]
&& !'( !IntegerQ[p] && IntegerQ[ql && LtQ[q, -1]) && IntBinomialQ[a, b, c,
d, n, p, q, xJ

Rule 522

Int[((e ) + (£_)*(x_)"(n_))/(((a)) + (b_)*x_)"(m_ ))*((c_) + (d_.)*(x_)"(
n_))), x_Symbol] :> Dist[(b*e - axf)/(b*c - axd), Int[1/(a + b*x"n), x], x]
- Dist[(d*e - cx*f)/(b*c - axd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, b,

c, d, e, f, n}, x]

Rule 527

Int[((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_)*(x_)"(n_))"(q_.)*((e_) + (f
_I)*(x_)"(n))), x_Symbol] :> -Simp[((b*e - a*xf)*x*x(a + b*xx™n) (p + 1)*(c +
d*x"n)~(q + 1))/(a*n*(b*c - a*d)*(p + 1)), x] + Dist[1/(a*n*(b*c - axd)*(p
+ 1)), Int[(a + bxx™n) " (p + 1)*(c + d*x"n) g*Simp[c*(b*e - a*xf) + e*nx(bx*c
- axd)*(p + 1) + dx(bxe - axf)*(nx(p + q + 2) + )*x"n, x], x], x] /; FreeQ
[{a, b, ¢, d, e, £, n, g}, x] && LtQlp, -1]

Rule 3661

Int[((a_) + (b_.)*x((c_.)*tan[(e_.) + (£_)*x(x)1)"(m_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + f*x], x]}, Dist[(c*ff)/f, Subst[Int[(a + bx(
ffxx)"n)p/(c”2 + f£72xx72), x], x, (cxTanl[e + f*x])/ff], x]1] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 16]1)

Rubi steps
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Subst ( [ ———— dx, x, coth(c + dx))

1 (1—x2)(a+bx2)
dx =
f (a +b cothz(c + dx))3 ! d

b—4(a+b)+3bx?

Subst ( f 5 dx, x, coth(c + dx))

B b coth(c + dx)
4a(a + b)d (a + beoth?(c + dx))2 4a(a + b)d

(l—xz)(a+bx2)

1
b coth(c + dx) N b(7a + 3b) coth(c + dx) Subs

4a(a + b)d (a +b cothz(c + dx))2 8a%(a + b)2d (ﬂ +b COthz(C + dx))

B b coth(c + dx) . bZa+3bcothctd) Subs
4a(a + b)d (a + beoth?(c + clx))2 8a(a + b)*d (a + beoth®(c + dx))

5 5 _1 { V/a tanh(c+dx)
Vb (1522 + 10ab + 3b?) tan (T) . bcoth(c +

(a +0)° 8a%2(a + b)d 4a(a + b)d (a + b cot

X

Mathematica [A] time = 0.36, size = 147, normalized size = 1.04

Vb coth(c+dx)
Va 2b(a+b)? coth(c+dx)
+ > =

b (1542+10ab+3b2) tan~!
b(7a+3b)(a+b) coth(c+dx) Vb (1502 +10ab+32) tan

a2(a+b coth?(c-+dx)) a2 a(a+b coth?(c+dx))

8d(a + b)?

4log(1 - coth(c + dx)) + 4 log(cc

Antiderivative was successfully verified.

[In] Integrate[(a + b*Coth[c + d*x]~2)~(-3),x]

[Out] ((Sqrt[bl*(15*a~2 + 10*a*b + 3*b~2)*ArcTan[(Sqrt[b]*Coth[c + d*x])/Sqrt[al]
)/a~(5/2) + (2*b*x(a + b)"2xCothl[c + d*x])/(a*x(a + bxCothl[c + d*x]~2)72) + (

bx(a + b)*(7xa + 3*b)*Coth[c + dxx])/(a"2*(a + b*Cothl[c + d*x]72)) - 4x*Logl

1 - Coth[c + d*x]] + 4xLogl[1l + Coth[c + d*x]])/(8x(a + b)~3*d)

fricas [B] time = 0.67, size = 7508, normalized size = 52.87

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(a+b*coth(d*x+c)~2)~3,x, algorithm="fricas")

[Out] [1/16%x(16*(a~4 + 2*a~3%b + a~2*b~2)*d*x*cosh(d*x + c)~8 + 128*(a~4 + 2*a~3*
b + a"2*b~2)*d*x*cosh(d*x + c)*sinh(dxx + c)~7 + 16*%(a”"4 + 2*xa~3%b + a~2%b~
2)*d*x*sinh(d*x + ¢)~8 + 4% (9*a”3*b - a"2*b"2 - 13*a*xb”3 - 3*b"4 - 16*x(a"4
- a”2*%b"2)*d*x)*cosh(d*x + ¢c)76 + 4*(112*x(a"4 + 2*xa~3%b + a~2*b~2)*d*x*cosh
(d*x + ¢)72 + 9*%a”3*b — a”2*b"2 - 13*a*b”3 - 3*b"4 - 16%x(a”4 - a”2*b"2)*d*x
Yxsinh(d*x + ¢c)76 + 8*x(112*x(a~4 + 2*a~3%b + a~2*b~2)*d*x*cosh(d*x + ¢c)~3 +
3*%(9*%a”3*%b - a"2xb"2 - 13*a*b”3 - 3*b"4 - 16*(a”4 - a"2%b~2)*d*x)*cosh(d*x
+ c))*sinh(d*x + c)75 - 4*%(27*a"3*%b - 9*a~2*%b”2 + 21*axb”3 + 9*%b~"4 - 8*(3*a
4 - 2%a”3*b + 3*a"2*xb"2)*d*x)*cosh(d*x + c)"4 + 4%x(280%(a"4 + 2*a”"3*b + a”
2%b"2) *d*x*kcosh(d*x + c)~4 - 27*a"3*b + 9*a"2*xb"2 — 21xa*xb~3 - 9*%b~4 + 8*(3
*a”4 - 2%a”3*b + 3*%a"2*%b"2)*d*x + 156%(9*%a”"3*b - a"2*%b"2 - 13*axb”3 - 3*xb~"4
- 16x(a”4 - a"2*b~2)*d*x)*cosh(d*x + c) 2)*sinh(d*x + c)~4 - 36*a”3*b - 84x
a~2%b”2 - 60*axb”3 - 12%b"4 + 16*(56*(a”4 + 2*a”~3*b + a~2%b~2)*d*x*cosh(d*x
+ ¢c)75 + 5x(9*%a”3%b - a”2%b"2 - 13*a*xb”3 - 3*b"4 - 16*%(a”4 - a”~2*xb”2)*d*x)
*cosh(d*x + ¢c)7™3 — (27*a”3%b - 9*a”2*b"2 + 21*a*xb~3 + 9*b~4 - 8*(3*a"4 - 2%
a~3%b + 3*a"2*b"2)*d*x)*cosh(d*x + c))*sinh(d*x + ¢)~3 + 16*%(a"4 + 2*a”~3*b
+ a"2%b72)*d*x + 4% (27*a"3*b + 13*a"2%b"2 - 23*axb”3 - 9*%b"4 - 16*(a"4 - a”
2%b~2) *d*x) *cosh(d*x + ¢)72 + 4*x(112%(a"4 + 2*a~3*b + a~2%b~2)*d*x*cosh(d*x
+ c)76 + 15%x(9*%a”~3xb - a”2%b”2 - 13*a*b”3 - 3*b"4 - 16*%(a"4 - a"2*xb”"2)*xdxx
Yxcosh(d*x + ¢c)74 + 27*a"3*b + 13*%a"2%b"2 - 23*a*xb™3 - 9*b~4 - 16*%(a"4 - a~
2+%b72) *d*kx - 6% (27*a"3*b - 9*a"2%b"2 + 21*a*b”3 + 9xb~4 - 8*x(3*a"4 - 2*%a”" 3%
b + 3*a"2%b~2)*d*x)*cosh(d*x + c)~2)*sinh(d*x + c)~2 + ((15%a"4 + 40*a”3%Db
+ 38*%a”"2*b"2 + 16*a*xb~3 + 3*b~4)*cosh(d*x + ¢)~8 + 8+(15*a”4 + 40*a~3*b + 3
8*a~2%b”2 + 16*axb”3 + 3*%b~4)*cosh(d*x + c)*sinh(d*x + c)~7 + (15%a~4 + 40%
a~3xb + 38*%a”"2*b”"2 + 16*axb”3 + 3*b~4)*sinh(d*x + ¢)~8 - 4*(15*%a”4 + 10*a”3
*b - 12*%a”2*b”"2 - 10*a*b~3 - 3*b"4)*cosh(d*x + c)~6 - 4*(15*%a”4 + 10*a”3*b
- 12%a"2*%b"2 - 10*a*b~3 - 3*%b"4 - 7*x(15%a"4 + 40*a~3*b + 38*a”~2*b”"2 + 16*ax
b~3 + 3*b~4)*cosh(d*x + c)~2)*sinh(d*x + c)~6 + 8*(7*(15%a~4 + 40%a~3*b + 3
8*a~2%b”2 + 16*axb”3 + 3*b~4)*cosh(d*x + c)~3 - 3*%(15%a”4 + 10*a"3*b - 12xa
“2%b"2 - 10*a*b”3 - 3*b~4)*cosh(d*x + c))*sinh(d*x + c)~5 + 2x(45%a~4 + 34x
a~2%b"2 + 24*a*xb”3 + 9*b~4)*cosh(d*x + c)”4 + 2x(35x(15%a~4 + 40*a”3*b + 38
*a"2%b"2 + 16*%a*xb”3 + 3*b~4)*cosh(d*x + c)”4 + 45*xa~4 + 34*a~2%b"2 + 24x*ax*b
“3 + 9%b”4 - 30*(15%a~4 + 10*a"3*b - 12*a”~2*b"2 - 10*a*xb~3 - 3*b~4)*cosh(d*
X + ¢)"2)xsinh(d*x + c)”4 + 15%a~4 + 40%a~3%b + 38*a”"2*b"2 + 16%a*xb~3 + 3*b
4 + 8x(7*(15*%a”4 + 40*a~3*b + 38*a”2*b”2 + 16*a*xb~3 + 3*b~4)*cosh(d*x + c)
“5 - 10%(15%a"4 + 10*a”3*b - 12%a"2*b~2 - 10*a*b”™3 - 3*b~4)*cosh(d*x + ¢)~3
+ (45*%a”4 + 34*a”~2*xb"2 + 24*a*xb”3 + 9*b~4)*cosh(d*x + c¢))*sinh(d*x + c)~3
- 4x(15%a”4 + 10*a~3%b - 12*%a”2%b~2 - 10*a*xb~3 - 3*b~4)*cosh(d*x + c)"2 + 4
*(7x(15%a"4 + 40*a”3*b + 38*a”"2*b"2 + 16*a*xb”3 + 3*b~4)*cosh(d*x + c)”6 - 1
5%(15*%a”4 + 10*a~3*b - 12%a~2%b~2 - 10*a*xb™3 - 3*b~4)*cosh(d*x + c)~4 - 15x%
a"4 - 10*%a”~3%b + 12%a"2xb"2 + 10*axb~3 + 3*b~4 + 3% (45%a~4 + 34%a"2xb"2 + 2
4*xa*xb~3 + 9*b~4)*cosh(d*x + c)”"2)*sinh(d*x + ¢c)”2 + 8*x((15*xa~4 + 40*a"3*b +
38*a"2%b”"2 + 16*a*xb”3 + 3*b~4)*cosh(d*x + ¢)~7 - 3*%(15*%a"4 + 10*a"3%b - 12
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*a"2%b"2 - 10*a*b”3 - 3*b~4)*cosh(d*x + c)”5 + (45%a~4 + 34*a”2*b"2 + 24xax
b"3 + 9*b~4)*cosh(d*x + c)”3 - (15*a~4 + 10*a"3*b - 12*a”"2*b"2 - 10*a*b~3 -
3*b~4)*cosh(d*x + c))*sinh(d*x + c))*sqrt(-b/a)*xlog(((a”2 + 2*a*b + b~2)*c
osh(d*x + c)”4 + 4x(a~2 + 2%axb + b~2)*cosh(d*x + c)*sinh(d*x + ¢c)~3 + (a2
+ 2%axb + b"2)*sinh(d*x + c)”4 - 2x(a”2 - b"2)*cosh(d*x + c)~2 + 2x(3*(a"2
+ 2*%a*xb + b"2)*cosh(d*x + ¢c)72 - a”2 + b"2)*sinh(d*x + c)”2 + a~2 - 6*axb
+ b"2 + 4x((a"2 + 2*%axb + b"2)*cosh(d*x + ¢)”3 - (a"2 - b"2)*cosh(d*x + c))
*sinh(d*x + c) - 4%((a”2 + ax*b)*cosh(d*x + ¢c)”2 + 2%(a~2 + a*b)*cosh(d*x +
c)*sinh(d*x + c) + (2”2 + axb)*sinh(d*x + c)”2 - a2 + a*b)*sqrt(-b/a))/((a
+ b)*cosh(d*x + c)”4 + 4x(a + b)*cosh(d*x + c)*sinh(d*x + ¢c)”3 + (a + b)*s
inh(d*x + c)”4 - 2x(a - b)*cosh(d*x + c)~2 + 2%(3x(a + b)*cosh(d*x + c)~2 -
a + b)*sinh(d*x + ¢c)”2 + 4*x((a + b)*cosh(d*x + ¢c)~3 - (a - b)*cosh(d*x + c
))*sinh(d*x + c) + a + b)) + 8x(16*(a"4 + 2*a~3*b + a~2*b~2)*d*x*cosh(d*x +
)77 + 3*%(9*%a"3*b - a"2*b"2 - 13*axb”3 - 3*b74 - 16*(a"4 - a"2%b"2)*d*x)*c
osh(d*x + c)75 - 2x(27*a"3%b - 9*a”2*b”2 + 21*a*xb~3 + 9*%b~4 - 8x(3*a~4 - 2x
a~3%b + 3*a"2*b”"2)*d*x)*cosh(d*x + c)”3 + (27*a"3*b + 13*a"2%b"2 - 23*a*b”3
- 9%b~4 - 16%(a”4 - a"2xb"2)*d*x)*cosh(d*x + c))*sinh(d*x + c))/((a~7 + 5%
a~6xb + 10*a~5*b"2 + 10*a~4*b~3 + 5*xa~3*b"4 + a~2*xb~5)*d*cosh(d*x + c)~8 +
8*%(a”7 + 5*a~6xb + 10%a~5%b~2 + 10*a”4*b~3 + 5xa~3%b~4 + a~2*b”5)*d*cosh(dx
X + c)*sinh(d*x + ¢c)77 + (a7 + 5*xa~6xb + 10*a”5*b”2 + 10*a~4*b~3 + 5*a~3%*b
4 + a”2*%b75)*d*sinh(d*x + ¢)78 - 4*(a”7 + 3*a"6xb + 2*¥a~5%b"2 - 2*a”~4*xb”3
- 3*%¥a"3*b"4 - a"2*b~5)*d*cosh(d*x + c)”6 + 4x(7x(a”7 + 5*a”6*b + 10*a"5*xb~2
+ 10*%a"4*b”"3 + 5*a~3*%b"4 + a~2*b"5)*d*cosh(d*x + ¢)”2 - (a7 + 3*a"6xb + 2
*a"5%b"2 - 2*%a”4*b"3 - 3%a~3%b"4 - a”"2*b”5)*d)*sinh(dx*x + c)”6 + 2*%(3*a”7 +
T*a~6*b + 6*a~5*xb~2 + 6%a~4%b”3 + 7*a"3*b~4 + 3*a~2%b~5)*d*cosh(d*x + c)74
+ 8% (7*(a”7 + 5*a~6xb + 10*%a”5*b~2 + 10*a~4*b~3 + 5%a~3*%b"4 + a”~2*b”5)*d*c
osh(d*x + ¢c)”3 - 3*(a”7 + 3*a"6*b + 2*a”"b*xb"2 — 2*xa~4*b~3 - 3*a"3*b"4 - a2
*b~5) *d*cosh(d*x + c))*sinh(d*x + c)75 + 2*x(35%x(a”7 + 5*a”6%b + 10*a”~5*xb~2
+ 10%a"4*b~3 + 5*a~3*b"4 + a~2%b~5)*d*cosh(d*x + c)~4 - 30*(a”7 + 3*xa~6*b +
2%a"b*b”"2 - 2*a~4*b~3 - 3*%a"3*%b"4 - a"2*b”~5)*d*xcosh(d*x + c)”2 + (3*a”7 +
T*a"6*b + 6*xa~5*b~2 + 6*%a”4*b”3 + 7*a"3*b"4 + 3*a"2%b~5)*d)*sinh(d*x + c)~4
- 4*%(a”7 + 3*a"6xb + 2*xa~5%b"2 - 2*a”"4*b"3 - 3*a~3%b"4 - a~2*b”5)*d*cosh(d
*¥x + ¢c)72 + 8% (7x(a”7 + 5*a~6%b + 10*a”"5*b"2 + 10*a~4*b"3 + 5*a"3*b"4 + a2
*b~5)*d*cosh(d*x + c)”5 - 10*(a”7 + 3*a"6*b + 2*a~5%b~2 - 2*¥a”~4xb~3 - 3*a”3
*b~4 - a”2*b”5)*d*xcosh(d*x + ¢c)~3 + (3*a”7 + 7xa~6xb + 6*a”b*b”2 + 6xa~4*xb”
3 + 7*a”"3*b"4 + 3%a”2*b~5)*d*xcosh(d*x + c))*sinh(d*x + c)~3 + 4x(7x(a”7 + 5
*a"6%b + 10*a”"5*b"2 + 10*a~4*b~3 + 5*a”"3*b"4 + a~2*b~5)*d*cosh(d*x + ¢c)~6 -
15%(a”7 + 3*a~6%b + 2*%a”b*b"2 - 2*%a"4*xb"3 - 3*a"3*b"4 - a"2*xb~5)*d*cosh(d*
X + ¢c)74 + 3%(3*%a”7 + T7*a"6*xb + 6*xa~5xb"2 + 6*a”4*b”3 + 7*xa~3*b"4 + 3*a~2*b
“5)*d*cosh(d*x + c)~2 - (a”7 + 3*a"6*b + 2*xa~5xb~2 - 2%¥a~4%b~3 - 3*a~3*b"4
- a”2%b75)*d)*sinh(d*x + ¢)72 + (a”7 + 5*a"6xb + 10*a~5%b~2 + 10*a"4*b~3 +
5%¥a”3*%b"4 + a"2*xb"5)*d + 8+ ((a”7 + 5*a"6xb + 10*a~5%b"2 + 10*a"4*b”~3 + 5*xa”
3*b"4 + a"2*xb"5)*d*cosh(d*x + c)”7 - 3*(a”7 + 3*a"6%b + 2*%a"5*xb"2 - 2*xa~4xDb
~3 - 3*a”"3*b"4 - a"2*xb~5)*d*cosh(d*x + c)”5 + (3*%a”7 + 7*a"6%b + 6*a~5*xb”2
+ 6*%a”4*b”3 + 7*xa~3%b~4 + 3*a”2*b”5)*d*cosh(dxx + ¢c)~3 - (a7 + 3*a"6xb + 2
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*a"5%b"2 - 2*a"4*b"3 - 3*a"3*%b"4 - a”~2*b"5)*d*cosh(d*x + c¢))*sinh(d*x + c))
, 1/8x(8%(a”4 + 2%a”3*b + a~2*xb~2)*d*x*cosh(d*x + c)~8 + 64x(a~4 + 2*a"3*b
+ a”2*b”2)*d*x*cosh(d*x + c)*sinh(d*x + c)~7 + 8%(a”4 + 2*%a”3*b + a~2*xb"2)x*
d*x*sinh(d*x + ¢)78 + 2% (9*a”3*b - a"2*b"2 - 13*a*b”3 - 3*b"4 - 16*(a"4 - a
~2%b72) *d*x) *cosh(d*x + c)76 + 2*%(112*(a”4 + 2*xa~3%b + a~2*b~2)*d*x*cosh(d*
X + ¢)72 + 9%a"3%b - a"2*b”"2 - 13*axb”3 - 3*%b"4 - 16*%(a"4 - a"2*xb"2)*d*x) *s
inh(d*x + ¢)76 + 4*x(112*x(a"4 + 2*a~3*b + a~2*b"2)*d*x*cosh(d*x + ¢c)~3 + 3x*(
9%a”3%b - a"2%b”2 - 13*ax*b”3 - 3*%b”"4 - 16*%(a"4 - a~2*b”2)*d*x)*cosh(d*x + ¢
))xsinh(d*x + c)75 - 2x(27*a"3%b - 9*a~2*b”2 + 21*a*xb~3 + 9%b~4 - 8*(3*a"4
- 2%a”3%b + 3*a"2*xb"2)*dxx)*cosh(d*x + c)”4 + 2x(280x(a”4 + 2*a”3*b + a”~2x*b
~2)*d*x*cosh(d*x + c)~4 - 27*a"3%b + 9*a~2*xb"2 - 21*a*xb”3 - 9*b"4 + 8*x(3*a”
4 - 2%a”3%b + 3%a"2%b"2)*kdxx + 15%(9*%a”~3%b - a"2%b"2 - 13*axb”3 - 3*%b"4 - 1
6*%(a”4 - a~2%b"2)*d*x)*cosh(d*x + c)~2)*sinh(d*x + c)”4 - 18*a~3%b - 42*a~2
*b~2 - 30*a*b”™3 - 6xb~4 + 8% (56*(a”4 + 2*a”3*b + a~2xb~2)*d*x*cosh(d*x + c)
"5 + B5*x(9*%a”3*%b - a"2*b"2 - 13*ax*b”3 - 3*b"4 - 16*x(a"4 - a~2%b~2)*d*x)*cosh
(d*x + ¢)73 - (27*a"3*b — 9*a~2%b~2 + 21*a*b”™3 + 9*b~4 - 8+ (3*a"4 - 2*a~3x*b
+ 3*a”2*b”"2) *d*x)*cosh(d*x + c))*sinh(d*x + ¢)~3 + 8+(a”™4 + 2*a”"3*b + a~2x
b~2) *xdxx + 2% (27*a”3%b + 13%a”2*xb"2 - 23xa*xb”3 - 9*xb~4 - 16%x(a"4 - a"2*b"2)
*d*x)*cosh(d*x + c)72 + 2%(112+%(a"4 + 2*a~3*b + a~2%b~2)*d*x*cosh(d*x + c)~
6 + 15%(9*a”~3%b - a”2*b"2 - 13*a*xb”3 - 3*b"4 - 16*x(a”4 - a~2*b”~2)*d*x)*cosh
(d*x + c)74 + 27*a"3%b + 13*%a"2*xb"2 - 23*a*xb”3 - 9*b"4 - 16%(a"4 - a"2*%b"2)
*dxx — 6%(27*a"3%b - 9*%a~2%b”"2 + 21*xaxb”3 + 9*%b"4 - 8*(3xa"4 - 2%a”3xb + 3%
a~2%b"2) *d*x) *cosh(d*x + c¢)~2)*sinh(d*x + c)~2 - ((15%a”4 + 40*a”3*b + 38*a
“2%b72 + 16*a*b”3 + 3*b~4)*cosh(d*x + c)~8 + 8x(15%xa~4 + 40*a”3*b + 38*a~2x
b~2 + 16*axb~3 + 3*b~4)*cosh(d*x + c)*sinh(d*x + ¢c)~7 + (15%a~4 + 40*a~3%*Db
+ 38*%a”"2*b"2 + 16*a*xb”3 + 3*b"4)*sinh(d*x + ¢)78 - 4*(15%a"4 + 10*a~3xb - 1
2%a"2%b"2 - 10*a*xb”3 - 3*b~4)*cosh(d*x + c)”6 — 4x(15%a~4 + 10*a"3*b - 12*a
“2%b"2 - 10*%a*b”3 - 3*b~4 - 7x(15%a"4 + 40*a~3*b + 38%a~2%b"2 + 16*xaxb”3 +
3*b~4)*cosh(d*x + c)~2)*sinh(d*x + c)~6 + 8*%(7*(15%a~4 + 40*a”~3%b + 38*a”2x*
b~2 + 16*axb~3 + 3*b~4)*cosh(d*x + ¢c)~3 - 3*(15*%a"4 + 10*a~3*b - 12*xa~2%b~2
- 10*a*b”™3 - 3*b~4)*cosh(d*x + c))*sinh(d*x + c)~5 + 2x(45*%a~4 + 34xa~2*b~
2 + 24%a*xb”3 + 9*b~4)*cosh(d*x + c)~4 + 2x(35x(15*xa~4 + 40*a~3*b + 38*a~2*b
"2 + 16*a*b”3 + 3*b"4)*cosh(d*x + c)”4 + 45*xa”~4 + 34*a"2%b"2 + 24*a*xb”3 + 9
*b"4 - 30*(15%a”4 + 10*a”~3*b - 12*%a”2*b"2 - 10*a*xb~3 - 3*b~4)*cosh(d*x + c)
“2)*sinh(d*x + c)~4 + 15xa~4 + 40*a"3*b + 38*a"2*xb"2 + 16*a*xb”3 + 3*b"4 + 8
*(7*(15*%a"4 + 40*a”3*b + 38*a~2%b~2 + 16*%a*xb~3 + 3*b~4)*cosh(d*x + ¢c)°5 - 1
0*(15*%a”4 + 10*a”~3%b - 12*a"2*%b"2 - 10*a*b~3 - 3*b~4)*cosh(d*x + c)~3 + (45
*a~4 + 34*a”2*%b"2 + 24xaxb~3 + 9*%b"4)*cosh(d*x + c))*sinh(d*x + c)”3 - 4*x(1
5%¥a~4 + 10*a~3*b - 12*a”~2%b”2 - 10*a*b~3 - 3*b~4)*cosh(d*x + c)~2 + 4x(7*x(1
5%a”4 + 40%a”3%b + 38*a”2%b”"2 + 16*a*xb”3 + 3*b~4)*cosh(d*x + c)~6 - 15x(15x%
a"4 + 10*%a”~3%b - 12*¥a”2*xb"2 - 10*ax*xb~3 - 3*b~4)*cosh(d*x + c)~4 - 15xa~4 -
10%a"3*%b + 12*a~2*%b"2 + 10*a*xb”3 + 3*%b~"4 + 3*(45%a”4 + 34*xa~2x%b"2 + 24x*xaxb”
3 + 9*%b"4)*cosh(d*x + c¢)"2)*sinh(d*x + c)”2 + 8*x((15%a"4 + 40*a”3*b + 38*a”
2%b"2 + 16*a*xb”3 + 3*b~4)xcosh(d*x + c)”7 - 3*x(15*xa~4 + 10*a"3*b - 12*a”2*b
~2 - 10*a*b”3 - 3*b~4)xcosh(d*x + c)”5 + (45*%a~4 + 34%a~2%b"2 + 24*a*xb”~3 +

+



69

9%b~4)*cosh(d*x + c)”3 - (15%a~4 + 10*a"3*b - 12*a~2%b"2 - 10*axb”3 - 3*%b"4
)*cosh(d*x + c))*sinh(d*x + c))*sqrt(b/a)*arctan(1/2+x((a + b)*cosh(d*x + c)
“2 + 2%(a + b)*cosh(d*x + c)*sinh(d*x + c) + (a + b)*sinh(d*x + ¢c)”2 - a +
b)*sqrt(b/a)/b) + 4x(16*x(a"4 + 2*xa~3*%b + a~2%b”2)*d*x*cosh(d*x + c)~7 + 3%(
9%a~3%b - a"2*b”"2 - 13*a*xb”3 - 3*b"4 - 16x(a"4 - a~2*b"2)*d*x)*cosh(d*x + ¢
)75 - 2% (27*a"3*b - 9*%a"2*b"2 + 21*axb”3 + 9*b"4 - 8x(3*a~4 - 2*a"3*b + 3*a
~2%b72) *d*x) *cosh(d*x + ¢)~3 + (27*a"3*b + 13*a"2*b"2 - 23*a*b”3 - 9*b"4 -
16%x (a4 - a~2*b~2)*d*x)*cosh(d*x + c))*sinh(d*x + c))/((a”~7 + 5*a~6xb + 10%
a~5*%b”2 + 10*a~4*b"3 + 5%a~3%b~4 + a”“2*b”~5)*d*cosh(d*x + c)”8 + 8*%(a”~7 + bx
a“6xb + 10*a~5*%b"2 + 10*a~4*b~3 + 5*a~3*%b”"4 + a~2*xb~5)*d*xcosh(d*x + c)*sinh
(d*x + ¢)77 + (a7 + 5*xa~6xb + 10*a~5*%b~2 + 10*a”~4*b~3 + 5%xa~3*b"4 + a~2*b”~
5)*d*sinh(d*x + c)~8 - 4x(a”7 + 3*a”6*b + 2*a~b*xb"2 - 2*¥a~4*b"3 - 3*a"3*b"4
- a~2%b"5)*d*cosh(d*x + c)~6 + 4*x(7x(a”7 + 5%a”6xb + 10*a~5*b~2 + 10*a~4x*b
~3 + 5*a”3*b"4 + a"2*b~5)*d*cosh(d*x + c)”"2 - (a”7 + 3*%a"6%b + 2*a”~5*b"2 -
2%a~4*b"3 - 3*a"3*b"4 - a”2%b~5)*d)*sinh(d*x + c)~6 + 2% (3*%a”7 + T*a"6*xb +
6*a”5*b”2 + 6*%a”~4*b"3 + T*a~3*%b"4 + 3*a"2*xb”"5)*dxcosh(d*x + c)74 + 8x(7*x(a”
7 + 5*%a”6xb + 10*%a~5xb"2 + 10*a~4*b~3 + 5%a~3*b~4 + a~2xb~5)*d*cosh(d*x + ¢
)73 - 3%(a”7 + 3*a"6%b + 2*%a"5*b"2 - 2*xa~4*b~3 - 3*a~3*b"4 - a~2*b~5)*d*cos
h(d*x + c))*sinh(d*x + c)75 + 2x(35%x(a”7 + 5*a”6*b + 10*a”~5xb~2 + 10%a~4x*b~
3 + 5*a”3*b"4 + a~2%b~5)*d*cosh(d*x + c)~4 - 30%(a”7 + 3*a"6*xb + 2*xa~5xb"2
- 2%a"4*b”3 - 3*a"3*b"4 - a"2%b~5)*d*cosh(d*x + c)72 + (3*a”7 + 7*a"6xb + 6
*a"5%b"2 + 6*%a"4*b"3 + T*xa~3*%b"4 + 3*a"2*b"5)*d)*sinh(d*x + c)"4 - 4*x(a”7 +
3*%a”~6*b + 2*a"b*b"2 - 2%¥a~4%b"3 - 3*a"3*b"4 - a~2*b~5)*d*cosh(d*x + c)"2 +
8% (7x(a”7 + 5*a~6xb + 10*a~5xb"2 + 10*¥a~4*b~3 + 5*a~3*b"4 + a~2%b~5)*d*cos
h(d*x + c)75 - 10*%(a”7 + 3*a~6*b + 2*a”~bxb~2 - 2¥a~4*xb~3 - 3*%a~3*b"4 - a~2%
b~5)*d*cosh(d*x + c)~3 + (3*a”7 + 7*a~6%b + 6*a”b*b”™2 + 6*xa~4*b~3 + T*a~3*b
4 + 3*a”2*b"5)*d*cosh(d*x + c))*sinh(d*x + ¢)~3 + 4*(7*(a”7 + 5*a"6xb + 10
*a"5%b"2 + 10*%a”"4*b~3 + 5%a~3*%b"4 + a~2*b”"5)*d*cosh(d*x + ¢c)”6 - 16%x(a”7 +
3*a~6*b + 2*¥a”"5*b"2 - 2*xa"4*b"3 - 3*a~3*b"4 - a~2x%b~5)*d*cosh(d*x + c)"4 +
3% (3*a”7 + 7*a~6xb + 6%a”5*b”2 + 6%a~4*b"3 + T*xa~3%b~4 + 3*a”~2*b”5)*d*xcosh(
d*x + ¢c)72 - (a77 + 3*%a"6%b + 2*%a”"5*b"2 - 2*xa~4xb"3 - 3*a”"3*b"4 - a"2*xb”"5)x*
d)*sinh(d*x + c)~2 + (a”7 + 5*a”"6*xb + 10*a~5%xb~2 + 10*a"4*b~3 + 5*xa~3*xb~4 +
a"2xb"5)*d + 8*x((a”7 + 5%a”6*b + 10*a"5*b"2 + 10*a~4*b"3 + 5*a"3*b"4 + a2
*b~5)*d*cosh(d*x + ¢)”7 - 3*(a”7 + 3*a~6*b + 2*a~5%b"2 - 2*¥a”~4xb~3 - 3*a”3x%
b~4 - a~2xb~5)*d*cosh(d*x + c)75 + (3%a”7 + 7*a"6*b + 6*a~b*b~2 + 6*a~4%b"3
+ 7*a”"3*b”"4 + 3*a~2xb~5)*d*cosh(d*x + c)~3 - (a”7 + 3*a"6%b + 2*a"5xb"2 -
2%a”~4xb"3 - 3*a”"3*b"4 - a~2*b”~5)*d*xcosh(d*x + c))*sinh(d*x + c))]

giac [B] time = 0.22, size = 409, normalized size = 2.88

(2dx+2¢),1,,(2dx+2c)_
(15 a2b+10ab?+3 b3) arctan( © +be a+b)

2 ab 8 (dx+c) 2 (9 a3pe6dx+6c) _;212,(6dx+60) _13 53,6 dx+6c) _3 p4p(6dx+6
(a5+3 a4b+3 a3b2-+42b3) Vab T B3a2b+3 002403

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(a+b*coth(d*x+c)~2)~3,x, algorithm="giac")

[Out] -1/8*((15*a~2xb + 10*a*b”2 + 3*b~3)*arctan(1l/2*(a*e” (2xd*x + 2*c) + bxe™ (2%
dxx + 2%c) - a + b)/sqrt(a*xb))/((a”~5 + 3*xa~4*b + 3*xa~3*b”"2 + a~2*b”3)*sqrt(

axb)) 8x(d*x + c)/(a”3 + 3*a"2%b + 3*a*xb”2 + b~3) - 2% (9*a~3*b*e” (6xd*x +

6*%c) - a"2xb"2xe” (6xd*x + 6%c) - 13*axb"3xe” (6xd*x + 6%c) - 3*b"4d*xe” (6xd*x

+ 6%c) - 27*a”"3xbxe” (4*d*x + 4*c) + 9*a"2xb"2xe” (4*d*x + 4*c) - 21*a*xb"3*e
~(4%d*x + 4*xc) - 9xb"4xe” (4*d*x + 4*c) + 27*a"3xbxe” (2*d*x + 2*c) + 13*%a" 2%
b™2*xe” (2xdxx + 2%c) - 23*ax*b”3*xe” (2xdxx + 2%c) - 9*b"4*e” (2xd*x + 2xc) - 9%

a"3*b - 21*a"2%b"2 - 15*%axb”3 - 3*b~4)/((a”5 + 3*a~4*b + 3*%a"3%b"2 + a~2*b”
3)*k(axe”™ (4xdxx + 4xc) + bkxe” (4*xd*xx + 4*xc) — 2xaxe” (2+xd*x + 2%c) + 2*xbxe”™ (2%

d*x + 2%c) + a + b)"2))/d

maple [B] time = 0.12, size = 352, normalized size = 2.48

In (coth (dx +¢) 1) In(coth(dx+0)+1) 702 (coth® (dx + c)) . 5b° (coth® (dx +
2d (a + b)° 2d (a + by’ 84 (a -+ b)° (a+ b (coth® (dx +0)))° 4d(a +b)’ (a + b (coth? (c

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(at+b*coth(d*x+c)~2)7~3,x)

[Out] -1/2/d/(a+b) "3*1n(coth(d*x+c)-1)+1/2/d/(a+b) "3*1n(coth(d*x+c)+1)+7/8/d/ (a+b
) "3*%b~2/ (atb*coth(d*x+c) ~2) “2*coth (d*x+c) “3+5/4/d/ (a+b) "3*b~3/ (a+b*coth (d*x
+c)~2)"2/axcoth(d*x+c) ~3+3/8/d/ (a+b) “3*b~4/ (a+b*coth(d*x+c) ~2) "2/a"2xcoth(d

*x+c) ~3+9/8/d/ (a+b) “3*b/ (a+b*coth (d*x+c) ~2) "2*a*coth (d*x+c)+7/4/d/ (a+b) ~"3*b

=2/ (a+b*coth(d*x+c) ~2) "2*coth(d*x+c)+5/8/d/ (a+b) “3*%b~3/ (a+b*coth (d*x+c)~2)~
2/axcoth(d*x+c)+15/8/d/ (a+b) ~3*b/ (a*b) "~ (1/2) *arctan (coth(d*x+c) *b/ (axb) ~(1/
2))+5/4/d/ (a+b) "3*b~2/a/(axb) ~(1/2) *arctan(coth(d*x+c) *b/ (axb) ~(1/2))+3/8/d

/ (a+b) "3*b~3/a"2/(a*xb) ~(1/2)*arctan(coth(d*x+c)*b/ (axb)~(1/2))

maxima [B] time = 0.56, size = 509, normalized size = 3.58

2 2 3 (u+b)e(—2dx—25)_a+b)
(15a b+10ab +3b)arctan( =

8 (2% +3a%h + 3432 + a2h3)Vabd 4(a7 +5a°b +10a5b2 + 10 a*D® + 5a3b* + a2b5 — 4 (a7 + 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*coth(d*x+c)~2)73,x, algorithm="maxima"

[Out] 1/8*%(15%a~2xb + 10*a*xb~2 + 3*b~3)*arctan(1/2x((a + b)*e” (-2*d*x - 2%c) - a
+ b)/sqrt(axb))/((a”5 + 3xa~4*b + 3xa~3*b"2 + a~2*b"3)*sqrt(a*xb)*d) + 1/4x(
9%a~3xb + 21%a"2*b~2 + 15%a*b”3 + 3*b~4 - (27*a"3*b + 13*a"2*b"2 - 23*axb”3
- 9*b74) ke (-2xd*xx - 2%c) + 3*%(9*%a”"3*b - 3*a"2*b"2 + Txaxb”3 + 3*b"4)*e” (-
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4xd*xx — 4xc) - (9*%a"3%b - a"2*b"2 - 13*axb”3 - 3*b"4)*e” (-6xd*x - 6%c))/((a
7 + 5*%a”6*b + 10*a”5*b"2 + 10*a"4*b”3 + 5*xa~3*b"4 + a~2%b"5 - 4*x(a”7 + 3*a
“6%b + 2*%a”b*b"2 - 2*xa~4xb"3 - 3*a"3*b"4 - a"2*b"5)xe” (-2%d*x - 2*c) + 2*(3
*¥a”7 + T7*a"6xb + 6%a”5*b"2 + 6xa”4*b"3 + 7*xa~3*b"4 + 3*a~2%b”5)*e” (-4xd*x -
4xc) — 4x(a”7 + 3*a"6*b + 2*%a"5*b"2 - 2*xa"4*b"3 - 3*a"3*b"4 - a"2xb"5)*e”(
-6xd*xx — 6%c) + (a”7 + b*xa"6xb + 10*a~5%b”"2 + 10*a~4%b”~3 + 5*a~3*%b"4 + a 2%
b~ B)*xe”~ (-8*%d*x - 8*c))*d) + (d*x + c)/((a”~3 + 3*a~2%b + 3*xa*b™2 + b~3)*d)

mupad [B] time = 1.91, size = 2719, normalized size = 19.15

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + bxcoth(c + d*x)~2)73,x)

[Out] log(coth(c + d*x) + 1)/(2%xa”3*%d + 2xb~3*%d + 6xa*b”2xd + 6*a~2%bxd) + ((coth
(c + d*x)*(9*a*xb + 5xb~2))/(8xax(2*a*xb + a2 + b72)) + (bxcoth(c + d*x) " 3x*(
Txaxb + 3*b~2))/(8*a*x(axb™2 + 2*a"2*b + a~3)))/(a"2+*d + b~ 2*xd*coth(c + d*x)
~4 + 2*axbxdxcoth(c + d*x)~2) - log(coth(c + d*x) - 1)/(2xd*(a + b)~3) - (a
tan((((-a~56%b) ~(1/2)*((coth(c + d*x)*(60*a*b™6 + 9*b~7 + 190*a~2%b~5 + 300%
a~3*b~4 + 289%a”4xb"3))/(32%(a"8*d"2 + 4*a”~Txb*d"2 + a~4¥b"4*xd"2 + 4xa~5*xb”
3xd"2 + 6%xa”6xb"2%d"2)) + (((96*a”2*xb~10*d~2 + 800*a~3*b~9*d"2 + 3040*a"4x*b
“8xd"2 + 6816*%a"b*b”"7*d"2 + 9760*%a"6*%b"6*%d"2 + 9056*%a"7*b"5xd"2 + 5280%a”8x*
b"4*xd"2 + 1760%a"9*b"3*d"2 + 256*a~10*b~2xd"2)/(64*(a~10*d"3 + 6*a~9*b*xd"3
+ a~4*xb"6*xd"3 + 6*a"5*b"5%d"3 + 15%a”6*¥b~4*d"3 + 20%a~7*b"3*d"3 + 15*a”8*b”
2xd~3)) - (coth(c + d*x)*(-a~5%b)~(1/2)*(10*%a*xb + 15%a”2 + 3*b~2)*(256*a~4x*
b79xd"2 + 1280*%a”~bxb~8*xd"2 + 2304*a”6*b~7*xd"2 + 1280*%a”~7*xb"6xd"2 - 1280%a”8
*b75%d"2 - 2304*a~9%b"4*xd"2 - 1280*%a~10%b"3*%d"2 - 256*a~11%b"2xd"2))/(512x*(
a~8xd + a"bxb"3xd + 3*a~6x%b"2xd + 3*a~7xbxd)*(a"8*%d"2 + 4xa”7*xbxd"2 + a~4x*b
“4*xd”"2 + 4*xa~5*%b"3*%d"2 + 6*a”"6xb"2xd"2)))*(-a~5*b)~(1/2)*(10*axb + 15%xa~2 +
3*b~2))/(16%x(a"8*d + a~b*b~3*d + 3*a~6xb~2xd + 3*a”~7xbxd)))*(10*axb + 15%a
"2 + 3*%b72)*1i)/(16*x(a~8*d + a~b*b~3*d + 3*a~6xb"2xd + 3*a”T7T*bxd)) + ((-a”5
*b) " (1/2)*((coth(c + d*x)*(60*a*b™6 + 9*b~7 + 190*a~2%b~5 + 300*a~3*b"4 + 2
89%a~4*xb~3))/(32x(a~8*d"2 + 4*a”7*b*d"2 + a~4*xb”4*d"2 + 4*a”~5*xb"3*%d"2 + 6%*a
“6*%b"2%d"2)) - (((96*a~2*xb~10*%d"2 + 800*a”3*b~9*d"2 + 3040*a~4*b~8*d"2 + 68
16*xa”5*xb"7*d"2 + 9760*a”"6*xb"6*xd"2 + 9056*a”7x*b"5*xd"2 + 5280*%a"8*b"4*xd"2 + 1
760*xa~9*b~3*%d"2 + 256*%a~10*b"2%d"2)/(64*(a~10*d"3 + 6*xa~9*b*d~3 + a~4*xb~6*xd
~3 + 6%a”5%b"5*%d"3 + 15%a"6*b"4*%d"3 + 20*%a”"7*b"3*d~3 + 15%a”8*xb"2xd"3)) + (
coth(c + d*x)*(-a"5*xb)~(1/2)*(10*a*xb + 15*%a”2 + 3*b~2)*(256*a~4*b~9*d"2 + 1
280*%a"b*b"8*%d"2 + 2304*a”6*b"7*d"2 + 1280*%a”7*b"6*%d"2 - 1280*%a”"8*xb"5*d"2 -
2304*a~9*b~4%d"2 - 1280*a~10*b~3*d"2 - 256*xa~11*b"2%d"2))/(512x(a"8*d + a~5
*b~3*d + 3*a"6xb"2xd + 3*a~T*b*d)*(a"8*d"2 + 4*a~Txb*d"2 + a”4*b”4*xd"2 + 4x
a"5xb~3*%d"2 + 6*a~6xb"2*xd"2)))*(-a"5*xb) " (1/2)*(10*axb + 15%a”"2 + 3*xb"2))/(1
6% (a”"8*d + a”“b*b"3*d + 3*a~6*b~2+d + 3*a”7*b*xd)))*(10*xaxb + 15%a”2 + 3*b”2)
x11)/(16%(a~8*d + a~5xb~3*d + 3*a~6%b~2*d + 3*a~7x*b*d)))/((51*axb”™5 + 9%b~6
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+ 115*%a”2*b"4 + 105%a~3*b"3)/(32*(a"10*d"3 + 6*a~9*b*d"3 + a~4*b"6xd"3 + 6
*a"5*%b"5*d"3 + 15*%a"6*xb~4*%d"3 + 20*%a”7*b"3*d"3 + 15%a~8*b"2*%d"3)) + ((-a”~b*
b)~(1/2)*((coth(c + d*x)*(60*a*xb™6 + 9*xb~7 + 190*a”2*b~5 + 300*a~3*b~4 + 28
9%a~4%b~3))/(32*x(a"8*d"2 + 4*a”T7T*b*d"2 + a~4*xb"4xd"2 + 4*a”b*b"3*d"2 + 6*a”
6%b"2x%d"2)) + (((96*a~2*xb~10*d"2 + 800*a~3*b~9*d"2 + 3040*a"4*xb~8*d"2 + 681
6*%a”"bxb"7*xd"2 + 9760*a"6xb"6*xd"2 + 9056*a”"7*b"5xd"2 + 5280*a"8*%b"4xd"2 + 17
60*a”9%b"3*d"2 + 256*a~10*%b"2+%d"2)/(64*(a"10*d"3 + 6*a~9*b*d"3 + a 4*xb"6*xd”
3 + 6*xa”5*b"5%d"3 + 15*%a”6%b~4*d"3 + 20%a~7*b"3*d"3 + 15*xa”"8*b"2%d"3)) - (c
oth(c + d*x)*(-a~5*xb)~(1/2)*(10*a*b + 15%a~2 + 3xb~2)*(256*a"4*b~9*d~2 + 12
80*%xa"bxb78*%d"2 + 2304*a”6*b”7*xd"2 + 1280*%a”~7*xb"6xd"2 - 1280%a"8*b"5xd"2 - 2
304*xa~9*b~4*xd"2 — 1280*a”10*b~3*d"2 - 256*a~11xb~2%d"2))/(512%(a"8*d + a~b*
b~3%d + 3%a”6xb"2xd + 3*a " 7xbxd)*x(a~8%d"2 + 4*xa~T7xb*xd"2 + a~4xb"4*xd"2 + 4xa
“Bxb"3%d"2 + 6*a"6x%b”"2*d"2)))*(-a"5*%b) " (1/2)*(10*axb + 15%a”~2 + 3*b~2))/(16
*(a”8*d + a~5xb~3*xd + 3*a~6xb"2xd + 3*a~7*xbxd)))*(10*axb + 15%a~2 + 3*b~2))
/(16%(a"8*d + a~b*b~3*d + 3*a~6%b~2*d + 3*a”~7*xbxd)) - ((-a~5*b)~(1/2)*((cot
h(c + d*x)*(60*a*b™6 + 9*b~7 + 190*a~2xb~5 + 300*a”3*b~4 + 289*a~4*b~3))/(3
2% (a”8%d"2 + 4*a”7xb*d"2 + a"4xb"4*xd"2 + 4*xa~5xb"3%d"2 + 6*a"6xb"2xd"2)) -
(((96*%a~2%b~10*%d"2 + 800*a~3*b~9*d"2 + 3040*%a~4*b~8*xd"2 + 6816*%a~5*xb~7*xd"2
+ 9760*%a"6*xb"6*%d"2 + 9056*a"7*b"5xd"2 + 5280*%a"8xb"4*d"2 + 1760*a”9*b~3*xd"2

+ 256*%a”10*b~2xd"2)/(64*(a~10*%d"3 + 6*a”~9*b*xd~3 + a~4*b~6+%d"3 + 6*a”~5xb~5x*
d"3 + 15*%a~6*b"4*d"3 + 20*%a"7*b"3*d"3 + 15%a”8*b~2%d"3)) + (coth(c + dx*xx)x*(
-a”5%b) " (1/2) *(10*axb + 15%a”2 + 3*b~2)*(256*a~4*b~9+%d"2 + 1280*a”5*xb~8*d"~2

+ 2304*%xa”6*xb"7*d"2 + 1280*%a”7*b"6*%d"2 - 1280%a”"8xb"5xd"2 - 2304*a”9%b"4*xd”
2 - 1280*%a~10*b~3*d"2 - 256*a”11*b~"2xd"2))/(512*x(a"8xd + a~b*b~3*d + 3*a~6%
b~2%d + 3%a”7*xbxd)*(a~8+*d"2 + 4*a”~Txb*d"2 + a~4*xb"4*xd"2 + 4*xa~5xb"3%d"2 + 6
*a"6*%b"2*%d"2) ) ) *(-a~5xb) ~(1/2) *(10*a*xb + 15%a~2 + 3%b~2))/(16*(a"8*d + a~bx
b~3*d + 3*a~6%b"2+d + 3*a”7*bxd)))*(10*xaxb + 15%a”2 + 3*b”2))/(16*(a~8*d +
a~5*%b"3*d + 3*a"6xb"2xd + 3*a~T7*b*d))))*(-a"5b*xb) " (1/2)*(10*axb + 15%a”"2 + 3
*b~2)*%11) /(8% (a~8*%d + a~5xb~3*xd + 3*a~6xb~2*xd + 3*a~7*xbxd))

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*coth(d*x+c)**2)**3,x)

[Out] Timed out
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3.8 [————dx

a+b coth?(c+dx)
(

Optimal. Leaf size=201

b(lla +Shycothe +dx) b (190 + 16ab + 5b2) coth(c + dx) Vb (35a° + 35a%b + 21ab? + 5b°) t

24a2d(a + b)? (a + beoth?(c + dx))2 16a%d(a + b)® (5’ + beoth?(c + dx)) 16a”"d(a + b)*

[Out] x/(a+b) ~4+1/6xbxcoth(d*x+c)/a/(a+b)/d/ (a+tbxcoth(d*x+c) ~2) "3+1/24*xb*x (11*xa+5%
b)*coth(d*x+c)/a~2/(a+b) ~2/d/ (a+b*coth(d*x+c) ~2) "2+1/16*b* (19*%a”~2+16*a*xb+5%
b~2) *coth(d*x+c)/a~3/(a+b) ~3/d/ (a+b*coth(d*x+c) ~2)-1/16*(35%a~3+35*a~2*b+21
*axb~2+5*%b~3)*arctan(a” (1/2)*tanh(d*x+c) /b~ (1/2))*b~(1/2)/a~(7/2)/(a+b)~4/d

Rubi [A] time = 0.28, antiderivative size = 201, normalized size of antiderivative =

f rul
1.00, number of steps used = 7, number of rules used = 6, integrand size = 14, number of rules

= 0.429, Rules used = {3661, 414, 527, 522, 206, 205}

integrand size

\a tanh(c+dx))

b(19¢% +16ab + 562) coth(c +dx) VP (350°) + 35a° + 21ab? + 50°) tan”! (e b(11a + 5b)

16a%d(a + b)* (a + b coth?(c + dx)) 16a”2d(a + b)* 2402d(a + b)? (a

Antiderivative was successfully verified.
[In] Int[(a + b*Coth[c + d*xx]~2)"(-4),x]

[Out] x/(a + b)~4 - (Sqrt[b]l*(35%a~3 + 35*%a"2xb + 21%a*b”2 + 5xb~3)*ArcTan[(Sqrt[
al]*Tanh[c + d*x])/Sqrt[bl])/(16*a~(7/2)*(a + b)~4xd) + (bxCoth[c + d*x])/(6
*ax(a + b)*dx(a + b*Coth[c + d*x]~2)73) + (bx(11xa + 5%b)*Coth[c + d*xx])/(2
4xa”2x(a + b) 2+*d*(a + b*Cothl[c + d*x]72)72) + (b*(19*%a”2 + 16*axb + 5%b~2)
*Coth[c + d*x])/(16*xa"3x(a + b) "3*d*(a + b*Coth[c + d*x]~2))

Rule 205

Int[((a_) + (b_.)*x(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 414
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Int[((a ) + (b_.)*x(x_ )" (n_ )" (p)*x((c_) + (d_.)*(x_)"(n_))"(q ), x_Symbol]
:> -Simp[(bxx*(a + b*x™n)~(p + 1*(c + d*x"n)~(q + 1))/ (a*nx(p + 1)*(b*xc -
axd)), x] + Dist[1/(a*n*(p + 1)*x(b*c - a*d)), Int[(a + b*x"n) (p + 1)*(c +
d*x"n) “g*Simp [b*c + nx(p + 1)*(b*c - axd) + dxbx(n*x(p + q + 2) + 1)*x"n, x]
, x], x] /; FreeQ[{a, b, ¢, d, n, q}, x] && NeQ[b*c - a*xd, 0] && LtQ[p, -1]
&& '( !IntegerQ[p] && IntegerQ[ql && LtQ[q, -1]) && IntBinomialQ[a, b, c,
d, n, p, q, xJ

Rule 522

Int[(Ce) + (£_)*x(x_D)"(m_))/(((a_) + (b_)*(x_)"(n_))*((c_) + (d_.)*(x_)"(
n_))), x_Symbol] :> Dist[(b*e - a*xf)/(b*c - axd), Int[1/(a + b*x"n), x], x]
- Dist[(d*e - cx*f)/(b*c - axd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, b,

c, d, e, £, n}, x]

Rule 527

Int[((a ) + (b_)*(x )" (0 )~ (p)*x((c_) + (d_)*(x_ )" (n_ ))"(q_.)*x((e ) + (£
_D*(x_)"(n_)), x_Symbol] :> -Simp[((b*e - axf)*x*(a + b*x™n) " (p + 1)*(c +
d*x"n)~(q + 1))/(a*n*(b*c - axd)*(p + 1)), x] + Dist[1/(a*n*(b*c - axd)*(p
+ 1)), Intl[(a + b*x™n) " (p + 1)*(c + d*x"n) g*Simp[cx(bxe - axf) + exn*(b*c
- axd)*(p + 1) + dx(bxe - axf)x(nx(p + q + 2) + D)*x"n, x], x], x] /; FreeQ
[{a, b, ¢, d, e, f, n, g}, x] & LtQ[p, -1]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + f*x], x]}, Dist[(c*ff)/f, Subst[Int[(a + b*(
ffxx)"n)"p/(c”2 + f£f 2xx"2), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps
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Subst ( [ ———— dx, x, coth(c + dx))

f 1 . gy = (1—x2)(a+bx2)d
(a+ beoth?(c + dx))
Subst ( [ e Gy coth(c + dx))
_ b coth(c + dx) (1-x2)(a+b22)
6a(a + b)d (a +b cothz(c + clx))3 6a(a + b)d
Sul
3 b coth(c + dx) N b(11a + 5b) coth(c + dx)
6a(a + b)d (a + beoth?(c + dx))3 240%(a + b)%d (a + beoth?(c + dx))2
_ b coth(c + dx) b(11a + 5b) coth(c + dx) b (]
Bl 2 57 2 27 164
6a(a + b)d (a + bcoth®(c + dx)) 240%(a + b)%d (a + bcoth®(c + dx)) a
b coth(c + dx) b(11a + 5b) coth(c + dx) b (]
= 3 —+ 5 5 + —
6a(a +b)d (a + beoth®(c +dx))”  24a%(a + b)2d (a + beoth’(c + dx))” 16
o Vb (3504350 + 210 4 5°) an”! (YR )
= — +
(a + b)* 16a72(a + b)*d 6a(a + b)d

Mathematica [A] time = 0.63, size = 203, normalized size = 1.01

Vb coth(c+dx)
Va + 8b(a+b)? cothl

a(a+b cothz(c-

3 2 2.51,3 -1
2b(11a+5b)(a+b)? coth(c+dx) 4 3b(19a2+16ab+5b2)(a+b) coth(c+dx) 3\/5(35'1 +35a°b+21ab"+5b )tan (

az(a+h co’chz(c+dx))2 ‘13(‘1+b coth2(c+dx))

272

48d(a + b)*

Antiderivative was successfully verified.

[In] Integrate[(a + b*Coth[c + d*x]~2)~(-4),x]

[Out] ((3*Sqrt[b]l*(35*%a~3 + 35%a~2%b + 21*a*b”2 + 5*b~3)*ArcTan[(Sqrt[b]*Coth[c +
d*x])/Sqrtl[al]l)/a~(7/2) + (8xbx(a + b)~3*Coth[c + d*x])/(ax(a + b*Coth[c +
d*x]"2)7"3) + (2%b*(a + b)~2%(11xa + 5xb)*Coth[c + d*x])/(a"2x(a + b*Coth[c

+ d*x]~2)72) + (3*bx(a + b)*(19*%a”2 + 16*axb + 5*xb~2)*Coth[c + d*x])/(a”3*

(a + bxCoth[c + d*x]~2)) - 24xLog[1l - Coth[c + d*x]] + 24xLog[1l + Coth[c +
dxx]])/(48+(a + b)~4xd)
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fricas [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*coth(d*x+c)~2)74,x, algorithm="fricas")
[Out] Timed out

giac [B] time = 0.50, size = 1356, normalized size = 6.75

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*coth(d*x+c)~2)74,x, algorithm="giac")

[Out] -1/48*(3*(35*a~3%b + 35*%a”2*b”"2 + 21*a*b~3 + 5*b~4)*arctan(1/2*(axe” (2*d*x
+ 2%c) + bxe”(2*d*x + 2%c) - a + b)/sqrt(axb))/((a”7 + 4xa~6xb + 6xa~5xb~2
+ 4%a”4%b”3 + a"3xb74)*sqrt(a*xb)) - 48x(d*x + c)/(a”4 + 4*a”3xb + 6*a”"2xb"2
+ 4*a*xb”™3 + b74) - 2x(87*a"11*b*e” (10*d*x + 10*c) + 591*a~10*b~2*e” (10*d*x
+ 10%c) + 1533*a”9*b"3*e” (10*d*x + 10*c) + 1413*a~8*b~4*e” (10*d*x + 10%c)
- 1674%a"7xb~5*%e” (10*d*x + 10*c) - 6426*a”6xb~6*e”~ (10*d*x + 10*c) - 8694*a”
5%b~7*e” (10*d*x + 10*c) - 6822*a~4*b~8*e” (10*d*x + 10%c) - 3357*a”3*b~9*e™(
10*d*x + 10%*c) - 1029*a"2*b~10*e” (10*d*x + 10*c) - 183*a*b~11*xe” (10*d*x + 1
0*c) - 15%b~12xe”~ (10*d*x + 10*c) - 435*a”~11xbxe”(8*d*x + 8*c) - 2661*xa~10%Db
"2%e” (8*%d*x + 8%c) — 6657*a”9*b"3*e” (8*d*xx + 8*c) — 8871%a~8*b 4*e” (8xd*xx +
8xc) - T7950*a~7*b~5*e” (8xd*x + 8%c) - 8610*a~6+xb~6xe” (8*d*x + 8*c) - 12306
*a " 5xb”"7*e” (8xd*x + 8%c) - 13182*a"4*b"8*xe” (8*d*x + 8*c) - 8751%a~3*b~9*e” (
8*xd*x + 8*c) - 3465%a"2%b~10*e” (8*d*x + 8*c) - 765*axb”11*e” (8*d*x + 8%c) -
75%b~12*%e” (8*d*x + 8xc) + 870*a”11xb*xe” (6xd*x + 6xc) + 5278*a”10*b~2*xe” (6%
d*x + 6%c) + 13722%a"9%b"3*e” (6*d*x + 6*xc) + 19602*a"8*b~4*xe” (6xd*x + 6*c)
+ 14908*a”7*b"5xe” (6*%d*x + 6%c) + 300*a”~6xb~6xe” (6%d*x + 6%c) - 14412*a”5xb
“Txe” (6*%d*x + 6%c) - 19228*a~4*b"8*e” (6*d*x + 6*xc) - 13698*a”3*b"9*e” (6*xd*x
+ 6%c) - 5802*a"2*xb~10%e” (6*d*x + 6*c) - 1390*axb~11xe” (6*d*x + 6*c) - 150
*b~12%e” (6*d*x + 6*xc) — 870%a~11xb*e” (4*xd*x + 4*xc) — 5778*a”10%b~2*e” (4*xd*x
+ 4*c) - 16362*a"9*b"3*e” (4*d*x + 4*c) - 26190*a~8*b"4*e” (4*d*x + 4*c) - 2
7996*a"7*b"bxe” (4*xd*x + 4*c) - 25620*%a”"6xb~6xe” (4*d*x + 4*c) - 24948*a~5%b”
Txe™ (4*d*xx + 4*xc) - 22332*%a"4xb~8*e” (4*d*xx + 4*xc) - 14430*a”3*b~9*e” (4*d*x
+ 4*c) - 5946*a~2xb"10%e” (4*d*x + 4*xc) - 1410*xaxb~11xe” (4*d*x + 4*xc) - 150%
b~12xe” (4xd*xx + 4*c) + 435*a”11xbxe”™ (2xd*x + 2%c) + 3411*%a”~10*b"2xe” (2*d*x
+ 2%c) + 11433*%a”9%b"3*e” (2*d*x + 2*c) + 20793*a~8*b~4*e” (2*xd*x + 2*%c) + 20
526*a”7*b"5*xe” (2xd*x + 2%c) + 6510*%a”6*b"6*xe” (2*xd*x + 2%c) - 9534*a”5xb"7*e
T(2xdxx + 2xc) - 14622*%a~4xb”8*e” (2xdxx + 2%xc) - 9777*a"3%b”"9*xe” (2*xd*x + 2%
c) - 3729%a"2*b”10*e” (2xd*x + 2%c) - 795*a*b”11*xe” (2xd*xx + 2%c) - 7H5*b~12x*e
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~(2xdxx + 2xc) + b49755813673*a"11*b — 841*%xa~10*b"2 - 3669*a”~9*b~3 - 9531x*a
“8xb"4 - 16374*a"7*b"5 - 19530*%a”6xb"6 - 16506*%a"5*xb~7 - 9894*%a~4xb"8 - 413
1%a"3*%b~9 - 1149%a"2%b~10 - 193*a*xb~11 - 15%b~12)/((a”13 + 10*a~12*b + 45%a
T11xb72 + 120*%a”10*%b"3 + 210*%a”9*xb"4 + 252*%a”"8*b”5 + 210*%a”7*b"6 + 120*%a” 6%
b~7 + 45%a~5%b~8 + 10*a"4*b”9 + a~3*b~10)*(axe” (4*xd*x + 4*xc) + bxe” (4*d*x +
4xc) — 2*xaxe” (2%d*x + 2%c) + 2*bxe”(2xdx*x + 2%c) + a + b)~3))/d

maple [B] time = 0.13, size = 608, normalized size = 3.02

+
2d(a+ b’ 2d (a + b)* 16d (a + b)* (a + b (coth® (dx + c)))3 16d (a + b)* (a + b (cott

In (coth (dx +¢) —1) +ln (coth(dx +¢) +1) N 190° (COthS (dx + C)) 350 (COth5 (da

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(at+b*coth(d*x+c)~2)74,x)

[Out] -1/2/d/(a+b) ~4x1n(coth(d*x+c)-1)+1/2/d/(a+b) "4*1ln(coth(d*x+c)+1)+19/16/d/(a
+b) “4xb~3/ (atb*coth(d*x+c) ~2) “3*coth (d*x+c) “5+35/16/d/ (a+b) "4%¥b~4/ (a+b*coth
(d*x+c)~2) "3/a*coth(d*x+c) ~5+21/16/d/ (a+b) "4*b~5/ (a+b*coth (d*x+c) ~2) ~"3/a"2x*
coth(d*x+c) ~5+5/16/d/ (a+b) “4xb~6/ (a+b*coth(d*x+c) ~2) ~3/a~3*coth(d*x+c) ~5+17
/6/d/ (a+b) ~4*b~2/ (a+b*coth (d*x+c) ~2) “3*axcoth(d*x+c) ~3+11/2/d/ (a+b) ~4*xb~3/(
a+b*xcoth(d*xx+c) ~2) "3*coth(d*x+c) ~3+7/2/d/ (a+b) ~4xb~4/ (a+b*coth(d*x+c)~2) "3/
a*xcoth(d*x+c) ~3+5/6/d/ (a+b) “4*b~5/(a+b*coth (d*x+c) ~2) ~3/a"2*coth (d*x+c) ~3+2
9/16/d/ (a+b) “4xb/ (a+b*coth(d*x+c) ~2) “3*xa”~2*coth (d*x+c)+61/16/d/ (a+b) ~4%¥b~2/
(atb*coth(d*x+c) ~2) “3*axcoth (d*x+c)+43/16/d/ (a+b) “4*xb~3/ (a+b*coth(d*x+c) ~2)
~3*coth(d*x+c)+11/16/d/ (a+b) “4*b~4/ (a+b*coth (d*x+c) ~2) "3/a*coth(d*x+c)+35/1
6/d/ (a+b) ~4x*xb/(a*xb) ~(1/2)*arctan(coth(d*x+c)*b/ (axb) ~(1/2))+35/16/d/(a+b) "4
*b~2/a/(axb) ~(1/2)*arctan(coth(d*x+c)*b/(axb) ~(1/2))+21/16/d/ (a+b) “4xb~3/a~
2/ (axb) ~(1/2)*arctan(coth(d*x+c)*b/(axb) ~(1/2))+5/16/d/ (a+b) ~4*b~4/a"3/ (a*b
)~ (1/2)*arctan(coth(d*x+c)*b/ (axb)~(1/2))

maxima [B] time = 0.73, size = 925, normalized size = 4.60

(=2dx-2c¢)_
(35 a®b + 35a°b% + 21 ab> + 5 b4) arctan ((Hb)e ‘”b)
2 Vab

+
16 (a7 +4a5b + 6 a5b2 + 4 atb3 + a3b4)\/% d 24 (alO +7a% + 21 a8b2 + 35 a7b3 + 35 a6b* + 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*coth(d*x+c)~2)~4,x, algorithm="maxima")

[Out] 1/16%(35*%a"3*b + 35%a”2*%b”"2 + 21*axb~3 + bxb~4)*arctan(1/2*((a + b)*e”(-2x*d
*x — 2%c) - a + b)/sqrt(a*xb))/((a~7 + 4*a~6xb + 6*%a"5*xb”"2 + 4*a~4*b~3 + a~3
xb~4)*sqrt (a*xb)*d) + 1/24*(87*a”bxb + 319*%a~4*b~2 + 450*%a~3*b~3 + 306*a”2xb
~4 + 103*axb”5 + 15%b~6 - 3*x(145*a”b*b + 267*a~4*b~2 + 34*a~3*b~3 - 178*a"2
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*b~4 - 115*%a*xb”5 — 25xb76)*e” (-2*d*x - 2*c) + 6*x(145%a~5*b + 93*a"4*b"2 - 6
*a"3*b”"3 + 106*a”~2*b”4 + 85*xa*b”5 + 25xb76)*e” (—4*dxx - 4*c) - 2x(435*a"5%Db
+ 29%a"4*xb"2 + 162%a”3*b"3 - 306*a”"2%b"4 - 245*%axb”5 - T75%b”6)*e” (-6%d*x -
6*c) + 3*(145*a”~b*b + 17+*a~4%b~2 - 58*a”~3*b~3 + 150%a~2%b~4 + 105*a*xb”5 +
25%b76) *e” (-8*d*x — 8*c) - 3*(29*a"b*b + 23*a”~4*xb"2 - 62%a~3*%b"3 - 82*a”2x*b
~4 - 31*a*xb”5 - 5*b"6)*e”(-10*d*x - 10*c))/((a"10 + 7*a~9%b + 21*a”~8*b"2 +
35%a~7*%b"3 + 35%a~6*%b"4 + 21*%xa~b5*xb"5 + 7*xa~4*xb”"6 + a~3*b~7 - 6%(a”10 + 5*a”
9%b + 9%a”8*b~2 + 5%a”7*b"3 - 5*xa”~6*b~4 - 9*xa~5*b"5 - 5xa”4*b"6 - a~3*b”7)*
e~ (-2*d*x - 2*c) + 3x(5xa”10 + 19*a”9*b + 25%a~8*b"2 + 15%a”7*b~3 + 15*%a”6x*
b~4 + 25%a”5xb"5 + 19*%a"4*b”6 + 5xa~3*b"7)*e” (-4*d*x - 4*xc) - 4x(5xa~10 + 1
T*a~9%b + 21%a"8*xb"2 + 9*%a”~7xb"3 - 9*%a"6*b"4 - 21*%a"b*b”5 - 17*a"4*b”"6 - 5x*
a~3*%b"7) ke (-6*xd*xx — 6xc) + 3*%(5%a”10 + 19*%a”~9*b + 25%a~8*b"2 + 15%a”7*b"3
+ 15%a”6*xb~4 + 25%a”5%b~5 + 19*a”4*b"6 + 5%a”3*b"7)*e” (-8*d*x - 8*c) - 6*(a
10 + 5*%a”9%b + 9*%a”8%b~2 + 5*a”7*b"3 - 5*a"6%b"4 - 9*a”5*b~5 - 5*a"4*b"6 -
a~3*b”7)*e” (-10*d*x - 10%c) + (a~10 + 7*a~9*b + 21*a~8+b~2 + 35*a”~7*b~3 +
35*%a”"6*b"4 + 21*a”5%b”5 + T*a"4*b"6 + a~3*b"7)*e” (-12*d*x - 12*c))*d) + (d*

x + c)/((a"4 + 4%a"3*b + 6*a”"2*xb"2 + 4*xaxb”3 + b~4)*d)

mupad [B] time = 2.07, size = 3685, normalized size = 18.33

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + bxcoth(c + d*xx)~2)74,x)

[Out] log(coth(c + d*x) + 1)/(2%a"4*d + 2xb~4*d + 12*%a”2%b"2xd + 8*axb~3*d + 8*a”
3*xb*d) + ((coth(c + d*x)~3*(16*a*b”™3 + 5xb~4 + 17*a"2%b~2))/(6*a”2*x(3*xa*xb~2
+ 3*%a”"2*b + a”3 + b~3)) + (coth(c + d*x)*(32*a*xb~2 + 29*a"2*b + 11*b~3))/(
16*a*x (3*xa*xb™2 + 3*a”2*%b + a”3 + b~3)) + (b~ 2*coth(c + d*x) " 5x(16*a*xb~2 + 19
*a"2%b + 5xb”3))/(16*a"2x(a*b™3 + 3*a"3*b + a”4 + 3*a"2*%b"2)))/(a"3*d + b~3
*d*coth(c + d*x)~6 + 3*xa~2xb*d*coth(c + d*x)~2 + 3*axb~2*d*coth(c + d*x)~4)
- log(coth(c + d*x) - 1)/(2xd*(a + b)~4) - (atan((((-a~7*b)~(1/2)*((coth(c
+ d*xx)*(210%a*b”™8 + 25%xb~9 + 791*%a”"2xb"7 + 1820*%a~3*b”"6 + 2695%a"4*xb~5 + 2
450%a~5*xb"4 + 1481*a~6*b”3))/(128*(a”12%d"2 + 6*a”11%b*xd"2 + a~6*¥b~6*xd"2 +
6*xa~7*b"5%d"2 + 15%a”~8%b~4*xd"2 + 20*a~9*b~3*d"2 + 15%xa”~10*%b~2xd"2)) + ((((5
*a"3%b”13*d"2) /4 + 14*a~4%b~12+%d"2 + (287*a"5*xb~11%d"2)/4 + 224*a”6xb~10*d~
2 + (953*%a”7*¥b"9*d"2)/2 + 728*a"8*b"8*%d"2 + (1631*a~9*b~7*d"2)/2 + 668*a”10
*b"6xd"2 + (1561*%a~11*b"5%d"2)/4 + 154%a~12xb~4*xd"2 + (147*a”13xb"3*d"2)/4
+ 4xa~14xb"2%d"2)/(a”"15%d"3 + 9*a~14xb*d"3 + a~6xb~9*d"3 + 9*a~T7*b"8xd"3 +
36%a”"8xb"7*d"3 + 84*%xa”9*b"6*%d"3 + 126*%a”10*b"5%d"3 + 126*%a~11*xb"4*d"3 + 84x
a~12%b"3*d"3 + 36*a~13*b"2%d"3) - (coth(c + d*x)*(-a~7xb)~(1/2)*(21*a*xb”2 +
35%a~2%b + 35%a”3 + 5*b~3)*(1024*a"6xb~"11*xd"2 + 7168*a”~7*b"10*%d"2 + 20480%
a~8xb79*%d"2 + 28672*xa"9xb"8*%d"2 + 14336*%a”10*b”"7*xd"2 - 14336*a”11xb"6*%d"2 -
28672*%a”12*b"5%d"2 - 20480*%a~13*%b"4xd"2 - 7168*a~14xb"3*xd"2 - 1024*a”~15%xb~™
2%d72)) /(4096 (a"11*d + a~7*b~4*d + 4*a”8*b~3*d + 6*xa~9*b~2*d + 4*a”~10*bx*d)
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*(a"12%d"2 + 6*%a"11%b*d"2 + a~6*%b"6xd"2 + 6xa”7*xb~5%d"2 + 15%xa~8*b"4*xd"2 +
20%a"9%b"3*d"2 + 15*xa~10%b"2%d"2))) *(-a"7*b) ~(1/2)*(21*a*b~2 + 35*%a”2*b + 3
5%a”3 + 5*b73))/(32*(a"11*d + a”7*b"4*d + 4*a”8*b"3*d + 6*a”"9*%b"2xd + 4x*a”1
0*bx*d)))*(21*a*xb~2 + 35*a”2%b + 35*%a”3 + 5xb"3)*1i)/(32*x(a"11*d + a~7*b"4x*d
+ 4*a”8*b"3*d + 6*a~9%b~2+d + 4*a”~10*bxd)) + ((-a~7#b)~(1/2)*((coth(c + dx
x)*(210%a*xb™8 + 25%b~9 + 791%a"2xb~7 + 1820*a”3*%b"6 + 2695*a~4*b"5 + 2450%*a
“5xb~4 + 1481%a"6xb"3))/(128%(a~12*d"2 + 6*xa~11*b*xd~2 + a~6*%b"6xd"2 + 6*a”7
*b~5%d~2 + 15%a~8%b~4xd"2 + 20%a~9%b~3*d"2 + 15%a”~10%b”"2%d"2)) - ((((5*a~3x%
b~13*%d"2) /4 + 14%a”4%b~12%d"2 + (287xa"b*xb~11*d"2)/4 + 224*a”6%b~10*xd"2 + (
953*a”~7*b"9%d"2) /2 + 728*a"8*b"8*%d"2 + (1631%a”9*b~7*d"2)/2 + 668*a”10%¥b~6*
d"2 + (1561*a”11x%b"5xd"2)/4 + 154*%xa~12*b~4%d"2 + (147*a~13*xb~3*%d"2)/4 + 4xa
~14xb~2%d"2)/(a”15*%d"3 + 9*a”14xb*d"3 + a"6xb"9*d"3 + 9*a~7*b"8*%d"3 + 36*a”
8*b~7*%d"3 + 84*a”9%b"6xd"3 + 126*%a”10*b"5xd"3 + 126*xa”11*b"4*d"~3 + 84*a”~12x
b~3*d"3 + 36%a~13%b"2*%d"3) + (coth(c + d*x)*(-a~7*b) " (1/2)*(21*a*xb~2 + 35*a
“2%b + 35*%a”3 + 5xb~3)*(1024*a"6xb”"11*%d"2 + 7168*a"7*b"10*%d"2 + 20480*a~8*b
T9xd”"2 + 28672%a”9%b"8*%d"2 + 14336%a”10*b"7x*d"2 - 14336*a”"11*%b"6*d"2 - 2867
2%a”12%b75*%d"2 - 20480*%a”13%b"4xd"2 - 7168*a”~14xb"3*xd"2 - 1024*a”15xb"2*d"2
))/(4096%*(a”11*%d + a”7*b~4*d + 4*a~8*b~3*d + 6*a”~9*b"2*xd + 4xa~10*b*d)*(a"1
2xd"2 + 6*%a”11xb*d”2 + a"6*xb"6*xd"2 + 6*%a”7*b"5xd"2 + 15%a"8*xb"4*xd"2 + 20%a”
9%b~3*%d"2 + 15%a”~10%b"2*xd"2)))*(-a"7*xb) " (1/2)*(21*a*b”2 + 35%a”~2%b + 35%a”3
+ B*xb73))/(32x(a"11*xd + a~7*b"4*d + 4*a”~8*xb"3*xd + 6*a”9*b~2*d + 4*a”10*bx*d
)))*(21*axb”2 + 35*%a”"2*%b + 35%a”3 + 5*xb”3)*1i)/(32*x(a"11*xd + a~7*b"4*xd + 4x*
a~8%b~3%d + 6%a”9%b~2xd + 4xa”~10xb*d)))/(((185%axb~7)/128 + (25%xb~8)/128 +
(303*%a"2%b"6) /64 + (567*a~3*xb~5)/64 + (1225*%a"4*b~4)/128 + (665*a~5*%b~3)/12
8)/(a”15%d~3 + 9*a~14*b*d"3 + a~6*b"9*%d"3 + 9*a”~7xb"8*d"3 + 36%a”8*b~7*d"3
+ 84*%xa”9%b"6*%d"3 + 126*%xa~10*b"5%xd"3 + 126*%a”11xb"4*d"3 + 84*%a~12*xb~3*%d"3 +
36*%a”~13*b"2xd"3) + ((-a~7*b) " (1/2)*((coth(c + d*x)*(210*a*b™8 + 25*xb"9 + 79
1%a~2%b”~7 + 1820%a"3*b~6 + 2695%a~4*b"5 + 2450*a~5*b~4 + 1481*a”6xb~3)) /(12
8x(a”12*d"2 + 6*xa”11*%b*xd”2 + a~6*b~6xd"2 + 6*a”~7*b"5*%d"2 + 15%a~8*xb~4*xd"2 +
20*%a”9*b”"3*d"2 + 15xa~10%b"2xd"2)) + ((((5*a”~3*b~13%d"2)/4 + 14*a”4*xb~12*d
"2 + (287*a”5*%b”"11%d"2)/4 + 224%a"6xb~10*d"2 + (953*a”7*b"9*d"2)/2 + 728*a”
8*b~8*%d"2 + (1631%a”9*b~7*d"2)/2 + 668*a~10*%b"6xd~2 + (1561*a~11%b~5xd"2)/4
+ 154%a”12%b"4*xd"2 + (147*a”~13%b"3*%d"2)/4 + 4*xa~14xb~2xd"2)/(a”~15%xd~3 + 9%
a~14%b*xd"3 + a~6*%b79*%d"3 + 9*xa~7*b"8*d"3 + 36*%a"8*b"7*d"3 + 84*a~9*b~6*xd”3
+ 126%a”10%b~5*d"3 + 126*a”11*b~4*d~3 + 84*a~12*b~3*d"3 + 36*xa~13*b~2*d"3)
- (coth(c + d*x)*(-a”~7xb)~(1/2)*(21*a*xb”2 + 35*xa~2%b + 35*%a”3 + 5xb~3)*(102
4*xa~6xb"11%d"2 + 7168*a”"7*b~10*d"2 + 20480%a~8*b"9*d"2 + 28672*a~9%b~8*d"2
+ 14336*%a"10%b"7*d"2 - 14336*%a”11*b"6*d"2 - 28672*%a~12%xb"5xd"2 - 20480*a"13
*b~4*%d"2 - 7168*a~14*xb~3*%d"2 - 1024*a”15xb~2xd~2))/(4096x (a~11xd + a~7*xb~4x*
d + 4*xa”8*b"3*d + 6*a”9*b"2*d + 4*a”10%bxd)*(a”"12%d"2 + 6*a”11%b*xd"2 + a~6%
b"6xd"2 + 6*xa”7*b"5*%d"2 + 15*%a"8*b"4*xd"2 + 20*%a"9*xb"3*%d"2 + 15%a”10*xb"2xd”"2
)))*x(=a”7*b) " (1/2)*(21*axb~2 + 35%a~2%b + 35*%a”~3 + 5*b~3))/(32%(a"11*d + a~
T*b"4*xd + 4*a~8*xb"3*%d + 6*a”~9*b"2xd + 4*xa~10%b*d)))*(21*a*xb”2 + 35*xa~2xb +
35%a~3 + 5*%b~3))/(32%x(a"11*%d + a”~7*b"4*d + 4*a”~8*b"3*d + 6%a”~9*%b"2xd + 4*a”
10%b*d)) - ((-a~7%b)~(1/2)*((coth(c + d*x)*(210*a*xb~8 + 25*b~9 + 791*a~2*b"
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7 + 1820*%a~3%b"6 + 2695%a"4*xb~5 + 2450*%a”~5*xb"4 + 1481*%a~6%b”3))/(128*(a”~12%
d”2 + 6*%a”11xb*d"2 + a~6*%b"6*xd"2 + 6*%a~7*b"5%xd"2 + 15*%a"8%b"4*xd"2 + 20%a”9x*
b~3*%d"2 + 15%a~10%b"2*d"2)) - ((((5*%a~3%b~13*d"2)/4 + 14*a~4xb~12%d"2 + (28
T*a~5%b~11%d"2) /4 + 224*a"6*xb~10%d"2 + (953*a”7*b~9*d"2)/2 + 728*a”8xb~8*xd~
2 + (1631*%a”~9%b"7*d"2)/2 + 668*xa~10*b~6*%d"2 + (1561*a”11*xb~5xd"2)/4 + 154x*a
“12xb~4%d"2 + (147*a"13*%b~3*d"2)/4 + 4xa”14xb"2xd"2)/(a"15%d"3 + 9*a”~14xbx*d
"3 + a”6xb79%d"3 + 9*%a"7*b"8*xd"3 + 36*%a"8*xb"7*d"3 + 84*a”9%b"6*d"3 + 126*a”
10%b~5%d~3 + 126*a”11%b~4*d~3 + 84%a~12*b~3*d~3 + 36*a~13*b~2*d"3) + (coth(
c + d*x)*(-a”7*b) " (1/2)*(21*axb~2 + 35*%a”2*b + 35%a~3 + 5xb~3)*(1024*a"6*xb~
11x%d™2 + 7168*%a” 7 b~ 10*d"2 + 20480*%a”~8*xb~9*d"2 + 28672*a”~9*xb"8xd"2 + 14336%*
a~10*%b~7xd"2 - 14336*a”11xb"6*%d"2 - 28672*%a"12*%b"5xd"2 - 20480*a”13*xb"4*d"2
- 7168%a”14*b"3*xd~2 - 1024*a”~15%b~2*xd"2))/(4096*x(a~11xd + a~7x*b"4xd + 4x*xa”
8*xb~3*xd + 6*xa~9*b"2%d + 4*a”~10*bxd)*(a~12*%d"2 + 6*a”11*b*d"2 + a~6*xb~6xd"2

+ 6*%a”7*b"5xd"2 + 15%a”8%b~4*d"2 + 20*%a~9*b"3xd"2 + 15%a”10*b”2*xd"2)))*(-a”
7*b) " (1/2)*(21*axb~2 + 35*a”2*b + 35*a”~3 + 5xb~3))/(32¢(a"11*d + a~7*b~4xd

+ 4*a”8*b"3xd + 6*xa”9*b"2+d + 4*a”~10*bxd)))*(21*a*xb”2 + 35*a”"2*b + 35%xa~3 +
5%¥b73))/(32*x(a"11*d + a~7*b"4*d + 4*a”~8*b~3*xd + 6*a”9*b"2*d + 4*a”~10*bxd))
))*x(-a~7*b) " (1/2)*(21*a*xb”2 + 35%a~2*b + 35%a”3 + 5xb~3)*1i)/(16*(a”11*d +

a~7*b"4*xd + 4*a”~8*b"3xd + 6%a”9*b"2*d + 4*a”~10*bxd))

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*coth(d*x+c)**2)**4, x)

[Out] Timed out
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3.9  [———5—dx

1—2coﬂ€(@
Optimal. Leaf size=19

\5 tanh™! (tar\l/I%(x)) -X

[Out] -x+arctanh(1/2%27(1/2)*tanh(x))*27(1/2)
Rubi [A] time = 0.05, antiderivative size = 19, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 3, number of rules used = 3, integrand size = 10, ———— =

0.300, Rules used = {3660, 3675, 206}

\/E tanh™} (tarj/}%(x)) -X

integrand size

Antiderivative was successfully verified.

[In] Int[(1 - 2+Coth[x]72)"(-1),x]

[Out] -x + Sqrt[2]*ArcTanh[Tanh[x]/Sqrt[2]]
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtl[a, 2]*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQl[a/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rule 3660

Int[((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1"2)"(-1), x_Symbol] :> Simp[x/(a -
b), x] - Dist[b/(a - b), Int[Secle + f*x]~2/(a + bx*Tan[e + f*x]~2), x], x]
/; FreeQ[{a, b, e, f}, x] && NeQ[a, bl

Rule 3675

Int[sec[(e_.) + (£_)*xD)]1 " (m )*((a_) + (b_.)*x((c_.)*tan[(e_.) + (f_.)*(x_
Y1)~ (@ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dis
t[ff/(c”(m - 1)*f), Subst[Int[(c™2 + f£f72%x72) " (m/2 - 1)*(a + b*(ff*x)"n) p
, x], x, (cxTanle + fx*x])/ff], x]] /; FreeQ[{a, b, c, e, f, n, p}, x] && In
tegerQ[m/2] && (IntegersQ[n, pl || IGtQ[m, 01 || IGtQ[p, 01 || EqQ[n~2, 4]
|| EqQQ[n~2, 161)

Rubi steps



1 h?
[t tm s [SEW
1 -2 coth®(x) 1 -2 coth(x)
1
= —x + 2 Subst ( f 1o dx, x, coth(x))

=—-x+ \/5 tanh™! (M)

V2

time = 0.10, size = 19, normalized size = 1.00

tanh(x)) e

V2

Mathematica [A]

\/E tanh ™ (

Antiderivative was successfully verified.

[In] Integrate[(1 - 2*Coth[x]~2)~(-1),x]
[Out] -x + Sqrt[2]*ArcTanh[Tanh[x]/Sqrt[2]]

fricas [B] time = 0.63, size = 70, normalized size = 3.68

82

3(2V2 - 3)cosh(x)? - 4(3V2 - 4) cosh(x) sinh(x) + 3 (2 V2 - 3) sinh(x)? +2V2 -3
—X

1
Z V2 loo| -
2 V2 8 cosh(x)? + sinh(x)? + 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-2xcoth(x)~2),x, algorithm="fricas")

[Out] 1/2*sqrt(2)*log(-(3*x(2xsqrt(2) - 3)*cosh(x)~2 - 4x(3*sqrt(2) - 4)*cosh(x)*s
inh(x) + 3*(2*sqrt(2) - 3)*sinh(x)”2 + 2*sqrt(2) - 3)/(cosh(x)"2 + sinh(x)~

2+3) -x

giac [B] time = 0.11, size = 38, normalized size = 2.00
1 22 —e®¥ -3
~V2 log |- V2 e - X
2 242 +6@9 43

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-2*coth(x)~2),x, algorithm="giac")

[Out] 1/2%sqrt(2)*log(-(2*sqrt(2) - e~ (2*x) - 3)/(2*sqrt(2) + e (2*x) + 3)) - x
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maple [A] time = 0.08, size = 27, normalized size = 1.42

In (coth(x) —-1) In(1 + coth(x))
2 - 2

+ V2 arctanh (\/E coth(x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1-2%coth(x)~2),x)

[Out] 1/2*%1n(coth(x)-1)-1/2%1n(1+coth(x))+27(1/2)*arctanh(2”(1/2)*coth(x))
maxima [B] time = 0.41, size = 38, normalized size = 2.00

1 2V2 —el29 -3
_Ex/ilog(— V2 e J—x

22 +e29 13

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-2*coth(x)~2),x, algorithm="maxima")

[Out] -1/2*sqrt(2)*log(-(2*sqrt(2) - e~ (-2*x) - 3)/(2*sqrt(2) + e~ (-2*x) + 3)) -
X

mupad [B] time = 0.11, size = 15, normalized size = 0.79
V2 atanh (\/5 coth(x)) -x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-1/(2*coth(x)"2 - 1),x)
[Out] 27 (1/2)*atanh(27(1/2)*coth(x)) - x

sympy [A] time = 0.52, size = 34, normalized size = 1.79

\/E log (tanh (x) - \/E) \/E log (tanh (x) + \/E)
T 2 " 2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-2*coth(x)**2),x)
[Out] -x - sqrt(2)*log(tanh(x) - sqrt(2))/2 + sqrt(2)*log(tanh(x) + sqrt(2))/2
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3.10 f \/1 — cothz(x) dx

Optimal. Leaf size=3
sin”!(coth(x))

[Out] arcsin(coth(x))

Rubi [A] time = 0.02, antiderivative size = 3, normalized size of antiderivative = 1.00,

. . ber of rul
number of steps used = 3, number of rules used = 3, integrand size = 12, /e =

0.250, Rules used = {3657, 4122, 216}

integrand size

sin~*(coth(x))

Antiderivative was successfully verified.
[In] Int([Sqrt[1 - Coth[x]~2],x]
[Out] ArcSin[Coth[x]]

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 3657

Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]172)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axsec[e + fxx]~2)7pl, x] /; FreeQl{a, b, e, f, p}, x] && EqQ
[a, bl

Rule 4122

Int[((b_.)*sec[(e_.) + (£_.)*(x_)]172)"(p_), x_Symbol] :> With[{ff = FreeFac
tors([Tan[e + fx*x], x]}, Dist[(b*ff)/f, Subst[Int[(b + b*xff~2*x"2)"(p - 1),
x], x, Tanle + f*xx]/£ff], x]] /; FreeQ[{b, e, £, p}, x] && !'IntegerQ[p]

Rubi steps



1—coth?(x) dx = | +/—csch?(x) dx
N N

1

V1 - x2

= sin"!(coth(x))

= Subst ( dx, x, coth(x))

Mathematica [B] time = 0.01, size = 20, normalized size = 6.67

() ~csct?(s) og 1 5

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1 - Coth[x]~2],x]
[Out] Sqrt[-Csch[x]~2]*Log[Tanh[x/2]]*Sinh [x]

fricas [A] time = 0.48, size = 1, normalized size = 0.33
0
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1-coth(x)~2)7(1/2),x, algorithm="fricas")
[Out] O

giac [C] time = 0.14, size = 26, normalized size = 8.67
(i log (¢* +1) —i log (|e* - 1|))sgn (—e(zx) + 1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1-coth(x)~2)~(1/2),x, algorithm="giac")

[Out] (Ixlog(e”x + 1) - Ixlog(abs(e™x - 1)))*sgn(-e~(2%x) + 1)

maple [A] time = 0.08, size = 4, normalized size = 1.33

arcsin (coth(x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1l-coth(x)~2)"(1/2),x)
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[Out] arcsin(coth(x))

maxima [C] time = 0.42, size = 19, normalized size = 6.33

i log (e(‘x) + 1) —i log (e(‘x) - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1-coth(x)~2)~(1/2),x, algorithm="maxima"
[Out] Ixlog(e~(-x) + 1) - Ixlog(e”(-x) - 1)

mupad [B] time = 1.18, size = 3, normalized size = 1.00

asin (coth(x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1 - coth(x)"2)"(1/2),x)
[Out] asin(coth(x))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f 1 = coth? (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1-coth(x)**2)*x(1/2),x)
[Out] Integral(sqrt(l - coth(x)**2), x)
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3.11 f \/ -1+ cothz(x) dx

Optimal. Leaf size=14

coth(x)

\ csch? (%)

[Out] -arctanh(coth(x)/(csch(x)~2)"(1/2))

—tanh™!

Rubi [A] time = 0.02, antiderivative size = 14, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 4, number of rules used = 4, integrand size = 10, ————— =

0.400, Rules used = {3657, 4122, 217, 206}

integrand size

coth(x)

\ csch? (%)

—tanh™!

Antiderivative was successfully verified.

[In] Int[Sqrt[-1 + Coth[x]"~2],x]

[Out] -ArcTanh[Coth[x]/Sqrt[Csch[x]~2]]
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 01)

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*xx~2]] /; FreeQ[{a, b}, x] & !'GtQ[a, O]

Rule 3657

Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x )]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[u*(a*xsec[e + f*x]~2)7pl, x] /; FreeQl[{a, b, e, f, p}, x] && EqQ
[a, b]

Rule 4122

Int[((b_.)*sec[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[(b*ff)/f, Subst[Int[(b + b*xff 2xx"2)"(p - 1),



x], x, Tanle + fxx]/ff], x]1] /; FreeQ[{b, e, f, p}, x] && !IntegerQ[p]

Rubi steps

f\/Tothz(x) dx = f\/cschz(x) dx

1
= —Subst f ———dx, x, coth(x)
V-1 + x2
h
= —Subst 1= cot (x)
\/cschz(x)
~ tann! coth(x)

\ csch? (%)

Mathematica [A] time = 0.01, size = 18, normalized size = 1.29
. 2 X
sinh(x)4/csch”(x) log (tanh (E))

Antiderivative was successfully verified.

[In] Integrate[Sqrt[-1 + Coth[x]~2],x]
[Out] Sqrt[Csch[x]~2]*Logl[Tanh[x/2]]*Sinh [x]

fricas [A] time = 0.44, size = 17, normalized size = 1.21
—log (cosh(x) + sinh(x) + 1) + log (cosh(x) + sinh(x) — 1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+coth(x)~2)~(1/2),x, algorithm="fricas")
[Out] -log(cosh(x) + sinh(x) + 1) + log(cosh(x) + sinh(x) - 1)

giac [A] time = 0.12, size = 23, normalized size = 1.64
—(log (e +1) —log (le* — 1|))sgn (e(zx) - 1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((-1+coth(x)~2)~(1/2),x, algorithm="giac")
[Out] -(log(e™x + 1) - log(abs(e”x - 1)))*sgn(e™(2*x) - 1)

maple [A] time = 0.14, size = 15, normalized size = 1.07

—In (coth(x) +4/-1+ cothz(x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-1+coth(x)"2)"(1/2),x)
[Out] -1n(coth(x)+(-1+coth(x)~2)"(1/2))

maxima [A] time = 0.42, size = 17, normalized size = 1.21

log (e(‘x) + 1) - log (e(‘x) - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+coth(x)~2)"(1/2),x, algorithm="maxima")
[Out] log(e”(-x) + 1) - log(e”(-x) - 1)

mupad [B] time = 1.37, size = 14, normalized size = 1.00

~In (coth(x) ++/coth(x)? -1 )

Verification of antiderivative is not currently implemented for this CAS.

[In] int((coth(x)~2 - 1)7(1/2),x)
[Out] -log(coth(x) + (coth(x)~2 - 1)7(1/2))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f \Jeoth? (x) -1 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+coth(x)**2)*x(1/2),%)
[Out] Integral(sqrt(coth(x)**2 - 1), x)
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312 [(1-coth®(x)” dx

Optimal. Leaf size=24

% sin”!(coth(x)) + % coth(X)m

[Out] 1/2*arcsin(coth(x))+1/2*coth(x)*(-csch(x)~2)~(1/2)

Rubi [A] time = 0.02, antiderivative size = 24, normalized size of antiderivative = 1.00,

. ) number of rules
number of steps used = 4, number of rules used = 4, integrand size = 12, ————— =

0.333, Rules used = {3657, 4122, 195, 216}

% sin~!(coth(x)) + % coth(x)m

Antiderivative was successfully verified.

integrand size

[In] Int[(1 - Coth[x]172)7(3/2),x]
[Out] ArcSin[Coth[x]]/2 + (Coth[x]*Sqrt[-Csch[x]~2])/2
Rule 195

Int[((a ) + (b_.)*(x )" (n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*nxp)/(n*p + 1), Int[(a + bxx™n)"(p - 1), x], x] /; Free
Ql{a, b}, x] & IGtQ[n, 0] && GtQlp, 0] && (IntegerQ[2+*p] || (EqQIn, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] &% IntegerQ[3+*p]) || LtQ[Denominator[p + 1/n],
Denominator [p]l])

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tla]ll/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 3657

Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axsec[e + fxx]~2)7pl, x] /; FreeQl[{a, b, e, f, p}, x] && EqQ
[a, bl

Rule 4122

Int[((b_.)*sec[(e_.) + (£_.)*(x_)]172)"(p_), x_Symbol] :> With[{ff = FreeFac
tors([Tan[e + fx*x], x]}, Dist[(bxff)/f, Subst[Int[(b + b*xff~2*x"2)"(p - 1),
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x], x, Tanle + fxx]/ff], x]1] /; FreeQ[{b, e, f, p}, x] && !IntegerQ[p]
Rubi steps

f (1 - cothz(x))?)/2 dx = f (—cschz(x))B/2 dx
_ Subst ( f VI— 22 dx,x, coth(x))

1 1 1
= 5 coth(¥)y~csch’(x) + 5 Subst ( f = coth(x))

= % sin”*(coth(x)) + %Coth(x)\/ —csch?(x)

Mathematica [A] time = 0.06, size = 41, normalized size = 1.71

Llicsch (;) N —cschz(x) sech (g) (cosh(x) + sinhz(x) log (tanh (;)))

Antiderivative was successfully verified.

[In] Integrate[(1 - Coth[x]~2)~(3/2),x]

[Out] (Csch[x/2]*Sqrt[-Csch[x]~2]*Sech[x/2]*(Cosh[x] + Logl[Tanh[x/2]]*Sinh[x]~2))
/4

fricas [A] time = 0.43, size = 1, normalized size = 0.04

0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1-coth(x)~2)~(3/2),x, algorithm="fricas")
[Out]l O

giac [C] time = 0.13, size = 60, normalized size = 2.50

-0 L
1 4(16 o zex) -1ilog (e("‘) +ef + 2) +1i log (e(‘x) + e — 2) sgn (—e(z") + 1)

2
4 (e(‘x) + ex) -4
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1-coth(x)~2)~(3/2),x, algorithm="giac")
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[Out] -1/4%x(4*x(I*xe”(-x) + Ixe"x)/((e”(-x) + e7x)72 - 4) - Ixlog(e™(-x) + e"x + 2)
+ Ixlog(e”(-x) + e"x - 2))*sgn(-e~(2*x) + 1)

maple [A] time = 0.07, size = 21, normalized size = 0.88

coth(x)4/1 - (COthz(x)) .\ arcsin (coth(x))
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1-coth(x)~2)~(3/2),x)
[Out] 1/2*coth(x)*(1-coth(x)~2)~(1/2)+1/2*arcsin(coth(x))

maxima [C] time = 0.42, size = 49, normalized size = 2.04

o) 4 je(-3%)
e +ie 1 1
—i (-x) — i (-x) _
720 — A0 ] +2110g(e x +1) 2110g(e x 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1-coth(x)~2)~(3/2),x, algorithm="maxima"

[Out] (Ixe~(-x) + I*e”(-3%x))/(2*%e”(-2*%x) - e~ (-4*x) - 1) + 1/2*Ixlog(e”(-x) + 1)
- 1/2xIxlog(e~(-x) - 1)

mupad [B] time = 1.21, size = 20, normalized size = 0.83

asin (coth())  coth(¥) 1 - coth(x)?

2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1 - coth(x)~2)~(3/2),x)
[Out] asin(coth(x))/2 + (coth(x)*(1 - coth(x)"2)"(1/2))/2

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1 - coth? (%) ; dx
J

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1-coth(x)**2)**(3/2),x)
[Out] Integral((l - coth(x)**2)**(3/2), x)



93

313 [(-1+coth’(w) dx

Optimal. Leaf size=31

1 th 1 [
= tanh™ co—(x) — — coth(x) cschz(x)
2 2 2

A/csch”(x)

[Out] 1/2*arctanh(coth(x)/(csch(x)~2)"(1/2))-1/2*xcoth(x)*(csch(x)~2)"(1/2)

Rubi[A] time = 0.02, antiderivative size = 31, normalized size of antiderivative = 1.00,
. . ber of rul
number of steps used = 5, number of rules used = 5, integrand size = 10, ~——r = =

0.500, Rules used = {3657, 4122, 195, 217, 206}

1 th 1 [
> tanh ™’ CO—(X) -5 coth(x) cschz(x)
\/cschz(x)

Antiderivative was successfully verified.

integrand size

[In] Int[(-1 + Coth[x]72)7(3/2),x]
[Out] ArcTanh[Coth[x]/Sqrt[Csch[x]~2]]/2 - (Coth[x]*Sqrt[Csch[x]~2])/2
Rule 195

Int[((a_) + (b_)*x(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) p)/(n*p

+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + b*x™n)~(p - 1), x], x] /; Free
Q[{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p]l || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] &% IntegerQ[3+*p]) || LtQ[Denominator[p + 1/n],
Denominator [p]])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 01)

Rule 217
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],

x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] & !'GtQ[a, 0]

Rule 3657
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Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axsec[e + f£xx]72)7pl, x] /; FreeQl[{a, b, e, £, p}, x] && EqQ
[a, b]

Rule 4122

Int[((b_.)*sec[(e_.) + (f£_.)*(x_)]1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*xx], x]}, Dist[(b*ff)/f, Subst[Int[(b + b*xff"2xx"2)"(p - 1),
x], x, Tanle + f*xx]/ff], x]] /; FreeQl[{b, e, f, p}, x] && !'IntegerQ[p]

Rubi steps

f (-1 + coth(x)) ™ dx = f csch?(x)?2 dx
= —Subst ( f V-1 + x2 dx, x, coth(x))

1 1
=5 coth(x) cschz(x) + > Subst ( f dx, x, coth(x)

1
V-1 + x?

1 coth(x)

T2 dx, x, ——
: \/cschz(x)

1 th 1
= > tanh”! _coth(®) |_ Ecoth(x)\/cschz(x)
\/cschz(x)

1 1
= coth(x) cschz(x) + 5 Subst f

Mathematica [A] time = 0.04, size = 40, normalized size = 1.29

—% sinh(x)\/c:schz(x) (csch2 (%) + sech? (;) +4log (tanh (g)))

Antiderivative was successfully verified.

[In] Integrate[(-1 + Coth[x]72)7(3/2),x]

[Out] -1/8%(Sqrt[Csch[x]~2]*(Csch[x/2]72 + 4*Log[Tanh[x/2]] + Sech[x/2]72)*Sinh[x
D

fricas [B] time = 0.42, size = 211, normalized size = 6.81

2 cosh(x)? + 6 cosh(x) sinh(x)? + 2 sinh(x)® — (cosh(x)4 + 4 cosh(x) sinh(x)? + sinh(x)* + 2 (3 cosh(x)?
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+coth(x)~2)7(3/2),x, algorithm="fricas")

[Out] -1/2*(2*cosh(x)~3 + 6*cosh(x)*sinh(x)~2 + 2xsinh(x)~3 - (cosh(x)~4 + 4xcosh
(x)*sinh(x) "3 + sinh(x)~4 + 2*(3*cosh(x)”2 - 1)*sinh(x)"2 - 2%cosh(x)"2 + 4
x(cosh(x)~3 - cosh(x))*sinh(x) + 1)*log(cosh(x) + sinh(x) + 1) + (cosh(x)~4

+ 4*cosh(x)*sinh(x)”~3 + sinh(x)"4 + 2*(3*cosh(x)"2 - 1)*sinh(x)~2 - 2*cosh

(x)72 + 4%(cosh(x)~3 - cosh(x))*sinh(x) + 1)*log(cosh(x) + sinh(x) - 1) + 2
*(3*xcosh(x)~2 + 1)*sinh(x) + 2*cosh(x))/(cosh(x)~4 + 4*cosh(x)*sinh(x)~3 +
sinh(x) "4 + 2*(3*cosh(x)"2 - 1)*sinh(x)~2 - 2*cosh(x)"2 + 4*(cosh(x)”3 - co
sh(x))*sinh(x) + 1)

giac [B] time = 0.12, size = 52, normalized size = 1.68

1| 4 (e(‘x) + ex)

4 (e(—x) N ex)z . - log (e(—x) + 5+ 2) + log (e(—x) Lot — 2) sgn (e(Zx) _ 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+coth(x)~2)~(3/2),x, algorithm="giac")

[Out] -1/4%(4*x(e”(-x) + e7x)/((e"(-x) + e™x)72 - 4) - log(e”™(-x) + e"x + 2) + log
(e”(-x) + e7x - 2))*sgn(e”(2*x) - 1)

maple [A] time = 0.13, size = 28, normalized size = 0.90

_coth(x) 1 + coth? (x) In (coth(x) + \/Tothz(x) )

+
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-1+coth(x)~2)"(3/2),%)
[Out] -1/2*coth(x)*(-1+coth(x)~2)~(1/2)+1/2*1n(coth(x)+(-1+coth(x)~2)~(1/2))
maxima [A] time = 0.41, size = 46, normalized size = 1.48

e 4 ¢(=3%) 1,
T2e29 _od 1 3 08

(e(‘x) + 1) + % log (e(‘x) - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+coth(x)~2)~(3/2),x, algorithm="maxima"
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[Out] -(e”™(-x) + e~ (-3%x))/(2*%e~(-2*x) - e~ (-4*x) - 1) - 1/2xlog(e”(-x) + 1) + 1/
2xlog(e~(-x) - 1)

mupad [B] time = 1.20, size = 27, normalized size = 0.87

In (coth(x)+ coth(x)z—l) coth(x) /coth(x)z—l

2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((coth(x)"2 - 1)7(3/2),x%)
[Out] log(coth(x) + (coth(x)72 - 1)7(1/2))/2 - (coth(x)*(coth(x)"2 - 1)7(1/2))/2

sympy [F] time = 0.00, size = 0, normalized size = 0.00
3
| (coth® () ~1)7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+coth(x)**2)**(3/2),x)
[Out] Integral((coth(x)*x2 - 1)*x(3/2), x)
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314 [ ———dx

\J1-coth?(x)

Optimal. Leaf size=13

coth(x)

\ —csch? (%)

Rubi [A] time = 0.02, antiderivative size = 13, normalized size of antiderivative = 1.00,

. . ber of rul
number of steps used = 3, number of rules used = 3, integrand size = 12, Y T o

integrand size
0.250, Rules used = {3657, 4122, 191}

[Out] coth(x)/(-csch(x)~"2)"(1/2)

coth(x)
\ —csch? (%)

Antiderivative was successfully verified.
[In] Int[1/Sqrt[1 - Coth[x]~2],x]
[Out] Coth[x]/Sqrt[-Csch[x]"2]

Rule 191

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x™n) (p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] & EqQ[1/n + p + 1, 0]

Rule 3657

Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]172)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axsec[e + fxx]~2)7pl, x] /; FreeQl{a, b, e, £, p}t, x] && EqQ
[a, bl

Rule 4122

Int[((b_.)*sec[(e_.) + (£_.)*(x_)]172)"(p_), x_Symbol] :> With[{ff = FreeFac
tors([Tan[e + fx*x], x]}, Dist[(b*ff)/f, Subst[Int[(b + bxff~2*x"2)"(p - 1),
x], x, Tanle + f*xx]/£ff], x]] /; FreeQ[{b, e, f, p}, x] && !'IntegerQ[p]

Rubi steps



f ! dx = f ;dx
\J1 - coth?(x) \J—csch?(x)

1
— Subst f (W dx, x, coth(x)

1-x
coth(x)

i N —csch® (%)

Mathematica [A] time = 0.01, size = 13, normalized size = 1.00

coth(x)
N —csch? (%)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[1 - Coth[x]~2],x]
[Out] Coth[x]/Sqrt[-Csch[x]~2]

fricas [A] time = 0.41, size = 1, normalized size = 0.08

0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-coth(x)~2)~(1/2),x, algorithm="fricas")
[Out] O

giac [C] time = 0.12, size = 24, normalized size = 1.85

—ie™) —je*
2sgn (—e(zx) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-coth(x)~2)~(1/2),x, algorithm="giac")
[Out] -1/2%(-I*xe”~(-x) - I*e"x)/sgn(-e~(2*x) + 1)
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maple [A] time = 0.06, size = 14, normalized size = 1.08

coth(x)
1- (cothz(x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1-coth(x)~2)~(1/2),x)
[Out] 1/(1-coth(x)~"2)"(1/2)*coth(x)

maxima [C] time = 0.42, size = 11, normalized size = 0.85

1 1
Eie(‘x) + Eiex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-coth(x)~2)~(1/2),x, algorithm="maxima"
[Out] 1/2*%Ixe~(-x) + 1/2%I*e"x

mupad [B] time = 1.34, size = 18, normalized size = 1.38

/ 1
—COSh(X) Sinh(X) —m

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1 - coth(x)"2)"(1/2),x)
[Out] -cosh(x)*sinh(x)*(-1/(cosh(x)"2 - 1))~(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f \J1 - coth? (x) "

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-coth(x)**2)**(1/2),x)
[Out] Integral(l/sqrt(l - coth(x)**2), x)
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315 [ ————dx

\/ ~1+coth?(x)

Optimal. Leaf size=11
coth(x)

cschz(x)

[Out] coth(x)/(csch(x)~2)~(1/2)

Rubi [A] time = 0.02, antiderivative size = 11, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 3, number of rules used = 3, integrand size = 10, ——— =

integrand size
0.300, Rules used = {3657, 4122, 191}

coth(x)
N csch? (%)

Antiderivative was successfully verified.
[In] Int[1/Sqrt[-1 + Coth[x]~2],x]
[Out] Coth[x]/Sqrt[Csch[x]~2]

Rule 191

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x™n) (p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] & EqQ[1/n + p + 1, 0]

Rule 3657

Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]172)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axsec[e + fxx]~2)7pl, x] /; FreeQl{a, b, e, £, p}t, x] && EqQ
[a, bl

Rule 4122

Int[((b_.)*sec[(e_.) + (£_.)*(x_)]172)"(p_), x_Symbol] :> With[{ff = FreeFac
tors([Tan[e + fx*x], x]}, Dist[(b*ff)/f, Subst[Int[(b + bxff~2*x"2)"(p - 1),
x], x, Tanle + f*xx]/£ff], x]] /; FreeQ[{b, e, f, p}, x] && !'IntegerQ[p]

Rubi steps



f ! dx = f ;dx
\J-1 + coth?(x) \Jesch?(x)

1
= —Subst f —5 dx, x, coth(x)
(—1 + xz)

coth(x)

i \/cschz(x)

Mathematica [A] time = 0.01, size = 11, normalized size = 1.00

coth(x)
\ csch? (%)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[-1 + Coth[x]~2],x]
[Out] Coth[x]/Sqrt[Csch[x]~2]

fricas [A] time = 0.40, size = 2, normalized size = 0.18

cosh(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+coth(x)~2)~(1/2),x, algorithm="fricas")
[Out] cosh(x)

giac [A] time = 0.12, size = 18, normalized size = 1.64

e 4 o
2sgn (e(zx) - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+coth(x)~2)~(1/2),x, algorithm="giac")
[Out] 1/2*%(e”(-x) + e7x)/sgn(e”(2*xx) - 1)
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maple [A] time = 0.10, size = 12, normalized size = 1.09

coth(x)

-1+ cothz(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-14+coth(x)~2)"(1/2),x)
[Out] coth(x)/(-1+coth(x)"2)"(1/2)

maxima [A] time = 0.42, size = 11, normalized size = 1.00

_1 e(_x) — lex

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+coth(x)~2)~(1/2),x, algorithm="maxima"
[Out] -1/2%e~(-x) - 1/2*e"x

mupad [B] time = 1.24, size = 15, normalized size = 1.36

/ 1
COSh(X) Sinh(X) m

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(coth(x)"2 - 1)°(1/2),x)
[Out] cosh(x)*sinh(x)*(1/(cosh(x)"2 - 1))°(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1

f \/coth2 (x)—-1

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+coth(x)**2)**(1/2),x)

[Out] Integral(l/sqrt(coth(x)**2 - 1), x)
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3.16 f coth3(x)\/ a+b cothz(x) dx

Optimal. Leaf size=63

3/2 2
4+ beoth?(x a + b coth®(x)
_( ( )) —\/a+ bcothz(x) +Va+btanh™

3b Va+b

[Out] -1/3*(a+b*xcoth(x)~2) " (3/2)/b+arctanh((a+b*xcoth(x)~2)"(1/2)/(a+b)~(1/2))*(a+
b)~(1/2)-(a+b*coth(x)~2)~(1/2)

Rubi [A] time =0.12, antiderivative size = 63, normalized size of antiderivative = 1.00,

. ] number of rules
number of steps used = 6, number of rules used = 6, integrand size =17, —— =

0.353, Rules used = {3670, 446, 80, 50, 63, 208}

a+b co’ch2 X \/a +b cothz(x)
—( ( ) \/a+bc0th (x) +Va+b tanh™

Va+b

integrand size

Antiderivative was successfully verified.
[In] Int[Coth[x]~3*Sqrt[a + b*Coth[x]~2],x]

[Out] Sqrtla + bl*ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrt[a + b]] - Sqrt[a + b*Coth[x]
~2] - (a + bxCoth[x]72)7(3/2)/(3*b)

Rule 50

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(@ + bxx)"(m + 1)*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(n*x(bxc - a*d))/
(bx¥(m + n + 1)), Int[(a + b*x)"m*x(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, O] && NeQ[m + n + 1, 0] && !'(IGtQ
[m, 0] & ( 'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + b*xx)~(1/p)], x]1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[la, b, c, d, m, n, x]

Rule 80
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Int[((a_.) + (b_)*(x_))*x((c_.) + (d_D)*x_))"(a_.)*x((e_.) + (£_)*(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + 1)x(e + f*x)"(p + 1))/(d*f*x(n + p
+ 2)), x] + Dist[(a*xd*f*x(n + p + 2) - b*x(dxex(n + 1) + cxfx(p + 1)))/(d*fx*(
n+p+ 2)), Int[(c + d*x)"n*x(e + £*x)7p, x], x] /; FreeQ[{a, b, c, d, e, £
, 0, pr, x] & NeQ[n + p + 2, 0]

Rule 208

Int[((a_) + (b_.)*x(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 446

Int[(x_)"(m_.)*((a_) + (b_)*&x_D (@ ))"(p_.)*((c_) + (d_)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)/n] - 1)*x(a + b*x)7p
x(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(x)D1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_I)*xx)1)"(@))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*(a + b*x(ff*x)"n)"p)/(c”2 + £
£72xx72), x], x, (cxTan[e + f*xx])/ff], x]] /; FreeQ[{a, b, ¢, d, e, f, m, n
, p}, x] & (IGtQlp, O] Il EqQ[n, 2] || EqQn, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rubi steps
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3 b 2
f coth3(x)\/a + b coth®(x) dx = Subst[ f xl— T v, coth(x))

= —Subs [fx a+bx dx,x, Cothz(x))
(a +b co’chz(x))g/2 Va + bx
__ = 4 Subs [ f dx, x, cothz(x))

3/2
5 . (a +b cothz(x)) 1 1
—+/a + bcoth (X) - 3 +§(a+b)8ubst fm

1
32 (a+ b)Subst dx,x,+la
, (a + bcothz(x)) 2 ) (f 1+%_§ \/7
= —/a + bcoth”(x) — % + 2

32
\a+b cothz(x) a + bcoth’(x
=Va+btanh! —-a+ bcothz(x) - ( ( ))

Va+b 3b

Mathematica [A] time = 0.19, size = 60, normalized size = 0.95

VT | Y +beoth®(x) | +Ja +beoth*(x) (a + beoth®(x) + 3b)
a+ b tan -
Va+b 3b

Antiderivative was successfully verified.

[In] Integrate[Coth[x] ~3*Sqrt[a + b*Coth[x]~2],x]

[Out] Sqrtla + bl*ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrt[a + bl] - (Sqrt[a + bxCoth[x
172]*(a + 3%b + bxCoth[x]~2))/(3xb)

fricas [B] time = 0.57, size = 2367, normalized size = 37.57

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x) ~3*(atb*coth(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/12%(3*(b*cosh(x)"6 + 6xb*cosh(x)*sinh(x)~5 + b*sinh(x)~6 - 3*b*cosh(x) 4
+ 3% (5xb*cosh(x)~2 - b)*sinh(x)~4 + 4x(5%b*cosh(x)~3 - 3*b*cosh(x))*sinh(x
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)"3 + 3*bxcosh(x) 2 + 3*(5xbxcosh(x)”4 - 6*b*cosh(x)”2 + b)*sinh(x) "2 + 6*(
bxcosh(x) "5 - 2%b*cosh(x)~3 + bxcosh(x))*sinh(x) - b)*sqrt(a + b)*log(-((a~
3 + a"2*xb)*cosh(x)"8 + 8+(a”"3 + a"2*b)*cosh(x)*sinh(x)~7 + (a”3 + a~2xb)*si
nh(x)~8 - 2x(2%¥a”3 + a~2*b)*cosh(x)"6 - 2%(2*¥a”3 + a”2*%b - 14x(a~3 + a~2xb)
*cosh(x) "2)*sinh(x)”"6 + 4%(14*x(a”3 + a”2*b)*cosh(x)~3 - 3*(2*a”3 + a~2*b)*c
osh(x))*sinh(x)~5 + (6*a~3 + 4*a”2%b - a*b™2 + b~ 3)*cosh(x)"4 + (70x(a"3 +
a~2*b)*cosh(x) 4 + 6%a~3 + 4*a”2xb - a*b™2 + b3 - 30%(2*a~3 + a~2*b)*cosh(
x)"2)*sinh(x) "4 + 4x(14%(a~3 + a~2%b)*cosh(x)”™5 - 10*x(2*a”~3 + a~2xb)*cosh(x
)73 + (6%a”3 + 4*a”2%b - a*b”2 + b~3)*cosh(x))*sinh(x)~3 + a~3 + 3*a™2xb +
3*¥axb”2 + b"3 - 2x(2*a”3 + 3*a"2*b - b~3)*cosh(x) 72 + 2x(14*x(a”3 + a~2x*b)*c
osh(x)76 - 15%(2*a”~3 + a~2*b)*cosh(x)”4 - 2*a~3 - 3*a"2%b + b~3 + 3*(6*%a”3
+ 4xa”2%b - a*xb”2 + b~3)*cosh(x) "2)*sinh(x) "2 + sqrt(2)*(a”2xcosh(x)~6 + 6%
a”~2*cosh(x)*sinh(x)~5 + a”2*sinh(x)~6 - 3*a~2*cosh(x)~4 + 3*(5%xa"2*cosh(x)”
2 - a”2)*sinh(x) "4 + 4*x(5%a”2*cosh(x)~3 - 3*a"2*cosh(x))*sinh(x)~3 + (3*a~2
+ 2*a*xb - b72)*cosh(x)~2 + (15*a"2*cosh(x)~4 - 18*a~2*cosh(x)”2 + 3*a~2 +
2%axb - b72)*sinh(x)"2 - a”2 - 2*a*b - b"2 + 2x(3*a"2*cosh(x)”5 - 6*a”~2*cos
h(x)~"3 + (3*a”2 + 2*axb - b~2)*cosh(x))*sinh(x))*sqrt(a + b)*sqrt(((a + b)*
cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sin
h(x)~2)) + 4x(2+x(a”3 + a~2*b)*cosh(x)”7 - 3*(2*xa”3 + a"2xb)*cosh(x)~5 + (6%
a3 + 4*a”2*%b - a*b”2 + b~3)*cosh(x)”"3 - (2*a~3 + 3*a"2%b - b~3)*cosh(x))*s
inh(x))/(cosh(x) "6 + 6*cosh(x) 5*sinh(x) + 15*cosh(x) 4*sinh(x)~2 + 20%*cosh
(x)"3*sinh(x) "3 + 15*cosh(x) 2*sinh(x) "4 + 6*cosh(x)*sinh(x)~5 + sinh(x)~6)
) + 3% (b*cosh(x)”6 + 6*b*cosh(x)*sinh(x)”5 + b*sinh(x)~6 - 3*b*cosh(x)"4 +
3*(5xb*cosh(x) "2 - b)*sinh(x)~4 + 4*x(5xb*xcosh(x)~3 - 3*b*cosh(x))*sinh(x)~3
+ 3*b*cosh(x)~2 + 3% (5*b*cosh(x)”4 - 6*xbxcosh(x)~2 + b)*sinh(x)~2 + 6*x(b*c
osh(x) "5 - 2#b*cosh(x)~3 + b*cosh(x))*sinh(x) - b)x*sqrt(a + b)*log(((a + b)
*cosh(x)"4 + 4*x(a + b)*cosh(x)*sinh(x)”"3 + (a + b)*sinh(x)"4 + 2*b*cosh(x)”
2 + 2x(3*%(a + b)*cosh(x)"2 + b)*sinh(x)"2 + sqrt(2)*(cosh(x)~2 + 2*cosh(x)*
sinh(x) + sinh(x)72 + 1)*sqrt(a + b)*sqrt(((a + b)*cosh(x)”2 + (a + b)*sinh
(x)72 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2)) + 4x((a + b)*co
sh(x)~3 + b*cosh(x))*sinh(x) + a + b)/(cosh(x)”"2 + 2*cosh(x)*sinh(x) + sinh
(x)72)) - 4*xsqrt(2)*((a + 4*xb)*cosh(x)”4 + 4*x(a + 4*b)*cosh(x)*sinh(x)~3 +
(a + 4*b)*sinh(x)"4 - 2*x(a + 2¥b)*cosh(x)”2 + 2*x(3*(a + 4*b)*cosh(x)"2 - a
- 2*b)*sinh(x) "2 + 4*x((a + 4*b)*cosh(x)"3 - (a + 2*b)*cosh(x))*sinh(x) + a
+ 4xb)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2%
cosh(x)*sinh(x) + sinh(x)~2)))/(b*cosh(x)~6 + 6*b*cosh(x)*sinh(x)~5 + b*sin
h(x)~"6 - 3*b*cosh(x)~4 + 3*(5xb*cosh(x)~2 - b)*sinh(x)~4 + 4*(5xb*cosh(x)"3
- 3*b*cosh(x))*sinh(x)~3 + 3*b*cosh(x)~2 + 3*(5%b*cosh(x)”4 - 6*b*cosh(x)”
2 + b)*sinh(x) "2 + 6*(b*cosh(x)~5 - 2*b*cosh(x)~3 + b*cosh(x))*sinh(x) - b)
, —1/6%(3*%(b*cosh(x)”6 + 6*b*xcosh(x)*sinh(x)”5 + b*sinh(x)~6 - 3*b*cosh(x)”
4 + 3% (5xbxcosh(x)”2 - b)*sinh(x)~4 + 4x(5%b*cosh(x)”3 - 3*b*cosh(x))*sinh(
x) "3 + 3*bxcosh(x)”2 + 3*(5xb*cosh(x)~4 - 6*b*cosh(x)”2 + b)*sinh(x)~2 + 6%
(b*cosh(x)~5 - 2xb*cosh(x)~3 + b*cosh(x))*sinh(x) - b)*sqrt(-a - b)*arctan(
sqrt(2)*(axcosh(x) "2 + 2*a*xcosh(x)*sinh(x) + a*sinh(x)”"2 - a - b)*sqrt(-a -
b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2%cos
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h(x)*sinh(x) + sinh(x)"2))/((a"2 + ax*b)*cosh(x)"4 + 4*x(a"2 + a*b)*cosh(x)*s
inh(x)"3 + (a2 + a*b)*sinh(x)"4 - (2*¥a”2 + a*b - b"2)*cosh(x)"2 + (6%(a"2
+ axb)*cosh(x)"2 - 2*a”2 - axb + b™2)*sinh(x)72 + a”2 + 2*a*b + b~2 + 2% (2%
(a”2 + axb)*cosh(x)”3 - (2*xa"2 + a*b - b~2)*cosh(x))*sinh(x))) + 3*(b*cosh(
X) 76 + 6xbxcosh(x)*sinh(x)”5 + b*sinh(x)~6 - 3*b*cosh(x)~4 + 3*(5xb*cosh(x)
~2 - b)*sinh(x)~4 + 4*x(5xb*cosh(x)”3 - 3*b*cosh(x))*sinh(x)~3 + 3*b*cosh(x)
"2 + 3*(5*xb*cosh(x)~4 - 6xb*cosh(x)”2 + b)*sinh(x)"2 + 6% (b*cosh(x)”"5 - 2*b
xcosh(x) "3 + bxcosh(x))*sinh(x) - b)*sqrt(-a - b)*arctan(sqrt(2)*(cosh(x) "2
+ 2%cosh(x)*sinh(x) + sinh(x)~2 + 1)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)~2
+ (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*xcosh(x)*sinh(x) + sinh(x)~2))/(
(a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)”"3 + (a + b)*sinh(x)"4 - 2*(a
- b)*cosh(x)"2 + 2*x(3*x(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4*x((a + b)*cos
h(x)"3 - (a - b)*cosh(x))*sinh(x) + a + b)) + 2*sqrt(2)*((a + 4*b)*cosh(x)”
4 + 4x(a + 4xb)*cosh(x)*sinh(x)~3 + (a + 4%b)*sinh(x)~4 - 2*x(a + 2x%b)*cosh(
x)72 + 2x(3x(a + 4%b)*cosh(x)”2 - a - 2xb)*sinh(x) "2 + 4*x((a + 4*b)*cosh(x)
"3 - (a + 2*¥b)*cosh(x))*sinh(x) + a + 4*b)*sqrt(((a + b)*cosh(x)"2 + (a + b
Y*sinh(x)72 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)))/(b*cosh(
x) "6 + 6xbxcosh(x)*sinh(x)”5 + b*sinh(x)~6 - 3*b*cosh(x)~4 + 3*(5*b*cosh(x)
"2 - b)*sinh(x)~4 + 4x(5xb*cosh(x)~3 - 3*b*cosh(x))*sinh(x)~3 + 3*b*cosh(x)
~2 + 3*(5*b*cosh(x)~4 - 6xb*cosh(x)”2 + b)*sinh(x)~2 + 6% (b*cosh(x)”5 - 2*b
*cosh(x) "3 + b*cosh(x))*sinh(x) - b)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x) ~3*(atb*coth(x)~2)~(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ;OUTPUT:Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(exp
(2%x)-1)]Evaluation time: 2.04Error: Bad Argument Type

maple [B] time = 0.14, size = 253, normalized size = 4.02

(coth(x)-1)b+b
(a+b(coth?(x))) \/(coth(x) ~1%b+2(coth(x) =1)b+a+b Vb In (tT + \/(coth(x) ~1)%b

3b 2 2

3
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x) ~3*(a+b*coth(x)~2)"(1/2),x)

[Out] -1/3*(a+bxcoth(x)~2)"(3/2)/b-1/2%((coth(x)-1) " 2xb+2*(coth(x)-1)*b+a+b)~(1/2
)-1/2%b~(1/2)*1n(((coth(x)-1) *b+b) /b~ (1/2)+((coth(x)-1) "2xb+2*x (coth(x)-1) *b
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+a+b) " (1/2))+1/2x(a+b) " (1/2) *1n((2*a+2*xb+2* (coth (x) -1) *b+2* (a+b) ~(1/2) *((co
th(x)-1) "2%b+2* (coth(x)-1) *b+a+b) ~(1/2))/(coth(x)-1))-1/2x((1+coth(x)) ~2*xb-
2% (1+coth(x))*b+a+b) ~(1/2)+1/2%b~ (1/2) *1n(((1+coth(x) ) *b-b) /b~ (1/2) +((1+cot
h(x)) " 2*b-2*(1+coth(x))*b+a+b) ~(1/2))+1/2*(a+b) ~(1/2) *1n((2*a+2*xb-2* (1+coth
(x))*b+2% (a+b) ~(1/2) * ((1+coth(x) ) "2*b-2* (1+coth(x) ) *b+a+b) ~(1/2) )/ (1+coth(x
)))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00
f vbcoth(x)? + a coth(x)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x) ~3*(atb*coth(x)~2)~(1/2),x, algorithm="maxima"
[Out] integrate(sqrt(b*coth(x)~2 + a)*coth(x)~3, x)

mupad [B] time = 3.08, size = 66, normalized size = 1.05

3/2 2 a b
bcoth(x)* + a 2 4/bcoth(x) +a - —-
—y/bcoth(x)* +a - ( @) ) —2atan 4 4

3b a+b

1
~

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)~3*(a + b*coth(x)~2)~(1/2),x)

[Out] - (a + b*xcoth(x)"2)"(1/2) - (a + b*coth(x)~"2)"(3/2)/(3*b) - 2*xatan((2x(a +
b*xcoth(x)~2)~(1/2)*x(- a/4 - b/4)~(1/2))/(a + b)) *(- a/4 - b/4)~(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f \Ja + beoth? (x) coth® (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)**3*(atb*xcoth(x)**2)**(1/2),x)

[Out] Integral(sqrt(a + b*xcoth(x)**2)*coth(x)**3, x)
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3.17 f cothz(x)\/ a+b cothz(x) dx

Optimal. Leaf size=85

\/E coth(x)

Ja+b coth?(x) J+ Vatb tanh! Va + b coth(x)

2vb \Ja + beoth?(x)

[Out] -1/2*(a+2*b)*arctanh(coth(x)*b~(1/2)/(atb*coth(x)~2)"(1/2))/b~(1/2)+arctanh
(coth(x)*(a+b)~(1/2)/(a+bxcoth(x)~2) " (1/2))*(a+b) " (1/2)-1/2*coth(x) *(at+b*co
th(x)~2)~(1/2)

(a + 2b)tanh ™! (

1 [
~3 coth(x)y/a +b cothz(x) -

Rubi [A] time = 0.13, antiderivative size = 85, normalized size of antiderivative = 1.00,

. ) number of rules
number of steps used = 7, number of rules used = 6, integrand size = 17, ————— =

integrand size
0.353, Rules used = {3670, 478, 523, 217, 206, 377}

Vb coth(x)

a+b coth?(x) J+ Va b tanh"! Va + b coth(x)

2vb \a+b cothz(x)

Antiderivative was successfully verified.

(a + 2b)tanh™ (

1
~ coth(x)\a +b cothz(x) -

[In] Int[Coth([x]~2*Sqrt[a + b*Coth[x]~2],x]

[Out] -((a + 2xb)*ArcTanh[(Sqrt[b]*Coth[x])/Sqrt[a + bxCoth[x]~2]])/(2%Sqrt[b]) +
Sgrt[a + b]l*ArcTanh[(Sqrt[a + bl*Coth[x])/Sqrtl[a + b*Coth[x]~2]] - (Coth[x
IxSqgrt[a + b*Coth[x]~2])/2

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 01 |l LtQ[b, 01)

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] & !'GtQ[a, 0]

Rule 377

Int[((a_) + (b_)*x(x_)"(m_ D))" (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, Db
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, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 478

Int[((e_)*(x_))"(m_.)*((a_) + (b_)*(x_)"(_)) " (p_)*((c_) + (d_.)*(x_)"(n_
))~(q_), x_Symbol] :> Simp[(e”(n - 1)*(exx)"(m - n + 1)*x(a + b*xx™n) " (p + 1)
x(c + d*x™n)~q)/(b*(m + nx(p + @) + 1)), x] - Dist[e"n/(b*x(m + nx(p + q) +
1)), Intl(e*x)"(m - n)*x(a + b*x"n) px(c + d*x"n) " (q - 1)*Simplaxcx(m - n +
1) + (axd*(m - n + 1) - nxg*x(b*c - a*d))*x"n, x], x], x] /; FreeQ[{a, b, c,
d, e, p}, x] && NeQ[b*c - axd, 0] && IGtQ[n, 0] && GtQlq, 0] && GtQ[m - n
+ 1, 0] && IntBinomialQ[a, b, ¢, d, e, m, n, p, q, XJ

Rule 523

Int[(Ce) + (£_)*x(x_)"(m_))/(((a_) + (b_.)*(x_)"(n_))*Sqrtl(c_) + (d_.)*(x
)7 (n_)]1), x_Symbol] :> Dist[f/b, Int[1/Sqrtlc + d*x"n], x], x] + Dist[(bxe
- a*xf)/b, Int[1/((a + b*x"n)*Sqrtlc + d*x"nl), x], x] /; FreeQ[{a, b, c, d
, e, £, n}, x]

Rule 3670

Int[((d_.)*tan[(e_.) + (f£_.)*(x_)])"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*& DD~ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + b*x(ff*x)"n) p)/(c™2 + f
£f72%x72), x], x, (cxTanl[e + fxx])/ff]l, x]1] /; FreeQ[{a, b, c, d, e, f, m, n
, PY, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps
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2/ + b2
f coth?(x)a + b coth?(x) dx = Subst [ f % dx, , coth(x))
1 [ ) 1 a+ (a + 2b)x?
= —= coth(x)+/a + bcoth®(x) + = Subst f dx, x, coth(x)
2 2 (1—x2) Va + bx?

1 1 1
— _= coth(x)y/a + beoth?(x) + =(~a — 2b) Subst f  dx,x coth(x)
2 2 Va + bx?

1 [ 1 1 th
= —=coth(x)\Ja+D cothz(x) + —(—a — 2b) Subst f ——dx, x, L(
2 2 1 - bx? [
a+bco
Vb coth(x)

\a+b h?(x J \Y b th 1
e @ +Va+btanh™! 4+ b coth®) —Co

2vb \Na+b cothz(x)

(a +2b) tanh ™ (

Mathematica [B] time = 0.85, size = 191, normalized size = 2.25

sinh(x) cschz(x)((a + b) cosh(2x) —a + b) (\/E Va + b(a+2b) tanh™ ( V2 Vb cosht) ) +b (Va +bc

v/(a+b) cosh(2x)—a+b

2v2 Vb Va + b+/(a + b) cosh(2v)

Antiderivative was successfully verified.

[In] Integrate[Coth[x]~2*Sqrtl[a + b*Coth[x]~2],x]

[Out] -1/2%(Sqrtl[(-a + b + (a + b)*Cosh[2*x])*Csch([x] 2] *(Sqrt[2]*Sqrt[a + bl*(a
+ 2%b)*ArcTanh [(Sqrt [2] *Sqrt [b] *Cosh[x])/Sqrt[-a + b + (a + b)*Cosh[2*x]]]
+ Sqrt[b]*(-2%Sqrt[2]*(a + b)*ArcTanh[(Sqrt[2]*Sqrt[a + bl*Cosh[x])/Sqrt[-a

+ b + (a + b)*Cosh[2+x]]] + Sqrt[a + bl*Sqrt[-a + b + (a + b)*Cosh[2*x]]*C
oth[x]*Csch[x]))*Sinh[x])/(Sqrt [2]*Sqrt [b]*Sqrt[a + b]*Sqrt[-a + b + (a + b
)*Cosh [2*x]])

fricas [B] time = 0.66, size = 4877, normalized size = 57.38

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x) " 2x(atb*coth(x)~2)~(1/2),x, algorithm="fricas")
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[Out] [1/4*((b*cosh(x)~4 + 4xb*cosh(x)*sinh(x)”~3 + b*sinh(x)"4 - 2*b*cosh(x)"2 +
2% (3*b*cosh(x) "2 - b)*sinh(x) "2 + 4*(b*cosh(x)~3 - b*cosh(x))*sinh(x) + b)x*
sqrt(a + b)*log(((a*b”™2 + b~3)*cosh(x)~8 + 8*(axb”2 + b~3)*cosh(x)*sinh(x)"~
7 + (a*xb”™2 + b~3)*sinh(x) "8 + 2x(a*b™2 + 2xb~3)*cosh(x)"6 + 2*(a*xb”2 + 2*b~
3 + 14x(a*b”™2 + b~3)*cosh(x) "2)*sinh(x)~"6 + 4x(14*(a*xb”2 + b~3)*cosh(x)~3 +
3*x(a*xb”™2 + 2*xb~3)*cosh(x))*sinh(x)"5 + (2”3 - a~2%b + 4*a*b™2 + 6*xb~3)*cos
h(x)~"4 + (70%(a*b”2 + b~3)*cosh(x)"4 + a”3 - a”2%b + 4*a*xb™2 + 6%¥b~3 + 30%*(
a*xb”2 + 2*b~3)*cosh(x) 2)*sinh(x) "4 + 4*x(14*x(a*xb~2 + b~3)*cosh(x)”5 + 10*(a
*b~2 + 2*%b~3)*cosh(x)”3 + (2”3 - a™2%b + 4*a*b”2 + 6*b~3)*cosh(x))*sinh(x)”~
3 + a”3 + 3*a"2%b + 3*axb”2 + b"3 - 2*x(a”3 - 3xa*b”2 - 2*%b~3)*cosh(x)"2 + 2
*(14*x(a*b™2 + b~3)*cosh(x)"6 + 15*x(a*xb”2 + 2*b~3)*cosh(x)”4 - a~3 + 3*axb~2
+ 2xb73 + 3*(a”3 - a”2*b + 4xaxb”2 + 6xb~3)*cosh(x)”2)*sinh(x)~2 + sqrt(2)
*(b"2xcosh(x) "6 + 6%b~2*xcosh(x)*sinh(x)~5 + b~ 2*sinh(x)~6 + 3*b~2*cosh(x) "4
+ 3% (5*b~2*cosh(x) "2 + b"2)*sinh(x) "4 + 4x(5xb~2*cosh(x)~3 + 3*b~2*xcosh(x)
)*sinh(x)~3 - (a2 - 2*axb - 3*b~2)*cosh(x)”2 + (15*b"2xcosh(x) "4 + 18*b~2x%
cosh(x)72 - a”2 + 2%axb + 3*b~2)*sinh(x)”2 + a”2 + 2*a*b + b™2 + 2x(3*b~2*c
osh(x)~5 + 6%b~2*cosh(x)”3 - (a”2 - 2xaxb - 3*b~2)*cosh(x))*sinh(x))*sqrt(a
+ b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2x*c
osh(x)*sinh(x) + sinh(x)72)) + 4*(2*(a*b”™2 + b~3)*cosh(x)”7 + 3*x(a*xb™2 + 2x
b~3)*cosh(x)~5 + (a™3 - a™2*b + 4*a*xb~2 + 6%b~3)*cosh(x)~3 - (a~3 - 3*a*xb™2
- 2*%b73)*cosh(x))*sinh(x))/(cosh(x) "6 + 6*cosh(x) 5*sinh(x) + 15*cosh(x)~4
*s3inh(x) "2 + 20*cosh(x) ~3*sinh(x) "3 + 15*%cosh(x) "2*sinh(x) "4 + 6*cosh(x)*si
nh(x)7"5 + sinh(x)"6)) + ((a + 2*b)*cosh(x)"4 + 4*(a + 2*b)*cosh(x)*sinh(x)~
3 (a + 2#b)*sinh(x)"4 - 2x(a + 2*b)*cosh(x)~2 + 2x(3*(a + 2x*b)*cosh(x) "2
- a - 2*¥b)*sinh(x)"2 + 4x((a + 2¥b)*cosh(x)~3 - (a + 2*b)*cosh(x))*sinh(x)
+ 2*b)*sqrt(b)*log(-((a + 2%b)*cosh(x)~4 + 4x(a + 2%*b)*cosh(x)*sinh(x)~
(a + 2%b)*sinh(x) "4 - 2*x(a - 2*b)*cosh(x)”2 + 2*x(3*x(a + 2*b)*cosh(x) "2
+ 2*b)*sinh(x) "2 - 2*sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2
+ 1)*sqrt(b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)
~2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 4*x((a + 2xb)*cosh(x)”3 - (a - 2*b)x*c
osh(x))*sinh(x) + a + 2xb)/(cosh(x)”4 + 4*cosh(x)*sinh(x)~3 + sinh(x)"4 + 2
*(3*cosh(x)”2 - 1)*sinh(x)"2 - 2*cosh(x)”2 + 4*x(cosh(x)”3 - cosh(x))*sinh(x
) + 1)) + (b*cosh(x)"4 + 4*xbxcosh(x)*sinh(x)~3 + b*sinh(x)~4 - 2%b*cosh(x)”
2 + 2x(3*b*cosh(x)~2 - b)*sinh(x)~2 + 4*(b*cosh(x)~3 - b*cosh(x))*sinh(x) +
b)*sqrt(a + b)*log(-((a + b)*cosh(x)~4 + 4*(a + b)*cosh(x)*sinh(x)"3 + (a
+ b)*sinh(x) 4 - 2*%axcosh(x)”2 + 2x(3*(a + b)*cosh(x)”2 - a)*sinh(x)72 + sq
rt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)"2 - 1)*sqrt(a + b)*sqrt(((a
+ b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x)
+ sinh(x)~2)) + 4%((a + b)*cosh(x)~3 - a*cosh(x))*sinh(x) + a + b)/(cosh(x)
2 + 2xcosh(x)*sinh(x) + sinh(x)~2)) - 2*sqrt(2)*(b*cosh(x)”~2 + 2*b*cosh(x)
*sinh(x) + b*sinh(x)72 + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a
+ b)/(cosh(x)”"2 - 2xcosh(x)*sinh(x) + sinh(x)~2)))/(b*cosh(x)~4 + 4x*xb*cosh
(x)*sinh(x) "3 + b*sinh(x)~4 - 2xb*cosh(x) "2 + 2*(3*b*cosh(x)~2 - b)*sinh(x)
~2 + 4*(b*cosh(x)~3 - b*xcosh(x))*sinh(x) + b), 1/4%(2*x((a + 2*b)*cosh(x)"4
+ 4x(a + 2*b)*cosh(x)*sinh(x)~3 + (a + 2%b)*sinh(x)~4 - 2x(a + 2%b)*cosh(x)

+

+
3

P+ o
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"2 + 2%(3*%(a + 2*b)*cosh(x)"2 - a - 2*b)*sinh(x)”"2 + 4x((a + 2*b)*cosh(x)”3
(a + 2xb)*cosh(x))*sinh(x) + a + 2*b)*sqrt(-b)*arctan(sqrt(2)*(cosh(x)~2
2xcosh(x)*sinh(x) + sinh(x)"2 + 1)*sqrt(-b)*sqrt(((a + b)*cosh(x)"2 + (a
b)*sinh(x)"2 - a + b)/(cosh(x)”"2 - 2*cosh(x)*sinh(x) + sinh(x)"2))/((a +
b)*cosh(x)~4 + 4*x(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)"4 - 2+(a - b)
*cosh(x) ™2 + 2*x(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4*x((a + b)*cosh(x)
"3 - (a - b)*cosh(x))*sinh(x) + a + b)) + (b*cosh(x)~4 + 4xb*cosh(x)*sinh(x
)73 + b*sinh(x)~4 - 2*b*cosh(x)~2 + 2*(3*b*cosh(x)”"2 - b)*sinh(x) "2 + 4x*(bx*
cosh(x)~3 - b*cosh(x))*sinh(x) + b)*sqrt(a + b)*log(((a*b~2 + b~3)*cosh(x)~
8 + 8*%(a*b™2 + b~ 3)*cosh(x)*sinh(x)~7 + (a*b”2 + b~3)*sinh(x)~8 + 2x(a*xb~2
+ 2x%b~3)*cosh(x) "6 + 2*(a*b”2 + 2*b~3 + 14x(a*b”™2 + b~3)*cosh(x) ~2)*sinh(x)
6 + 4x(14%(a*b”2 + b~3)*cosh(x)"3 + 3*(a*xb”2 + 2*b~3)*cosh(x))*sinh(x)"5 +
(273 - a™2xb + 4*a*b”2 + 6xb”~3)*cosh(x)"4 + (70*(a*xb”2 + b~3)*cosh(x)"4 +
a~3 - a”2*b + 4xa*xb”2 + 6xb~3 + 30*(a*b”2 + 2*b~3)*cosh(x)"2)*sinh(x)"4 + 4
*(14*(a*b”2 + b~3)*cosh(x)"5 + 10*(a*b”™2 + 2*b~3)*cosh(x)~3 + (a”3 - a"2*b
+ 4xaxb”2 + 6%b~3)*cosh(x))*sinh(x)”3 + a~3 + 3*a™2%b + 3*a*b™2 + b~3 - 2x(
a~3 - 3*a*b”2 - 2*xb~3)*cosh(x)”2 + 2% (14*x(a*b™2 + b~3)*cosh(x)"6 + 15*(axb”
2 + 2xb~3)*cosh(x)”4 - a”3 + 3*a*xb”2 + 2%b~3 + 3*x(a”3 - a”2*b + 4*axb”2 + 6
*b~3)*cosh(x) "2)*sinh(x) "2 + sqrt(2)*(b~2*cosh(x)~6 + 6*b~2*cosh(x)*sinh(x)
“5 + b"2*sinh(x)”"6 + 3*b~2*cosh(x) 4 + 3*(5*xb"2*xcosh(x)~2 + b~2)*sinh(x)"4
+ 4*x(5xb"2*cosh(x) "3 + 3*b~2*cosh(x))*sinh(x)~3 - (a2 - 2*a*b - 3*b~2)*cos
h(x)"2 + (15%b"2*cosh(x)"4 + 18*b"2*cosh(x)"2 - a”2 + 2*a*xb + 3*b~2)*sinh(x
)72 + a2 + 2*xaxb + b"2 + 2% (3*b"2*cosh(x)”5 + 6%xb"2*cosh(x)~3 - (a2 - 2*a
*b - 3%b~2)*cosh(x))*sinh(x))*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)
*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2)) + 4x(2x(ax
b"2 + b~3)*cosh(x)”7 + 3*(a*xb™2 + 2*b~3)*cosh(x)”5 + (a”3 - a"2xb + 4*axb™2
+ 6*b~3)*cosh(x)”3 - (a™3 - 3*a*xb™2 - 2*xb~3)*cosh(x))*sinh(x))/(cosh(x)”6
+ 6*cosh(x) " b*sinh(x) + 15*cosh(x) “4*sinh(x)~2 + 20*cosh(x) "3*sinh(x)"3 + 1
5%cosh(x) "2*sinh(x) "4 + 6*cosh(x)*sinh(x)”5 + sinh(x)~6)) + (b*cosh(x)"4 +
4xb*xcosh(x)*sinh(x) "3 + b*sinh(x)~4 - 2*b*cosh(x)~2 + 2*(3*b*cosh(x)”2 - b)
xsinh(x) "2 + 4*x(b*xcosh(x)~3 - b*cosh(x))*sinh(x) + b)*sqrt(a + b)*log(-((a
+ b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)~4 - 2*axcosh
(x)72 + 2%(3x(a + b)*cosh(x)”2 - a)*sinh(x)~2 + sqrt(2)*(cosh(x)~2 + 2*cosh
(x)*sinh(x) + sinh(x)72 - 1)*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*
sinh(x)"2 - a + b)/(cosh(x)"2 - 2%cosh(x)*sinh(x) + sinh(x)"2)) + 4x((a + b
)Y*cosh(x)~3 - a*cosh(x))*sinh(x) + a + b)/(cosh(x)~2 + 2*cosh(x)*sinh(x) +
sinh(x)72)) - 2*sqrt(2)*(b*cosh(x)~2 + 2xb*cosh(x)*sinh(x) + b*sinh(x)~2 +
b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)~2 - 2*cosh
(x)*sinh(x) + sinh(x)~2)))/(b*cosh(x)~4 + 4*b*cosh(x)*sinh(x)~3 + b*sinh(x)
~4 - 2%b*cosh(x)”2 + 2x(3%b*cosh(x)”2 - b)*sinh(x)~2 + 4*(b*cosh(x)~3 - bxc
osh(x))*sinh(x) + b), -1/4%x(2%(b*cosh(x)”4 + 4xb*xcosh(x)*sinh(x)~3 + b*sinh
(x)74 - 2%b*cosh(x)”2 + 2*x(3*bxcosh(x)”2 - b)*sinh(x)~2 + 4x(b*cosh(x)~3 -
b*xcosh(x))*sinh(x) + b)*sqrt(-a - b)*arctan(sqrt(2)*(b*cosh(x)~2 + 2xb*cosh
(x)*sinh(x) + b*sinh(x)"2 + a + b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (
a + b)*sinh(x)”"2 - a + b)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)"~2))/((ax

+ +
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b + b"2)*cosh(x)"4 + 4*(a*xb + b~2)*cosh(x)*sinh(x)”3 + (a*b + b~2)*sinh(x)”
4 - (a”2 - a*b - 2*¥b"2)*cosh(x)”"2 + (6x(a*b + b"2)*cosh(x)"2 - a~2 + a*b +
2xb"2)*sinh(x)~2 + a”2 + 2xa*b + b2 + 2x(2*x(a*xb + b~2)*cosh(x)"3 - (a"2 -
axb - 2*b~2)*cosh(x))*sinh(x))) + 2*(b*cosh(x)~4 + 4xb*cosh(x)*sinh(x)~3 +
b*sinh(x)~4 - 2%b*cosh(x) 2 + 2*(3*b*cosh(x)~2 - b)*sinh(x)~2 + 4*(bxcosh(x
)73 - b*cosh(x))*sinh(x) + b)x*sqrt(-a - b)*arctan(sqrt(2)*(cosh(x)~2 + 2xco
sh(x)*sinh(x) + sinh(x)72 - 1)*sqrt(-a - b)xsqrt(((a + b)*cosh(x)"2 + (a +
b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a + b)
*cosh(x)"4 + 4*x(a + b)*cosh(x)*sinh(x)”3 + (a + b)*sinh(x)”4 - 2*x(a - b)*co
sh(x)"2 + 2x(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4*((a + b)*cosh(x)~3
- (a - b)*cosh(x))*sinh(x) + a + b)) - ((a + 2*xb)*cosh(x)"4 + 4*x(a + 2*b)*c
osh(x)*sinh(x)~"3 + (a + 2*b)*sinh(x)"4 - 2*(a + 2xb)*cosh(x)"2 + 2*x(3*(a +
2*%b)*cosh(x)"2 - a - 2*b)*sinh(x)~2 + 4*((a + 2*b)*cosh(x)”3 - (a + 2%b)*co
sh(x))*sinh(x) + a + 2xb)*sqrt(b)*log(-((a + 2*b)*cosh(x)~4 + 4*x(a + 2%b)*c
osh(x)*sinh(x)~3 + (a + 2%b)*sinh(x)"4 - 2*x(a - 2xb)*cosh(x)"2 + 2x(3*x(a +
2¥b)*cosh(x) "2 - a + 2%b)*sinh(x)~2 - 2*sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh
(x) + sinh(x)72 + 1)*sqrt(b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 -
a + b)/(cosh(x)"2 - 2*xcosh(x)*sinh(x) + sinh(x)~2)) + 4x((a + 2*b)*cosh(x)”
3 - (a - 2*b)*cosh(x))*sinh(x) + a + 2%b)/(cosh(x)”4 + 4xcosh(x)*sinh(x)~3
+ sinh(x)~4 + 2x(3*cosh(x)~2 - 1)*sinh(x)~2 - 2*cosh(x)~2 + 4*(cosh(x)~3 -
cosh(x))*sinh(x) + 1)) + 2xsqrt(2)*(b*cosh(x) "2 + 2*b*cosh(x)*sinh(x) + bx*s
inh(x)72 + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)
"2 - 2%cosh(x)*sinh(x) + sinh(x)"2)))/(b*cosh(x)~4 + 4*b*cosh(x)*sinh(x)"3
+ bxsinh(x)~4 - 2%b*cosh(x)~2 + 2*(3*b*cosh(x)”2 - b)*sinh(x)~2 + 4x(b*cosh
(x)73 - b*cosh(x))*sinh(x) + b), -1/2*((b*cosh(x)~4 + 4xb*cosh(x)*sinh(x)~3
+ b*sinh(x)~4 - 2*bxcosh(x) 2 + 2*(3*b*cosh(x)~2 - b)*sinh(x)~2 + 4*x(b*cos
h(x)~3 - b*cosh(x))*sinh(x) + b)*sqrt(-a - b)*arctan(sqrt(2)*(b*cosh(x)~2 +
2xb*cosh(x)*sinh(x) + b*sinh(x)"2 + a + b)*sqrt(-a - b)*sqrt(((a + b)*cosh
(x)72 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)
~2))/((a*b + b~2)*cosh(x)"4 + 4*x(axb + b~2)*cosh(x)*sinh(x)"3 + (a*xb + b~2)
*sinh(x)"4 - (2”2 - a*xb - 2%b~2)*cosh(x)”2 + (6x(a*xb + b~2)*cosh(x)"2 - a2
+ axb + 2*b72)*sinh(x)”2 + a”2 + 2*a*xb + b~2 + 2*%(2x(axb + b~2)*cosh(x)~3
- (a2 - axb - 2*b"2)*cosh(x))*sinh(x))) + (b*cosh(x)~4 + 4*b*cosh(x)*sinh(
x)73 + bxsinh(x)~4 - 2*b*cosh(x)~2 + 2*(3*bxcosh(x)”2 - b)*sinh(x)~2 + 4x*(b
xcosh(x)~3 - b*cosh(x))*sinh(x) + b)*sqrt(-a - b)*arctan(sqrt(2)*(cosh(x)~2
+ 2%cosh(x)*sinh(x) + sinh(x)~2 - 1)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)~2
+ (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2xcosh(x)*sinh(x) + sinh(x)~2))/(
(a + b)*cosh(x)"4 + 4*x(a + b)*cosh(x)*sinh(x)”"3 + (a + b)*sinh(x)"4 - 2*(a
- b)*cosh(x)"2 + 2%(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4x((a + b)*cos
h(x)"3 - (a - b)*cosh(x))*sinh(x) + a + b)) - ((a + 2%b)*cosh(x)~4 + 4x(a +
2%b)*cosh(x)*sinh(x)~3 + (a + 2*b)*sinh(x)~4 - 2x(a + 2%b)*cosh(x)~2 + 2% (
3*x(a + 2*b)*cosh(x)"2 - a - 2*b)*sinh(x)~2 + 4*((a + 2*b)*cosh(x)"3 - (a +
2*¥b)*cosh(x))*sinh(x) + a + 2%b)*sqrt(-b)*arctan(sqrt(2)*(cosh(x)~2 + 2*cos
h(x)*sinh(x) + sinh(x)7"2 + 1)*sqrt(-b)*sqrt(((a + b)*cosh(x)”2 + (a + b)*si
nh(x)"2 - a + b)/(cosh(x)"2 - 2%cosh(x)*sinh(x) + sinh(x)"2))/((a + b)*cosh
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(x)74 + 4%(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)~"4 - 2x(a - b)*cosh(x)
"2 + 2%(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4*x((a + b)*cosh(x)"3 - (a
- b)*cosh(x))*sinh(x) + a + b)) + sqrt(2)*(b*cosh(x)~2 + 2xb*cosh(x)*sinh(x
) + b*xsinh(x)~2 + b)*sqrt(((a + b)*cosh(x)”"2 + (a + b)*sinh(x)"2 - a + b)/(
cosh(x)72 - 2*cosh(x)*sinh(x) + sinh(x)~2)))/(b*cosh(x)~4 + 4xb*cosh(x)*sin
h(x)~"3 + bxsinh(x)~4 - 2*b*cosh(x)”~2 + 2*(3*b*cosh(x)”2 - b)*sinh(x)"2 + 4%
(b*cosh(x) "3 - b*cosh(x))*sinh(x) + b)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x) "2x(atb*coth(x)~2)~(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(exp
(2xx)-1)]Evaluation time: 1.66Error: Bad Argument Type

maple [B] time = 0.10, size = 276, normalized size = 3.25

coth()Ja + b (coth®()) aln (VB coth() + yla +b (coth’) ) \flcothr) ~ 176+ 2 (cothr) -1 b+

2 2/b 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x) 2% (a+b*xcoth(x)~2)"(1/2),x)

[Out] -1/2*coth(x)*(a+b*xcoth(x)~2)~(1/2)-1/2*a/b~(1/2)*1n(b~(1/2)*coth(x)+(a+b*co
th(x)~2)7(1/2))-1/2*((coth(x)-1) "2%b+2x (coth(x) -1) *b+a+b) ~(1/2)-1/2%b~ (1/2)
*1n(((coth(x)-1)*b+b) /b~ (1/2)+((coth(x)-1) "2*xb+2* (coth(x)-1) *b+a+b) ~(1/2) )+
1/2%(a+b) ~(1/2) *1n((2*a+2*xb+2* (coth (x) —-1) ¥*b+2* (a+b) ~(1/2) *((coth(x)-1) "2xb+

2% (coth(x)-1)*b+a+b) " (1/2))/(coth(x)-1))+1/2%((1+coth(x)) "2*b-2% (1+coth(x))
*b+a+b) " (1/2)-1/2*b~(1/2) *1n(((1+coth(x) ) *b-b) /b~ (1/2)+((1+coth(x)) ~2*xb—2*(
1+coth(x))*b+a+b) ~(1/2))-1/2*x(a+b) ~(1/2) *1n((2*a+2*xb-2*% (1+coth(x) ) *b+2* (a+b

)7 (1/2)*%((1+coth(x) ) "2*b-2* (1+coth(x) ) *b+a+b) ~(1/2) )/ (1+coth(x)))

maxima [F] time = 0.00, size = 0, normalized size = 0.00
f vbcoth(x)2 + a coth(x)? dx

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(coth(x) ~2x(atb*coth(x)~2)~(1/2),x, algorithm="maxima"
[Out] integrate(sqrt(b*coth(x)~2 + a)*coth(x)~2, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f coth(x)? \/b coth(x)® + a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)~2*(a + b*coth(x)~2)~(1/2),x)
[Out] int(coth(x)~2%(a + b*coth(x)~"2)~(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f \Ja + beoth? (x) coth? (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)**2*(atb*coth(x)**2)**(1/2),x)

[Out] Integral(sqrt(a + b*coth(x)**2)*coth(x)**2, x)
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3.18 f coth(x)\/ a+b cothz(x) dx

Optimal. Leaf size=44

\Ja + beoth?(x)
Va +b tanh™ — \Ja + beoth?(x)

Va+b

[Out] arctanh((a+b*coth(x)~2)~(1/2)/(a+b)~(1/2))*(a+b)~(1/2)-(atb*coth(x)~2)"(1/2
)

Rubi [A] time = 0.08, antiderivative size = 44, normalized size of antiderivative = 1.00,

. ] number of rules
number of steps used = 5, number of rules used = 5, integrand size = 15, ——— =

0.333, Rules used = {3670, 444, 50, 63, 208}

integrand size

\a+ bcothz(x) 5
—4/a + bcoth”(x)

Va+b

1+ Db tanh™!

Antiderivative was successfully verified.
[In] Int[Coth[x]*Sqrtl[a + b*Coth[x]~2],x]

[Out] Sqrtla + bl*ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrt[a + b]] - Sqrt[a + b*Coth[x]
~2]

Rule 50

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(@ + bxx)"(m + 1)*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(n*x(bxc - a*d))/
(bx¥(m + n + 1)), Int[(a + b*x)"m*x(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, O] && NeQ[m + n + 1, 0] && !'(IGtQ
[m, 0] & ( 'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + b*xx)~(1/p)], x]1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[la, b, c, d, m, n, x]

Rule 208
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 444

Int[(x_)"(m_.)*x((a_) + (b_)*(x_)"(n_))"(p_.)*((c_) + (d_)*x(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*(c + d*x)~q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] & NeQ[b*c - a*d, 0] && EqQ[m - n +
1, 0]

Rule 3670

Int[((d_.)*tan[(e_.) + (f£_.)*(x_)1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*xD1)" ()" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) mx(a + bx(ff*x)™n)"p)/(c”2 + £
f~2xx~2), x], x, (cxTanl[e + f*x])/ff]l, x]1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps

Vi + bx2
f coth(x)\/a + b cothz(x) dx = Subst ( f % dx, x, coth(x)]

:—Subs [IW

dx, x, coth? (x)]

= —Ja +beoth?(x) + (a +b) Subst( dx, x, cothz(x)J

- x)\/a + bx
f 5 dx, x,\Ja + bcothz(x)]

= —yJa + beoth?(x) +

(a+Db) Subst(
5_7

\a+ b coth? (%)
=Va+btanh™! —+/a + beoth?(x)

Va+b

Mathematica [A] time = 0.03, size = 44, normalized size = 1.00

\Ja + beoth?(x)
Va+b tanh™ —AJa+b cothz(x)

Va+b
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Antiderivative was successfully verified.

[In] Integrate[Coth[x]*Sqrtla + b*Coth[x]~2],x]

[Out] Sqrtla + b]*ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrtl[a + bl] - Sqrtla + b*Cothl[x]
~2]

fricas [B] time = 0.48, size = 1551, normalized size = 35.25

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)*(atb*coth(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/4%((cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2 - 1)*sqrt(a + b)*log(-((a~
3 + a"2*b)*cosh(x)"8 + 8+(a”"3 + a"2*b)*cosh(x)*sinh(x)"7 + (2”3 + a~2xb)*si
nh(x)~8 - 2x(2*a”3 + a"2*b)*cosh(x)"6 - 2*%(2*¥a”3 + a~2%b - 14*x(a”3 + a~2*b)
*cosh(x)"2)*sinh(x) 76 + 4x(14*x(a”3 + a~2*b)*cosh(x)~3 - 3*(2*¥a~3 + a~2*b)*c
osh(x))*sinh(x)~5 + (6*xa~3 + 4*a”2*b - a*b”™2 + b~ 3)*cosh(x)"4 + (70x(a~3 +
a~2xb)*cosh(x)”"4 + 6*a~3 + 4*a”2+b - a*b”™2 + b~3 - 30%(2*¥a~3 + a~2x*b)*cosh(
x)"2)*sinh(x)~4 + 4%(14*%(a"3 + a~2*b)*cosh(x)~5 - 10*%(2*a”~3 + a~2*b)*cosh(x
)73 + (6%¥a”3 + 4*xa”2xb - a*b”2 + b~3)*cosh(x))*sinh(x)~3 + a3 + 3*a~2*b +
3*¥axb”2 + b"3 - 2x(2*a”3 + 3*xa"2*b - b~3)*cosh(x) "2 + 2x(14*(a”3 + a~2x*b)*c
osh(x)~6 - 15%(2*a”~3 + a~2*b)*cosh(x)”4 - 2*a~3 - 3*a~2%b + b3 + 3*(6*a~3
+ 4%a”2%b - a*b”2 + b~ 3)*cosh(x)"2)*sinh(x)~2 + sqrt(2)*(a”2*cosh(x)~6 + 6%
a~2*cosh(x)*sinh(x)~5 + a~2*sinh(x)~6 - 3*a"2*xcosh(x)~4 + 3*(5xa"2*cosh(x)”
2 - a”2)*sinh(x)"4 + 4x(5%a"2*cosh(x)”3 - 3*a"2*cosh(x))*sinh(x)~"3 + (3*a”2
+ 2*%axb - b~2)*cosh(x)~2 + (15%a"2*cosh(x)~4 - 18*a"2*cosh(x)"2 + 3*a”2 +
2%axb - b"2)*sinh(x)"2 - a2 - 2*a*b - b~2 + 2x(3*a"2*cosh(x)”5 - 6*a”~2*cos
h(x)~3 + (3*¥a”2 + 2%axb - b~2)*cosh(x))*sinh(x))*sqrt(a + b)*sqrt(((a + b)*
cosh(x)72 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sin
h(x)~2)) + 4%(2+x(a”3 + a"2*b)*cosh(x)”~7 - 3*(2*a”3 + a"2*b)*cosh(x)~5 + (6%
a"3 + 4*%a”2xb - a*b”2 + b~3)*cosh(x)"3 - (2*xa”3 + 3*a”"2*b - b~3)*cosh(x))*s
inh(x))/(cosh(x)”6 + 6*cosh(x) "5*sinh(x) + 15%cosh(x) "4*sinh(x)~2 + 20*cosh
(x)"3*sinh(x) "3 + 15*cosh(x) "2*sinh(x) "4 + 6*cosh(x)*sinh(x)~5 + sinh(x)~6)
) + (cosh(x)"2 + 2*cosh(x)*sinh(x) + sinh(x)~2 - 1)*sqrt(a + b)*log(((a + b
Yxcosh(x)"4 + 4*(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)~4 + 2*b*cosh(x)
~2 + 2%(3*(a + b)*cosh(x)”"2 + b)*sinh(x)~2 + sqrt(2)*(cosh(x)~2 + 2*cosh(x)
*sinh(x) + sinh(x)72 + 1)*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sin
h(x)~"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 4*x((a + b)*c
osh(x)~3 + b*cosh(x))*sinh(x) + a + b)/(cosh(x)"2 + 2*cosh(x)*sinh(x) + sin
h(x)"2)) - 4xsqrt(2)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(
cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2)))/(cosh(x)”"2 + 2*cosh(x)*sinh(x)
+ sinh(x)"2 - 1), -1/2x((cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)7"2 - 1)*sq
rt(-a - b)*arctan(sqrt(2)*(axcosh(x)~2 + 2*axcosh(x)*sinh(x) + a*sinh(x)~2
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- a - b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/
(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2))/((a"2 + ax*b)*cosh(x)"4 + 4*x(a”
2 + axb)*cosh(x)*sinh(x)~3 + (a2 + a*b)*sinh(x)~4 - (2*¥a”2 + a*b - b~2)*co
sh(x)"2 + (6x(a”2 + axb)*cosh(x)”2 - 2*a”2 - axb + b~2)*sinh(x)"2 + a”2 + 2
*axb + b72 + 2x(2x(a”2 + a*b)*cosh(x)”3 - (2*a"2 + a*b - b~2)*cosh(x))*sinh
(x))) + (cosh(x)72 + 2*cosh(x)*sinh(x) + sinh(x)~2 - 1)*sqrt(-a - b)*arctan
(sqrt(2)*(cosh(x)~"2 + 2xcosh(x)*sinh(x) + sinh(x)"2 + 1)*sqrt(-a - b)*sqrt(
((a + b)*cosh(x)”"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh
(x) + sinh(x)72))/((a + b)*cosh(x)"4 + 4*x(a + b)*cosh(x)*sinh(x)"3 + (a + b
Yxsinh(x)~4 - 2%(a - b)*cosh(x)"2 + 2%(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)
2 + 4x((a + b)*cosh(x)"3 - (a - b)*cosh(x))*sinh(x) + a + b)) + 2*sqrt(2)*
sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)”"2 - a + b)/(cosh(x)"2 - 2xcosh(x)
*sinh(x) + sinh(x)~2)))/(cosh(x)"2 + 2*cosh(x)*sinh(x) + sinh(x)"2 - 1)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)*(atb*xcoth(x)~2)~(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ; OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(exp
(2%x)-1)]Evaluation time: 0.75Error: Bad Argument Type

maple [B] time = 0.09, size = 238, normalized size = 5.41

(coth(x)-1)b+b
\/(coth(x) ~1%b+2(coth(x) - 1)b+a+b Vb In (T

2 2

+ \/ (coth(x) =1)*b + 2 (coth(x) — 1) b+ a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)*(atb*coth(x)~2)"(1/2),x%)

[Out] -1/2*((coth(x)-1)"2%b+2*(coth(x)-1)*b+a+b)~(1/2)-1/2%b~(1/2)*1n(((coth(x)-1
)*b+b) /b~ (1/2)+((coth(x)-1) "2*b+2* (coth(x) -1) *b+a+b) ~(1/2) )+1/2*x(a+b) ~(1/2)

*1n ((2*a+2*xb+2* (coth (x) -1) *b+2* (a+b) ~(1/2) *((coth(x)-1) "2xb+2* (coth(x)-1) *b

+a+b) " (1/2))/(coth(x)-1))-1/2*%((1+coth(x)) "2*b-2% (1+coth(x) ) *b+a+b) ~(1/2)+1
/2¥b~(1/2)*1n(((1+coth(x))*b-b) /b~ (1/2)+((1+coth(x)) "2*b-2* (1+coth(x) ) *b+a+
b)~(1/2))+1/2%(a+b) " (1/2) *In((2*a+2*xb-2* (1+coth(x) ) *b+2*x(a+b) ~(1/2) * ((1+cot

h(x)) "2*xb-2* (1+coth(x)) *b+a+b) " (1/2))/(1+coth(x)))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f Vb coth(x)? + a coth(x) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)*(atb*coth(x)~2)7(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(b*coth(x)~2 + a)*coth(x), x)

time = 1.62, size = 51, normalized size = 1.16

2 yJboth()? +a -2 -

—+/beoth(x)® +a - 2at
bcoth(x)” +a atan 7

Verification of antiderivative is not currently implemented for this CAS.

mupad [B]

AN
| o

[In] int(coth(x)*(a + bxcoth(x)~2)"(1/2),x)

[Out] - (a + bxcoth(x)~2)~(1/2) - 2*atan((2*(a + b*coth(x)~2)~(1/2)*(- a/4 - b/4)
~(1/2))/(a + b))*(- a/4 - b/4)~(1/2)

time = 0.00, size = 0, normalized size = 0.00

f \Ja + bcoth? (x) coth (x) dx

Verification of antiderivative is not currently implemented for this CAS.

sympy [F]

[In] integrate(coth(x)*(atb*xcoth(x)**2)**(1/2),x)

[Out] Integral(sqrt(a + b*coth(x)**2)*coth(x), x)
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3.19 f \/ a+b cothz(x) dx

Optimal. Leaf size=60

Va +b tanh™! a+bcoth() | _ b tanh! Vb coth(x)
a + bcoth®(x) a + b coth®(x)

[Out] -arctanh(coth(x)*b~(1/2)/(a+b*xcoth(x)~2)"(1/2))*b~(1/2)+arctanh(coth(x)*(a+
b)~(1/2)/(a+b*coth(x)~2)~(1/2))*(a+b)~(1/2)

Rubi [A] time = 0.05, antiderivative size = 60, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 6, number of rules used = 5, integrand size = 12, — =

0.417, Rules used = {3661, 402, 217, 206, 377}

integrand size

Va + b coth(x) b tanh™! Vb coth(x)

\Ja + beoth?(x) \Ja + beoth?(x)

Antiderivative was successfully verified.

a+Dbtanh !

[In] Int[Sqrt[a + b*Coth[x]~2],x]

[Out] -(Sqrt[b]*ArcTanh[(Sqrt[b]*Coth[x])/Sqrtla + b*Coth[x]~2]]) + Sqrt[a + b]*A
rcTanh[(Sqrt[a + b]l*Coth[x])/Sqrt[a + b*Coth[x]~2]]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQl[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
X, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 377

Int[((a_) + (b_.)*x(x_)"(n_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] &% NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 402
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Int[((a_) + (b_.)*(x_)"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Dist[b/
d, Int[(a + b*x"2)"(p - 1), x], x] - Dist[(bxc - axd)/d, Int[(a + bxx"2)"(p
- 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - a*xd, 0] &&
GtQlp, 0] && (EqQlp, 1/2] || EqQ[Denominator[p], 41)

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ffxx)"n)"p/(c”2 + ££72xx72), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, p] || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps
b 2
f\/a+bcoth ) dx—Subst[ NaTOE awx, coth(x))
( b)Sbtf ! dx, x, coth(x) bSbt(f L
= —|(-a - b)Subs x, x, coth(x) || = b Subs —dx
(1 —xz) Va + bx? Va + bx?
1 th 1
= _|(-a - b)Subst fl_ . coth(@) — bSubst fmdx
(a+b)x a + b coth?(x) X

- Vit Yocoth® | e | Vat b coth(x)

b
\Ja + b coth?(x) \Ja + b coth?(x)

Mathematica [B] time = 0.22, size = 137, normalized size = 2.28
1
5 (—2\/5 log (\/E \a +beoth?(x) + bcoth(x)) —Va+blog (\/a + brJa+ beoth?(x) +a— bcoth(x)) +Va

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Coth[x]~2],x]

[Out] (-(Sqrtl[a + b]*Log[l - Coth[x]]) + Sqrt[a + b]xLog[l + Coth[x]] - 2*Sqrt[b]
*xLog [b*Coth[x] + Sqrt[bl*Sqrt[a + b*Coth[x]~2]] - Sqrtl[a + bl*Logla - b*Cot

h[x] + Sqrtla + b]*Sqrt[a + b*Coth[x]~2]] + Sqrt[a + bl*Logla + bxCoth[x] +
Sqrt[a + bl*Sqrt[a + b*Coth[x]~2]])/2
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fricas [B] time = 0.59, size = 3455, normalized size = 57.58

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/4x*sqrt(a + b)*log(((a*xb™2 + b~3)*cosh(x)~8 + 8*(axb™2 + b~3)*cosh(x)*sin
h(x)~7 + (a*b™2 + b~3)*sinh(x) "8 + 2*(a*b”2 + 2*b~3)*cosh(x)”6 + 2*x(a*xb”2 +
2%b"3 + 14*x(a*xb”2 + b~3)*cosh(x)"2)*sinh(x)"6 + 4*(14*(a*b”2 + b~3)*cosh(x
)73 + 3*x(axb”2 + 2#b~3)*cosh(x))*sinh(x)”5 + (a”3 - a™2*b + 4*xa*xb™2 + 6xb~3
)*cosh(x)~4 + (70*%(a*b”2 + b~3)*cosh(x)™4 + a~3 - a”™2*b + 4xaxb”™2 + 6%b~3 +
30*(a*b™2 + 2*b~3)*cosh(x)~2)*sinh(x) "4 + 4*x(14x(a*b”2 + b~ 3)*cosh(x)”5 +
10*x(a*xb~2 + 2%b~3)*cosh(x)”"3 + (a”3 - a™2%b + 4*xa*xb”™2 + 6*b~3)*cosh(x))*sin
h(x)~"3 + a”3 + 3*a”2*%b + 3*a*xb”2 + b™3 - 2*(a”3 - 3*a*b”2 - 2*xb~3)*cosh(x)”
2 + 2x(14*(a*xb”2 + b~3)*cosh(x)”6 + 15x(a*xb”™2 + 2xb~3)*cosh(x)"4 - a3 + 3%
a*xb”™2 + 2%b73 + 3%(a”3 - a"2*b + 4*axb”2 + 6*%b~3)*cosh(x)"2)*sinh(x)"2 + sq
rt(2)*(b"2*cosh(x) "6 + 6%b~2*cosh(x)*sinh(x)~5 + b~2*sinh(x)~6 + 3*b~2xcosh
(x)74 + 3*%(5*b"2*cosh(x)”"2 + b~ 2)*sinh(x) "4 + 4*x(5*xb~2xcosh(x)~3 + 3*b~2*co
sh(x))*sinh(x)~"3 - (a”2 - 2*a*b - 3*b~2)*cosh(x)"2 + (15%b~2*cosh(x)"4 + 18
*b~2*cosh(x) "2 - a2 + 2%axb + 3*b~2)*sinh(x)”2 + a”2 + 2*a*xb + b~2 + 2%(3%
b~2*cosh(x)~5 + 6%b~2*cosh(x)”3 - (a”2 - 2%axb - 3*b~2)*cosh(x))*sinh(x))*s
grt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x) "2
- 2xcosh(x)*sinh(x) + sinh(x)72)) + 4*x(2x(a*b”2 + b~ 3)*cosh(x)”7 + 3*(a*xb~2
+ 2*%b73)*cosh(x)”5 + (a”3 - a™2*b + 4*a*xb™2 + 6%b~3)*cosh(x)”"3 - (a”3 - 3%
axb”2 - 2*b~"3)*cosh(x))*sinh(x))/(cosh(x)”"6 + 6*xcosh(x) 5*sinh(x) + 15%cosh
(x)"4*xsinh(x) "2 + 20*cosh(x) " 3*sinh(x)~3 + 15%cosh(x) " 2*sinh(x)~4 + 6*cosh(
x)*sinh(x) 75 + sinh(x)76)) + 1/2*sqrt(b)*log(-((a + 2xb)*cosh(x)~4 + 4x(a +
2%b)*cosh(x)*sinh(x)~3 + (a + 2*b)*sinh(x)~4 - 2x(a - 2%b)*cosh(x)”2 + 2% (
3x(a + 2xb)*cosh(x)”2 - a + 2*b)*sinh(x)"2 - 2*sqrt(2)*(cosh(x)~2 + 2*cosh(
x)*sinh(x) + sinh(x)72 + 1)*sqrt(b)*sqrt(((a + b)*cosh(x)~2 + (a + b)*sinh(
x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)72)) + 4*((a + 2*b)*c
osh(x)~3 - (a - 2*b)*cosh(x))*sinh(x) + a + 2*b)/(cosh(x)~4 + 4*cosh(x)*sin
h(x)"3 + sinh(x)"4 + 2*%(3*cosh(x)”"2 - 1)*sinh(x)~2 - 2*cosh(x)~2 + 4x(cosh(
x)73 - cosh(x))*sinh(x) + 1)) + 1/4xsqrt(a + b)*log(-((a + b)*cosh(x)"4 + 4
*(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)~4 - 2*a*cosh(x)"2 + 2x(3*(a +
b)*cosh(x) "2 - a)*sinh(x)~2 + sqrt(2)*(cosh(x)”2 + 2*cosh(x)*sinh(x) + sinh
(x)72 - Dx*sqgrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)
/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 4x((a + b)*cosh(x)~3 - axco
sh(x))*sinh(x) + a + b)/(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2)), sqrt(
-b)*arctan(sqrt(2)*(cosh(x) "2 + 2*cosh(x)*sinh(x) + sinh(x)~2 + 1)*sqrt(-b)
xsqrt (((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x
)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)"3 +
(a + b)*sinh(x)"4 - 2*(a - b)*cosh(x)"2 + 2*(3*(a + b)*cosh(x)"2 - a + b)*s
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inh(x)"2 + 4*%((a + b)*cosh(x)"3 - (a - b)*cosh(x))*sinh(x) + a + b)) + 1/4%
sqrt(a + b)*log(((a*b”™2 + b~3)*cosh(x)~8 + 8*(axb”2 + b~3)*cosh(x)*sinh(x)~
7 + (a*xb”™2 + b~3)*sinh(x) "8 + 2*x(a*b™2 + 2xb~3)*cosh(x)"6 + 2*(a*xb”2 + 2*b~
3 + 14x(a*b”™2 + b~ 3)*cosh(x) "2)*sinh(x)~"6 + 4x(14*(a*b”2 + b~ 3)*cosh(x)~3 +
3*x(a*xb”™2 + 2*xb~3)*cosh(x))*sinh(x)”5 + (a”3 - a™2%b + 4*a*b”2 + 6*b~3)*cos
h(x)~4 + (70%(a*b”2 + b~3)*cosh(x)"4 + a3 - a"2*b + 4*axb”2 + 6+%b~3 + 30%*(
axb”2 + 2*b~3)*cosh(x)"2)*sinh(x) "4 + 4*x(14*x(a*b”2 + b~3)*cosh(x)”5 + 10*(a
*b~2 + 2*%b~3)*cosh(x)”3 + (2”3 - a™2%b + 4*a*b”2 + 6*b~3)*cosh(x))*sinh(x)”~
3 + a”3 + 3*%a"2%b + 3*a*b”2 + b”3 - 2%(a”3 - 3*a*b”2 - 2*xb~3)*cosh(x)”"2 + 2
*(14*(a*b”2 + b~3)*cosh(x)"6 + 15%(a*b”™2 + 2*b~3)*cosh(x)”4 - a3 + 3*a*xb~2
+ 2+%b73 + 3x(a”3 - a”2*b + 4xa*xb”2 + 6%xb~3)*cosh(x)"2)*sinh(x)”"2 + sqrt(2)
* (b~ 2%cosh(x) "6 + 6xb~2*xcosh(x)*sinh(x)”5 + b™2*sinh(x)"6 + 3*b~2*cosh(x) 4
+ 3% (5*b~2*cosh(x) "2 + b™2)*sinh(x) "4 + 4x(5xb~2*cosh(x)”~3 + 3*b~2*cosh(x)
)xsinh(x)~3 - (a2 - 2*axb - 3%*b~2)*cosh(x)”2 + (15*b~2xcosh(x) "4 + 18*b~2x*
cosh(x)72 - a™2 + 2*a*xb + 3*b72)*sinh(x)"2 + a2 + 2*xaxb + b~2 + 2% (3*b~2x*c
osh(x)~5 + 6%b"2%cosh(x)”3 - (a”2 - 2*xaxb - 3*b~2)*cosh(x))*sinh(x))*sqrt(a
+ b)*sqrt(((a + b)*cosh(x)”"2 + (a + b)*sinh(x)”2 - a + b)/(cosh(x)~2 - 2x*c
osh(x)*sinh(x) + sinh(x)72)) + 4x(2*(a*xb”2 + b~3)*cosh(x)~7 + 3*x(a*xb”2 + 2%
b~3)*cosh(x)~5 + (a™3 - a™2*b + 4*a*xb~2 + 6%b~3)*cosh(x)”"3 - (a~3 - 3*ax*xb~2
- 2*%b73)*cosh(x))*sinh(x))/(cosh(x) "6 + 6*xcosh(x) 5*sinh(x) + 15*cosh(x)~4
*3inh(x) "2 + 20*cosh(x)~3*sinh(x) "3 + 15*%cosh(x) 2*sinh(x)~4 + 6*cosh(x)*si
nh(x)"5 + sinh(x)76)) + 1/4xsqrt(a + b)*log(-((a + b)*cosh(x)"4 + 4x(a + b)
*cosh(x)*sinh(x)”"3 + (a + b)*sinh(x)"4 - 2*a*cosh(x)"2 + 2%(3*(a + b)*cosh(
x)72 - a)*sinh(x) "2 + sqrt(2)*(cosh(x)~2 + 2xcosh(x)*sinh(x) + sinh(x)"2 -
1)*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x
)72 - 2%cosh(x)*sinh(x) + sinh(x)72)) + 4*((a + b)*cosh(x)~3 - a*cosh(x))*s
inh(x) + a + b)/(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2)), -1/2xsqrt(-a
- b)*arctan(sqrt(2) *(b*cosh(x) "2 + 2%b*cosh(x)*sinh(x) + b*sinh(x)"2 + a +
b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)~2 + (a + b)*sinh(x)"2 - a + b)/(cosh(
x)72 - 2xcosh(x)*sinh(x) + sinh(x)~2))/((a*b + b"2)*cosh(x)~4 + 4x(a*xb + b~
2)*cosh(x)*sinh(x)~3 + (a*b + b"2)*sinh(x)"4 - (a”2 - a*b - 2*b~2)*cosh(x)”
2 + (6x(a*xb + b"2)*cosh(x)"2 - a2 + axb + 2*b"2)*sinh(x)"2 + a~2 + 2*axb +
b~2 + 2x(2*(a*xb + b"2)*cosh(x)"3 - (a”2 - a*b - 2*b"2)*cosh(x))*sinh(x)))
- 1/2xsqrt(-a - b)*arctan(sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~
2 - 1)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)~"2 + (a + b)*sinh(x)"2 - a + b)/(c
osh(x) "2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)"4 + 4*x(a + b)x*c
osh(x)*sinh(x)~"3 + (a + b)*sinh(x)"4 - 2*(a - b)*cosh(x)"2 + 2*x(3*(a + b)*c
osh(x)"2 - a + b)*sinh(x)"2 + 4*((a + b)*cosh(x)~3 - (a - b)*cosh(x))*sinh(
X) + a + b)) + 1/2xsqrt(b)*log(-((a + 2*b)*cosh(x)~4 + 4*x(a + 2%b)*cosh(x)*
sinh(x)~3 + (a + 2*b)*sinh(x)”"4 - 2x(a - 2*b)*cosh(x)~2 + 2%(3x(a + 2*b)*co
sh(x)~2 - a + 2*b)*sinh(x) "2 - 2*sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x) + s
inh(x)72 + 1)*sqrt(b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/
(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 4*x((a + 2*b)*cosh(x)”3 - (a
- 2%b)*cosh(x))*sinh(x) + a + 2%b)/(cosh(x)”"4 + 4xcosh(x)*sinh(x)~3 + sinh(
x)74 + 2x(3*cosh(x)"2 - 1)*sinh(x)~2 - 2xcosh(x)~2 + 4*(cosh(x)~3 - cosh(x)
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)*sinh(x) + 1)), -1/2*sqrt(-a - b)*arctan(sqrt(2)*(b*cosh(x)~2 + 2xb*cosh(x
)*sinh(x) + b*sinh(x)~2 + a + b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a
+ b)*sinh(x)"2 - a + b)/(cosh(x)~"2 - 2xcosh(x)*sinh(x) + sinh(x)~2))/((axb
+ b"2)*cosh(x)~4 + 4x(axb + b~2)*cosh(x)*sinh(x)~3 + (a*b + b~2)*sinh(x)~4
- (a2 - a*b - 2*b"2)*cosh(x)"2 + (6x(a*b + b~2)*cosh(x)"2 - a2 + a*xb + 2x
b~2)*sinh(x) "2 + a”2 + 2xa*b + b2 + 2% (2x(a*xb + b~2)*cosh(x)"3 - (a2 - ax
b - 2xb~2)*cosh(x))*sinh(x))) - 1/2xsqrt(-a - b)*arctan(sqrt(2)*(cosh(x)~2
+ 2*%cosh(x)*sinh(x) + sinh(x)72 - 1)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)”2 +
(a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((
a + b)*cosh(x)”"4 + 4x(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)"4 - 2*x(a -
b)*cosh(x)"2 + 2%(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)”"2 + 4x((a + b)*cosh
(x)73 - (a - b)*cosh(x))*sinh(x) + a + b)) + sqrt(-b)*arctan(sqrt(2)*(cosh(
X)72 + 2xcosh(x)*sinh(x) + sinh(x)~2 + 1)*sqrt(-b)*sqrt(((a + b)*cosh(x)~2
+ (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/(
(a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)~"3 + (a + b)*sinh(x)"4 - 2*(a
- b)*cosh(x)~2 + 2*x(3*x(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4*x((a + b)*cos
h(x)"3 - (a - b)*cosh(x))*sinh(x) + a + b))]

giac [B] time = 0.74, size = 262, normalized size = 4.37

Va+be@¥) -V ae®2) 1he ) -2 629 42 he@¥) 1 g+ —Va+b

2V —Va+b 10g(|(\/a+be(2x)—\/ae(4x) + beld¥) —

4 barctan (—

2 N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)~2)~(1/2),x, algorithm="giac")

[Out] 1/2%(4*bxarctan(-1/2*(sqrt(a + b)*e”(2xx) - sqrt(a*xe” (4*xx) + bxe”(4*x) - 2%
axe” (2xx) + 2xb*e”(2xx) + a + b) - sqrt(a + b))/sqrt(-b))/sqrt(-b) - sqrt(a

+ b)*xlog(abs((sqrt(a + b)*e~(2xx) - sqrt(a*xe”(4xx) + bxe” (4*x) - 2¥a*xe” (2%
X) + 2*%bxe”(2*x) + a + b))*(a + b) - sqrt(a + b)x(a - b))) + sqrt(a + b)*lo
g(abs(-sqrt(a + b)*e~(2*x) + sqrt(a*e” (4*x) + b*e” (4*x) - 2*a*xe” (2%x) + 2*b
xe”~(2*%x) + a + b) + sqrt(a + b))) - sqrt(a + b)*log(abs(-sqrt(a + b)*e”(2xx

) + sqrt(axe”(4%x) + bxe” (4*x) - 2%axe” (2*x) + 2*bxe”(2%x) + a + b) - sqrt(

a + b))))*sgn(e™(2*x) - 1)

maple [B] time = 0.12, size = 238, normalized size = 3.97

(coth(x)-1)b+b
\/(coth(x) ~1)%b+2(coth(x) ~1)b+a+b Vb In (T

2 2

+ \/ (coth(x) = 1)*b + 2 (coth(x) = 1) b + a

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((a+b*coth(x)~2)~(1/2),x)

[Out] -1/2*((coth(x)-1)"2%b+2*(coth(x)-1)*b+a+b)~(1/2)-1/2%b"(1/2)*1n(((coth(x)-1
)*b+b) /b~ (1/2)+((coth(x)-1) "2*b+2* (coth(x) -1)*b+a+b) ~(1/2) )+1/2*x(a+b) ~(1/2)

*1n ((2*a+2*xb+2* (coth (x) -1) *b+2* (a+b) ~(1/2) *((coth(x)-1) "2xb+2* (coth(x)-1) *b

+a+b) " (1/2))/(coth(x)-1))+1/2*x((1+coth(x)) "2*b-2% (1+coth(x) ) *b+a+b) ~(1/2)-1

/2%b~ (1/2) *1n(((1+coth(x) ) *b-b) /b~ (1/2)+((1+coth(x) ) "2*¥b-2* (1+coth(x)) *b+a+
b)~(1/2))-1/2%(a+b) " (1/2) *1n((2*a+2*xb-2* (1+coth(x) ) *b+2*x(a+b) ~(1/2) * ((1+cot

h(x)) " 2*b-2x (1+coth(x))*b+a+b) ~(1/2))/(1+coth(x)))

maxima [F] time = 0.00, size = 0, normalized size = 0.00
f Vb coth(x)? + a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*coth(x)~2)~(1/2),x, algorithm="maxima"
[Out] integrate(sqrt(bxcoth(x)~2 + a), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.02

f \/bcoth(x)2 +a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcoth(x)~2)"(1/2),x)
[Out] int((a + bxcoth(x)"2)"(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/a + beoth? (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)**2)**(1/2),x)

[Out] Integral(sqrt(a + b*coth(x)**2), x)
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3.20 f \/ a+b cothz(x) tanh(x) dx

Optimal. Leaf size=56

VT tanh! \Ja + bcoth?(x) - \Ja + bcoth?(x)
a a —Va tan

Va+b Va

[Out] -arctanh((atb*coth(x)~2)~(1/2)/a~(1/2))*a~(1/2)+arctanh((a+b*coth(x)~2)~(1/
2)/(a+b)~(1/2)) *(a+b)~(1/2)
Rubi [A] time =0.11, antiderivative size = 56, normalized size of antiderivative = 1.00,

. ) number of rules
number of steps used = 7, number of rules used = 5, integrand size = 15, ————— =

0.333, Rules used = {3670, 446, 83, 63, 208}

Va7 T tanh”? \Ja + beoth?(x) Vi tanh”! \Ja + bcoth?(x)
a a — +a tan

Va+b Va

integrand size

Antiderivative was successfully verified.
[In] Int[Sqrtla + b*Coth[x]~2]*Tanh[x],x]

[Out] -(Sqrtla]*ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrt[al]l) + Sqrtla + b]l*ArcTanh[Sqr
t[a + b*Coth[x]~2]/Sqrtla + b]]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)x(c - (axd)/b +

(d*x"p)/b)"n, x], x, (a + bxx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 83

Int[((e_.) + (£_D)*(x_))"(p_.)/(((a_.) + (b_.)*x(x_))*((c_.) + (d_.)*x(x_))),
x_Symbol] :> Dist[(b*e - a*xf)/(bxc - axd), Int[(e + f*x)"(p - 1)/(a + bxx)
, xJ, x] - Dist[(d*e - c*f)/(b*c - axd), Int[(e + f*x)"(p - 1)/(c + d*x), x
1, x] /; FreeQ[{a, b, c, d, e, £}, x] && LtQ[O0, p, 1]

Rule 208
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 446

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_)) " (p_.)*((c) + (d_)*x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
x(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670

Int[((d_.)*tan[(e_.) + (f£_.)*(x_)1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_D)*xD1)" ()" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) mx(a + bx(ff*x)™n)"p)/(c”2 + £
f~2xx~2), x], x, (c*Tan[e + f*x])/ff]l, x]1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps
/— Va + bx?
f a + bcoth? (x) tanh(x) dx = Subst ( f ( ) dx, x, coth(x)]
1 N, b
= — Subst ar dx, X, cothz(x)
2 (1-
L Sbt(f d thz())+1(+b)8bt(f
= —aSubs ——dx, x,coth™(x —(a ubs
2 xVa + bx 2
a Subst ( [—— dx,x,Ja+ bcothz(x)] (a + b) Subst ( [

b

b

1
(1-x)Va + bx

1
) dx, x, \/

= +

b

b

it ol \/a+bcoth2(x) VAT D tanh? \/a+bcoth2(x)
= —/a tan a an

Va Va+b

Mathematica [A] time = 0.03, size = 56, normalized size = 1.00

P \Ja + b coth?(x) V7 tanh! \a + beoth?(x)
a an

Va+b | Va
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Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + bxCoth[x]~2]*Tanh[x],x]

[Out] -(Sqrt[al*ArcTanh[Sqrt[a + bxCoth[x]~2]/Sqrt[al]) + Sqrt[a + b]l*ArcTanh[Sqr
t[a + b*Coth[x]~2]/Sqrtl[a + b]]

fricas [B] time = 0.81, size = 3479, normalized size = 62.12

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)~2)~(1/2)*tanh(x),x, algorithm="fricas")

[Out] [1/4xsqrt(a + b)*log(-((a”3 + a~2*b)*cosh(x)~8 + 8*(a”3 + a~2+b)*cosh(x)*si
nh(x)~7 + (a”3 + a~2%b)*sinh(x)”"8 - 2*x(2*a~3 + a~2*b)*cosh(x)"6 - 2x(2*a”~3
+ a”2%b - 14*x(a~3 + a~2*b)*cosh(x)"2)*sinh(x)"6 + 4*(14*x(a”~3 + a~2*b)*cosh(
x)73 - 3%(2*a”3 + a"2*b)*cosh(x))*sinh(x)~5 + (6*a”~3 + 4%a"2*b - a*b”2 + b~
3)*cosh(x)~™4 + (70%x(a”3 + a"2*b)*cosh(x)~4 + 6%a~3 + 4*a”2*b - a*b™2 + b~3
- 30%(2*a”3 + a”"2*b)*cosh(x)~2)*sinh(x)~4 + 4*x(14x(a~3 + a~2*b)*cosh(x)”5 -
10%x(2*a”~3 + a~2*b)*cosh(x)”3 + (6*xa~3 + 4*a~2%b - a*b”™2 + b~3)*cosh(x))*si
nh(x)~3 + a3 + 3*a”2*b + 3*a*b”2 + b~3 - 2%(2*a”3 + 3*a”"2*b - b~3)*cosh(x)
"2 + 2*%(14%(a”3 + a”2#b)*cosh(x)”6 - 15%x(2*a”~3 + a~2*b)*cosh(x)"4 - 2*a~3 -
3*¥a"2xb + b3 + 3*x(6*%a”3 + 4xa"2*b - a*b”2 + b~3)*cosh(x)”"2)*sinh(x)"2 + s
qrt(2)*(a"2*cosh(x) "6 + 6*%a~2*cosh(x)*sinh(x)”"5 + a”2*sinh(x)~6 - 3*a~2xcos
h(x)~4 + 3x(5*a"2*cosh(x)”2 - a"2)*sinh(x)~4 + 4*(5xa”"2*cosh(x)~3 - 3*a~2xc
osh(x))*sinh(x)~"3 + (3*a”2 + 2*a*b - b"2)*cosh(x)"2 + (15*%a"2*cosh(x)"4 - 1
8*a~2xcosh(x) "2 + 3*a”™2 + 2%axb - b72)*sinh(x)72 - a2 - 2*a*b - b™2 + 2*(3
*a~2%cosh(x) "5 - 6*a~2xcosh(x)~3 + (3*a”™2 + 2*axb - b~2)*cosh(x))*sinh(x))x*
sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x) "2
- 2*%cosh(x)*sinh(x) + sinh(x)72)) + 4*x(2*x(a~3 + a~2*b)*cosh(x)”7 - 3*(2*xa”
3 + a"2*b)*cosh(x)”5 + (6*%a”3 + 4*a"2*b — a*b”2 + b~3)*cosh(x)”"3 - (2*xa~3 +
3*a~2%b - b~3)*cosh(x))*sinh(x))/(cosh(x)~6 + 6*xcosh(x) 5*sinh(x) + 15%*cos
h(x)“4*sinh(x)~2 + 20*cosh(x) ~3*sinh(x)~3 + 15%cosh(x) " 2*sinh(x)~4 + 6%*cosh
(x)*sinh(x)”5 + sinh(x)76)) + 1/2xsqrt(a)*log(-((2*xa + b)*cosh(x)~4 + 4% (2%
a + b)*cosh(x)*sinh(x)~3 + (2*a + b)*sinh(x)"4 - 2*(2*a - b)*cosh(x)"2 + 2x
(3%(2%a + b)*cosh(x)”2 - 2%a + b)*sinh(x)~2 - 2*sqrt(2)*(cosh(x)”2 + 2*cosh
(x)*sinh(x) + sinh(x)~2 - 1)*sqrt(a)*sqrt(((a + b)*cosh(x)”"2 + (a + b)*sinh
(x)72 - a + b)/(cosh(x)"2 - 2xcosh(x)*sinh(x) + sinh(x)7"2)) + 4%((2%a + b)*
cosh(x)~3 - (2*a - b)*cosh(x))*sinh(x) + 2*a + b)/(cosh(x)~4 + 4*cosh(x)*si
nh(x)~3 + sinh(x)"4 + 2*%(3*cosh(x)”"2 + 1)*sinh(x)~2 + 2*cosh(x)”"2 + 4x(cosh
(x)73 + cosh(x))*sinh(x) + 1)) + 1/4xsqrt(a + b)*log(((a + b)*cosh(x)"4 + 4
*(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)~"4 + 2*b*cosh(x)"2 + 2*x(3*(a +
b)*cosh(x) "2 + b)*sinh(x)"2 + sqrt(2)*(cosh(x)”"2 + 2*cosh(x)*sinh(x) + sinh
(x)72 + D)*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)
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/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 4x((a + b)*cosh(x)~3 + b*co
sh(x))*sinh(x) + a + b)/(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2)), sqrt(
-a)*arctan(sqrt(2)*(cosh(x) "2 + 2*cosh(x)*sinh(x) + sinh(x)~2 - 1)*sqrt(-a)
*sqrt (((a + b)*cosh(x)"2 + (a + b)*sinh(x)”"2 - a + b)/(cosh(x)"2 - 2*cosh(x
)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)"4 + 4*x(a + b)*cosh(x)*sinh(x)~3 +

(a + b)*sinh(x)"4 - 2*x(a - b)*cosh(x)"2 + 2*(3*(a + b)*cosh(x)"2 - a + b)*s
inh(x)"2 + 4*%((a + b)*cosh(x)"3 - (a - b)*cosh(x))*sinh(x) + a + b)) + 1/4x%
sqrt(a + b)*log(-((a”3 + a”2*b)*cosh(x)~8 + 8%(a"3 + a”2+*b)*cosh(x)*sinh(x)
7 + (2”3 + a”2*xb)*sinh(x)"8 - 2*(2*¥a”3 + a”2*b)*cosh(x)”6 - 2x(2*xa”3 + a~2
*b - 14*%(a”3 + a"2*b)*cosh(x)~"2)*sinh(x)~6 + 4*x(14x(a~3 + a~2*b)*cosh(x)~3

- 3*%(2*%a”3 + a"2*b)*cosh(x))*sinh(x)"5 + (6*a~3 + 4*a~2%b - a*b”™2 + b~3)*co
sh(x)~4 + (70%(a”3 + a~2*b)*cosh(x)”4 + 6%a”~3 + 4*a~2*b - a*b™2 + b~3 - 30%
(2¥a”3 + a"2*b)*cosh(x) "2)*sinh(x)"4 + 4*(14*x(a”3 + a~2*b)*cosh(x)”5 - 10%*(
2xa”3 + a"2%b)*cosh(x)~3 + (6*a”~3 + 4xa"2*b - a*b~2 + b~3)*cosh(x))*sinh(x)
"3 + a”3 + 3%a”2*xb + 3*axb”2 + b3 - 2*%(2*a~3 + 3*a"2*b - b~3)*cosh(x)"2 +

2% (14*%(a"3 + a”"2*b)*cosh(x)"6 - 15%(2*a”~3 + a~2*b)*cosh(x)"4 - 2*a”~3 - 3*a”
2%b + b73 + 3x(6%a”3 + 4*a”2*b - a*b”2 + b~3)*cosh(x)"2)*sinh(x)”"2 + sqrt(2
)*x(a~2*cosh(x) "6 + 6*a"2*cosh(x)*sinh(x)”5 + a"2*sinh(x)"6 - 3*a~2*cosh(x)”
4 + 3x(5*xa~2xcosh(x)”2 - a"2)*sinh(x)~4 + 4% (5*a"2*cosh(x)~3 - 3*a~2xcosh(x
))*sinh(x) "3 + (3*a”2 + 2*axb - b~2)*cosh(x)”2 + (15*a~2xcosh(x)”4 - 18*a"2
*cosh(x) 72 + 3*a”™2 + 2xa*xb - b~"2)*sinh(x)7"2 - a”2 - 2*a*xb - b™2 + 2*x(3*a~2x
cosh(x)75 - 6%a~2*cosh(x)~3 + (3*¥a”2 + 2*axb - b~2)*cosh(x))*sinh(x))*sqrt(
a + b)*sqrt(((a + b)*xcosh(x)”"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)”2 - 2%
cosh(x)*sinh(x) + sinh(x)~2)) + 4%(2+%(a”3 + a~2*b)*cosh(x)~7 - 3*%(2*a"3 + a
~“2%b)*cosh(x)”5 + (6*xa~3 + 4*a”2%b - a*b™2 + b~3)*cosh(x)”3 - (2*a~3 + 3*a~
2%b - b~3)*cosh(x))*sinh(x))/(cosh(x)”"6 + 6*xcosh(x) 5*sinh(x) + 15*%cosh(x)”
4xsinh(x) "2 + 20*cosh(x) "3*sinh(x)~3 + 15%cosh(x) "2*sinh(x)~4 + 6xcosh(x)*s
inh(x) "5 + sinh(x)76)) + 1/4*sqrt(a + b)*log(((a + b)*cosh(x)~4 + 4*x(a + b)
*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)~4 + 2*b*cosh(x)"2 + 2*(3*x(a + b)*cosh(
X)72 + b)*sinh(x) "2 + sqrt(2)*(cosh(x) "2 + 2xcosh(x)*sinh(x) + sinh(x)"2 +

D*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x
)72 - 2%cosh(x)*sinh(x) + sinh(x)72)) + 4*((a + b)*cosh(x)~3 + b*cosh(x))*s
inh(x) + a + b)/(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2)), -1/2xsqrt(-a

- b)*arctan(sqrt(2) *(axcosh(x) "2 + 2xa*xcosh(x)*sinh(x) + a*sinh(x)"2 - a -

b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(
x)7"2 - 2xcosh(x)*sinh(x) + sinh(x)~2))/((a”2 + a*b)*cosh(x)™4 + 4x(a”2 + ax
b)*cosh(x)*sinh(x)~3 + (a”2 + a*b)*sinh(x)"4 - (2*%a”2 + a*b - b~2)*cosh(x)”
2 + (6x(a”2 + ax*b)*cosh(x)"2 - 2*a”2 - a*b + b™2)*sinh(x)”2 + a~2 + 2*axb +
b~2 + 2x(2*%(a"2 + ax*b)*cosh(x)”3 - (2*a”2 + a*xb - b~2)*cosh(x))*sinh(x)))

- 1/2xsqrt(-a - b)*arctan(sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~
2 + 1)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)”2 + (a + b)*sinh(x)"2 - a + b)/(c
osh(x) "2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)"4 + 4*x(a + b)*c
osh(x)*sinh(x)~"3 + (a + b)*sinh(x)"4 - 2*(a - b)*cosh(x)"2 + 2*x(3*(a + b)*c
osh(x)”2 - a + b)*sinh(x)"2 + 4%((a + b)*cosh(x)"3 - (a - b)*cosh(x))*sinh(
x) + a + b)) + 1/2xsqrt(a)*log(-((2*xa + b)*cosh(x)~4 + 4*(2*%a + b)*cosh(x)*
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sinh(x) "3 + (2*a + b)*sinh(x)"4 - 2*(2*a - b)*cosh(x)"2 + 2*(3*(2*a + b)*co
sh(x)~2 - 2*%a + b)*sinh(x)"2 - 2*sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x) + s
inh(x)~2 - 1)*sqrt(a)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/
(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 4*x((2*a + b)*cosh(x)~3 - (2%
a - b)*cosh(x))*sinh(x) + 2*a + b)/(cosh(x)”4 + 4xcosh(x)*sinh(x)~3 + sinh(
X)74 + 2x(3*cosh(x) "2 + 1)*sinh(x)"2 + 2xcosh(x)"2 + 4*(cosh(x)”"3 + cosh(x)
)*sinh(x) + 1)), sqrt(-a)*arctan(sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x) + s
inh(x)72 - 1)*sqrt(-a)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)
/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)"4 + 4x(a + b
Y*xcosh(x)*sinh(x)”3 + (a + b)*sinh(x)"4 - 2*(a - b)*cosh(x)"2 + 2*(3*(a + b
Y*xcosh(x)72 - a + b)*sinh(x)”"2 + 4%((a + b)*cosh(x)"3 - (a - b)*cosh(x))*si
nh(x) + a + b)) - 1/2xsqrt(-a - b)*arctan(sqrt(2)*(a*xcosh(x)~2 + 2*a*cosh(x
)*sinh(x) + a*sinh(x)"2 - a - b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a
+ b)*sinh(x)~"2 - a + b)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a"2
+ ax*b)*cosh(x)~4 + 4x(a”2 + a*b)*cosh(x)*sinh(x)~3 + (a2 + ax*b)*sinh(x)~4
- (2%¥a”2 + a*b - b™2)*cosh(x)"2 + (6%(a”2 + a*b)*cosh(x)"2 - 2*a”™2 - a*xb +
b~2)*sinh(x) "2 + a”2 + 2xa*b + b™2 + 2%x(2*x(a”2 + axb)*cosh(x)~3 - (2*a~2 +
axb - b~2)*cosh(x))*sinh(x))) - 1/2*sqrt(-a - b)*arctan(sqrt(2)*(cosh(x) "2
+ 2%cosh(x)*sinh(x) + sinh(x)"2 + 1)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)~2 +
(a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((
a + b)*cosh(x)”"4 + 4x(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)"4 - 2*x(a -
b)*cosh(x)"2 + 2%(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)”"2 + 4x((a + b)*cosh
(x)73 - (a - b)*cosh(x))*sinh(x) + a + b))]

giac [B] time = 0.76, size = 259, normalized size = 4.62

Va+be@9 - Vae®0) +pe@0) -2 0@ 0) 12 peR V) 4 q+b +Va+b
4 garctan|—

= R —
1 v +Va+blog (|( a+be®? — Vael) + pe)
2 \-a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)~2)~(1/2)*tanh(x),x, algorithm="giac")

[Out] -1/2%(4*a*xarctan(-1/2x(sqrt(a + b)*e”(2*x) - sqrt(axe”(4*x) + b*e”(4xx) - 2
xaxe” (2xx) + 2*xbxe”(2*x) + a + b) + sqrt(a + b))/sqrt(-a))/sqrt(-a) + sqrt(

a + b)*xlog(abs((sqrt(a + b)*e”(2*x) - sqrt(axe”(4*x) + bxe”(4*x) - 2*axe” (2

xx) + 2%b*e”(2*x) + a + b))*(a + b) - sqrt(a + b)*(a - b))) + sqrt(a + b)*l
og(abs(-sqrt(a + b)*e~(2*x) + sqrt(a*e”(4*x) + bkxe” (4*x) - 2*a*xe™ (2%x) + 2%
b*e~(2*x) + a + b) + sqrt(a + b))) - sqrt(a + b)*log(abs(-sqrt(a + b)*e” (2%

x) + sqrt(ake”(4%x) + bxe~(4*x) - 2kaxe™ (2%x) + 2%bke~(2%x) + a + b) - sqrt

(a + b))))*sgn(e”(2*x) - 1)



maple [F] time = 0.54, size = 0, normalized size = 0.00

f \/ a+b (cothz(x)) tanh(x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*coth(x)~2)~(1/2)*tanh(x) ,x)
[Out] int((a+b*coth(x)~2)~(1/2)*tanh(x),x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f Vb coth(x)? + a tanh(x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)~2)~(1/2)*tanh(x),x, algorithm="maxima")

[Out] integrate(sqrt(b*coth(x)~2 + a)*tanh(x), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.02

f tanh(x) y/b coth(x)? + a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)*(a + b*coth(x)~2)~(1/2),x)
[Out] int(tanh(x)*(a + b*coth(x)~2)"(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f \Ja + beoth? (x) tanh (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)**2)**(1/2)*tanh(x),x)

[Out] Integral(sqrt(a + b*coth(x)**2)*tanh(x), x)
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3.21 f \/ a+b cothz(x) tanhz(x) dx

Optimal. Leaf size=48

Va + b coth
Va +b tanh™ 2+ b coth®) —tanh(x)ya+b cothz(x)

\a+b cothz(x)

[Out] arctanh(coth(x)*(a+b)~(1/2)/(atb*coth(x)~2)~(1/2))*(a+b)~(1/2)-(a+b*xcoth(x)
~2)~(1/2) *tanh(x)

Rubi [A] time = 0.09, antiderivative size = 48, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 5, integrand size = 17, mumber of rules _

0.294, Rules used = {3670, 475, 12, 377, 206}

Va + b coth [
a+btanh ™ 4+ b coth®) —tanh(x)\/a + b cothz(x)
\Ja + b coth?(x)

Antiderivative was successfully verified.

integrand size

[In] Int[Sqrtl[a + b*Coth[x]~2]*Tanh[x]"2,x]

[Out] Sqrtla + bl*ArcTanh[(Sqrt[a + bl*Coth[x])/Sqrtl[a + b*Coth[x]~2]] - Sqrt[a +
b*Coth [x] 2] *Tanh [x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 377

Int[((a_) + (b_.)*x(x_)"(n_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] &% NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 475
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Int[(Ce_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)
)~(q_ ), x_Symbol] :> Simp[((exx)~(m + 1)*(a + b*x"n) (p + 1)*(c + d*x"n)"q)
/(axex(m + 1)), x] - Dist[1/(a*e"n*(m + 1)), Int[(exx)"(m + n)*(a + b*x"™n)”~
p*x(c + d*x™n)~(q - 1)*Simp[cxb*(m + 1) + nx(bxc*x(p + 1) + axd*q) + dx(bx(m

+ 1) + bxn*x(p + q + 1))*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, p}, x] &

NeQ[b*c - axd, 0] &% IGtQ[n, 0] && LtQ[O, q, 1] &% LtQ[m, -1] && IntBinomia
1Qla, b, ¢, d, e, m, n, p, q, xJ

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_H)*& DD~ )) " (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + b*x(ff*x)"n)"p)/(c”2 + £
£f~2xx~2), x], x, (cxTan[e + fx*xx])/ff], x]1] /; FreeQ[{a, b, c, d, e, f, m, n
, Py, x] && (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps

b 2
f \Ja + beoth?(x) tanh®(x) dx = Subst f NEFOX ix,x, coth(x)
x2 (1 - x2)

b
a+b cothz(x) tanh(x) + Subst f ( ar dx, x, coth(x)]

1 —xz) Va + bx?

Va + b coth [
=Va+btanh™’ 1+ b cothx) —/a+ bcothz(x) tanh(x)

\Ja + beoth?(x)

Mathematica [C] time = 0.09, size = 42, normalized size = 0.88
TN 1 1 (a+b)coth’(x)
tanh(x) [ —+/a + b coth?(x ) F (——,1;—;
()( M) 2|3 17 bcoth?(x) + a

Antiderivative was successfully verified.

Va + bx?

[ 1
a+b cothz(x) tanh(x) + (a + b) Subst f m dx, x

dx, x, coth

coth!

\a+ b
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[In] Integrate[Sqrt[a + b*Coth[x]~2]*Tanh[x]~2,x]

[Out] -(Sqrtla + bxCoth[x]~2]*Hypergeometric2F1[-1/2, 1, 1/2, ((a + b)*Coth[x]"2)
/(a + b*Coth[x]~2)]*Tanh[x])

fricas [B] time = 0.47, size = 1539, normalized size = 32.06

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)~2)~(1/2)*tanh(x)"2,x, algorithm="fricas")

[Out] [1/4%((cosh(x)~2 + 2xcosh(x)*sinh(x) + sinh(x)~2 + 1)*sqrt(a + b)*log(((a*b
"2 + b~"3)*cosh(x)7"8 + 8x(a*b”2 + b~3)*cosh(x)*sinh(x)~7 + (a*b”™2 + b~3)*sin
h(x)~8 + 2x(a*b™2 + 2*xb~3)*cosh(x)"6 + 2*(a*xb”2 + 2*b~3 + 14*x(a*b™2 + b~3)*
cosh(x)"2)*sinh(x) "6 + 4*x(14x(a*b”2 + b~3)*cosh(x)~3 + 3*x(a*b™2 + 2*b~3)*co
sh(x))*sinh(x)75 + (a™3 - a”2*b + 4*a*xb~2 + 6*b~3)*cosh(x)"4 + (70x(a*b™2 +
b~3)*cosh(x)"4 + a”3 - a"2*b + 4*axb”2 + 6%b~3 + 30*(a*b”2 + 2*b~3)*cosh(x
)"2)*sinh(x) "4 + 4% (14x(a*xb”™2 + b~3)*cosh(x)~5 + 10*(a*b”2 + 2*xb~3)*cosh(x)
“3 + (a3 - a"2*b + 4*xaxb”2 + 6%b~3)*cosh(x))*sinh(x)~3 + a3 + 3*a"2*b + 3
*axb”2 + b3 - 2*x(a”3 - 3xa*b”2 - 2%b~3)*cosh(x) "2 + 2x(14*(a*xb”2 + b~3)*co
sh(x)76 + 15%(a*xb”2 + 2*b~3)*cosh(x)"4 - a”3 + 3*a*b”2 + 2*b~3 + 3*x(a”"3 - a
“2%b + 4*axb”2 + 6*%b~3)*cosh(x)"2)*sinh(x)"2 + sqrt(2)*(b~2*cosh(x)~6 + 6%b
~2%cosh(x)*sinh(x)~5 + b~ 2*sinh(x) 6 + 3*b~2*cosh(x)~4 + 3*(5*b~2*cosh(x)~2
+ b"2)*sinh(x) "4 + 4x(5%b~2*cosh(x)~3 + 3*b"2*cosh(x))*sinh(x)"3 - (a"2 -
2%¥axb - 3*b"2)*cosh(x)"2 + (15%b"2*cosh(x)”"4 + 18*b~2*cosh(x)”2 - a2 + 2*a
*b + 3*b72)*sinh(x)72 + a”2 + 2*a*b + b~2 + 2*(3*%b"2*xcosh(x)”5 + 6*b~2*cosh
(x)73 - (a”2 - 2%a*b - 3*b~2)*cosh(x))*sinh(x))*sqrt(a + b)*sqrt(((a + b)*c
osh(x)”"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)~2 - 2xcosh(x)*sinh(x) + sinh
(x)72)) + 4x(2*(a*b”™2 + b~3)*cosh(x)”7 + 3*(a*xb™2 + 2*¥b~3)*cosh(x)”5 + (a~3
- a”2*b + 4*axb”2 + 6%b~3)*cosh(x)”"3 - (a”3 - 3*xaxb”2 - 2%b~3)*cosh(x))*si
nh(x))/(cosh(x)"6 + 6*cosh(x) " 5*sinh(x) + 15*cosh(x) "4*sinh(x)~2 + 20*cosh(
x) "3*sinh(x) "3 + 15*%cosh(x) "2*sinh(x)~4 + 6*cosh(x)*sinh(x)~5 + sinh(x)~6))
+ (cosh(x)"2 + 2xcosh(x)*sinh(x) + sinh(x)"2 + 1)*sqrt(a + b)*log(-((a + b
Yxcosh(x)~4 + 4*(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)~4 - 2*a*cosh(x)
2 + 2x(3%(a + b)*cosh(x)”2 - a)*sinh(x)"2 + sqrt(2)*(cosh(x)”"2 + 2xcosh(x)
xsinh(x) + sinh(x)72 - 1)*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sin
h(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 4*x((a + b)*c
osh(x)~3 - a*cosh(x))*sinh(x) + a + b)/(cosh(x)~2 + 2*xcosh(x)*sinh(x) + sin
h(x)"2)) - 4xsqrt(2)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(
cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2)))/(cosh(x)”"2 + 2*cosh(x)*sinh(x)
+ sinh(x)"2 + 1), -1/2*%((cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2 + 1)*sq
rt(-a - b)*arctan(sqrt(2)*(b*cosh(x)~2 + 2*bxcosh(x)*sinh(x) + bxsinh(x)~2
+ a + b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/
(cosh(x)"2 - 2%cosh(x)*sinh(x) + sinh(x)~2))/((a*xb + b"2)*cosh(x)"4 + 4x*(ax
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b + b"2)*cosh(x)*sinh(x)”"3 + (a*xb + b~2)*sinh(x)"4 - (a”2 - a*b - 2*b~2)*co
sh(x)"2 + (6x(a*b + b"2)*cosh(x)"2 - a”2 + a*b + 2*¥b"2)*sinh(x)"2 + a”2 + 2
*axb + b72 + 2x(2x(axb + b~2)*cosh(x)”3 - (a”2 - axb - 2*b~2)*cosh(x))*sinh
(x))) + (cosh(x)"2 + 2*cosh(x)*sinh(x) + sinh(x)~2 + 1)*sqrt(-a - b)*arctan
(sqrt(2)*(cosh(x)”"2 + 2xcosh(x)*sinh(x) + sinh(x)"2 - 1)*sqrt(-a - b)*sqrt(
((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh
(x) + sinh(x)"2))/((a + b)*cosh(x)"4 + 4*(a + b)*cosh(x)*sinh(x)"3 + (a + b
)*¥sinh(x)~4 - 2%(a - b)*cosh(x)~"2 + 2*(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)
"2 + 4x((a + b)*cosh(x)”3 - (a - b)*cosh(x))*sinh(x) + a + b)) + 2*sqrt(2)*
sqrt(((a + b)*cosh(x)”2 + (a + b)*sinh(x)”2 - a + b)/(cosh(x)”2 - 2xcosh(x)
*sinh(x) + sinh(x)72)))/(cosh(x)"2 + 2*cosh(x)*sinh(x) + sinh(x)"2 + 1)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*coth(x)~2)~(1/2)*tanh(x)~2,x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ; OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(exp
(2%x)-1)]Evaluation time: 0.86Error: Bad Argument Type

maple [F] time = 0.47, size = 0, normalized size = 0.00

f \Ja+b(coth?(x) (tanh?(x)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*coth(x)~2)~(1/2)*tanh(x)~2,x)
[Out] int((at+b*coth(x)~2)~(1/2)*tanh(x)~2,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00
f Vb coth(x)? + a tanh(x)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)~2)~(1/2)*tanh(x)~2,x, algorithm="maxima")

[Out] integrate(sqrt(b*coth(x)~2 + a)*tanh(x)~2, x)



mupad [F] time = 0.00, size = -1, normalized size = -0.02

f ’camh(x)2 \b coth(x)2 +a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)~2*(a + b*coth(x)~2)~(1/2),x)
[Out] int(tanh(x)~2*(a + b*coth(x)~2)"(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f NVa+b coth? (%) tanh? (x)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)**2)**(1/2)*tanh(x)**2,x)

[Out] Integral(sqrt(a + bxcoth(x)**2)*tanh(x)**2, x)

138
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322 [coth’(x) (a +booth’(x)) " dx

Optimal. Leaf size=82

5/2 2
(a +b Cothz(x)) 1 32 \/a + b coth®(x)
- —=(a+becoth’(x))” —(a+b)+/a + bcoth?(x) +(a+b)>2 tanh ™
5b 3 ( ) Va+b

[Out] (a+b)~(3/2)*arctanh((a+bxcoth(x)~2)~(1/2)/(a+b)~(1/2))-1/3*%(a+b*coth(x)~2)"
(3/2)-1/5%(a+b*coth(x)~2)~(5/2) /b-(a+b)* (a+b*xcoth(x)~2)~(1/2)

Rubi [A] time = 0.15, antiderivative size = 82, normalized size of antiderivative = 1.00,

. ) number of rules
number of steps used = 7, number of rules used = 6, integrand size = 17, ————— =

0.353, Rules used = {3670, 446, 80, 50, 63, 208}

integrand size

5/2 2
(a+bcoth* (@)™ 1 3 \Ja + bcoth?(x)
- —= (a+beoth®(x))" —(a+b)+/a + bcoth®(x) +(a+b)>? tanh ™"
5b 3 ( ) Va+b

Antiderivative was successfully verified.
[In] Int[Coth[x] 3*(a + b*Coth[x]~2)~(3/2),x]

[Out] (a + b)~(3/2)*ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrt[a + b]] - (a + b)*Sqrtla +
bxCoth[x]~2] - (a + b*Coth[x]~2)7(3/2)/3 - (a + bxCoth[x]~2)7(5/2)/(5%b)

Rule 50

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + D*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(nx(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) " mx(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,

c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]1))) && !'ILtQ[m + n

+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - D) *(c - (axd)/b +

(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 80
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Int[((a_.) + (b_)*(x_))*((c_.) + (d_D)*x_D))"(n_.)*((e_.) + (f_)*(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + 1)x(e + f*x)"(p + 1))/(d*f*x(n + p
+ 2)), x] + Dist[(a*xd*f*x(n + p + 2) - b*x(d*ex(n + 1) + c*xfx(p + 1)))/(dxfx*(
n+p+ 2)), Int[(c + d*x)"n*x(e + £*x)7p, x], x] /; FreeQ[{a, b, c, d, e, £
, 0, pr, x] & NeQ[n + p + 2, 0]

Rule 208

Int[((a_) + (b_.)*x(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 446

Int[(x_)"(m_.)*((a_) + (b_)*&x_D (@ ))"(p_.)*((c_) + (d_)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)/n] - 1)*x(a + b*x)7p
x(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(x)D1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_I)*xx)1)"(@))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*(a + b*x(ff*x)"n)"p)/(c”2 + £
£f~2xx~2), x], x, (cxTan[e + f*xx])/ff]l, x]] /; FreeQ[{a, b, c, d, e, f, m, n
, p}, x] & (IGtQlp, O] Il EqQ[n, 2] || EqQn, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rubi steps
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3 (a + bxz)s/2

X
f coth®(x) (a + beoth’(x))”” dx = Subst f
1-x2

1 bx)*2
= > Subst ( f Ma+bo™ 4y, cothz(x))

dx, x, coth(x)]

1-x
(a +b co’chz(x))s/2 1 (a + bx)%? )
_ - ar h
= + > Subst ( f T dx, x, cot (x))
5/2
1 32 la+b coth?(x 1 V b
== (a+beoth’(v)” | = ®) +§(a+b)8ubst[f =

)5/2

2
2 1 0, 132 (a + b coth”(x) 1
= —(a + b)yJa + bcoth?(x) — 3 (a+beoth?(x))" - = +3

(l

2 5/2
= —(a + b)\Ja + bcoth’(x) — 1 (a N bcothz(x))3/2 ~ (a + bcoth (x)) .
3 50
| \/a+ beoth?(x) —
= (a + b)*? tanh — (a + b)\/a + bcoth (")‘5(“’7'

Va+b

Mathematica [A] time = 0.43, size = 86, normalized size = 1.05

\Ja+beoth®(x) | +Ja + both?(x) (342 + b(6a + 5b) coth® (x) + 20ab + 3b? coth*(x) + 15b2

Va+b 150

(a+b)¥2 tanh ™!

Antiderivative was successfully verified.

[In] Integrate[Coth[x]~3*(a + b*Coth[x]~2)~(3/2),x]

[Out] (a + b)~(3/2)*ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrtla + b]] - (Sqrt[a + b*Coth
[x]~2]*(3*%a”2 + 20%axb + 15%b~2 + b*(6%a + b5xb)*Coth[x]~2 + 3*b~2*Coth[x] "4
))/(15%b)

fricas [B] time = 0.80, size = 4940, normalized size = 60.24

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(coth(x) ~3x(atb*coth(x)~2)~(3/2),x, algorithm="fricas")

[Out] [1/60*(15*x((a*b + b~2)*cosh(x)~10 + 10*(a*b + b~2)*cosh(x)*sinh(x)~9 + (a*b
+ b72)*sinh(x)~10 - 5*%(a*b + b~2)*cosh(x)~8 + 5*x(9*(axb + b~2)*cosh(x)"2 -
a*b - b"2)*sinh(x)"8 + 40%(3*(a*b + b~2)*cosh(x)~3 - (a*b + b~2)*cosh(x))x*
sinh(x)”7 + 10*(a*xb + b~2)*cosh(x)™6 + 10*x(21*(axb + b~2)*cosh(x)”"4 - 14*x(a
*b + b"2)*cosh(x)”"2 + a*xb + b~2)*sinh(x) "6 + 4*x(63*x(a*xb + b~2)*cosh(x)"5 -
70% (axb + b~2)*cosh(x)”3 + 15x(a*b + b~2)*cosh(x))*sinh(x)”5 - 10*(a*xb + b~
2)*xcosh(x)~4 + 10*(21*(a*xb + b~2)*cosh(x)"6 - 35*(axb + b~2)*cosh(x)"4 + 15
*(axb + b"2)*cosh(x)"2 - a*b - b"2)*sinh(x)~4 + 40*(3*x(a*b + b~2)*cosh(x)~7
- 7*x(axb + b"2)*cosh(x)~5 + 5*x(a*b + b~2)*cosh(x)~3 - (a*b + b~2)*cosh(x))
*3inh(x) "3 + 5*%(a*b + b~2)*cosh(x)"2 + 5x(9*(a*xb + b~2)*cosh(x)"8 - 28*(a*b
+ b"2)*cosh(x)"6 + 30*(a*b + b"2)*cosh(x)"4 - 12x(a*b + b"2)*cosh(x)"2 + a
xb + b72)*sinh(x)"2 - a*b - b™2 + 10*x((a*b + b~2)*cosh(x)”9 - 4x(axb + b~2)
*cosh(x)”7 + 6x(axb + b~2)*cosh(x)”5 - 4*x(axb + b~2)*cosh(x)”3 + (a*xb + b2
)*cosh(x))*sinh(x))*sqrt(a + b)*log(-((a”3 + a”2%b)*cosh(x)"8 + 8%(a”3 + a~
2%b) *cosh(x) *sinh(x)~7 + (a”3 + a”2*b)*sinh(x)~8 - 2*x(2*¥a”3 + a~2*b)*cosh(x
)76 - 2%(2%a”3 + a"2*b - 14*x(a~3 + a"2*b)*cosh(x) " 2)*sinh(x)"6 + 4*(14*x(a"3
+ a~2%b)*cosh(x) "3 - 3*(2*¥a”~3 + a~2*b)*cosh(x))*sinh(x)~5 + (6%¥a”~3 + 4*a~2
*b - a*b”2 + b~3)*cosh(x)"4 + (70%(a”3 + a~2*b)*cosh(x)”™4 + 6*a~3 + 4*a~2%Db
- a*b”2 + b73 - 30%(2*a”3 + a”2*b)*cosh(x)"2)*sinh(x)"4 + 4*(14*x(a"3 + a~2
*b)*cosh(x)~5 - 10*(2*a~3 + a~2*b)*cosh(x)”3 + (6%a~3 + 4*a™2%b - a*b™2 + Db
~3)*cosh(x))*sinh(x)~3 + a~3 + 3*a™2%b + 3*a*b™2 + b~3 - 2*(2%¥a~3 + 3*a"2%Db
- b™3)*cosh(x)”2 + 2*(14%x(a”"3 + a~2*b)*cosh(x)”"6 - 15%(2*¥a”~3 + a~2*b)*cosh
(x)74 - 2%¥a”3 - 3*a”2%b + b73 + 3*(6%a”3 + 4*a"2xb - a*b”2 + b~3)*cosh(x)"2
)*sinh(x) "2 + sqrt(2)*(a"2*cosh(x)”6 + 6*%a~2*cosh(x)*sinh(x)”"5 + a”2*sinh(x
)76 - 3*a"2xcosh(x) 4 + 3*x(5*xa~2xcosh(x)”2 - a"2)*sinh(x)~4 + 4%(5*a”2*cosh
(x)73 - 3*a"2*cosh(x))*sinh(x)~3 + (3*a”2 + 2*a*b - b~2)*cosh(x)"2 + (15*%a”
2%¥cosh(x) "4 - 18*a"2*cosh(x)"2 + 3*a”2 + 2*a*b - b~2)*sinh(x)"2 - a”2 - 2*a
*b - b72 + 2% (3*a"2xcosh(x)”5 - 6*a"2*cosh(x)~3 + (3*%a”2 + 2*a*b - b~2)*cos
h(x))*sinh(x))*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a
+ b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)72)) + 4*%(2*(a”~3 + a~2*b)*cosh
(x)77 - 3%(2*%a”3 + a~"2*b)*cosh(x)"5 + (6*%a”3 + 4*a”"2*xb — a*b™2 + b~3)*cosh(
x)73 - (2*%a~3 + 3*a"2%b - b"3)*cosh(x))*sinh(x))/(cosh(x)”"6 + 6xcosh(x) 5*s
inh(x) + 15%cosh(x) 4*sinh(x)~2 + 20*cosh(x) “3*sinh(x)~3 + 15*cosh(x) " 2*sin
h(x)~4 + 6*cosh(x)*sinh(x)~5 + sinh(x)~6)) + 15%x((a*b + b~2)*cosh(x)~10 + 1
O*(axb + b"2)*cosh(x)*sinh(x)~9 + (a*b + b~2)*sinh(x)~10 - 5*(a*b + b~2)*co
sh(x)~"8 + 5%(9*(a*b + b~2)*cosh(x)”2 - a*b - b™2)*sinh(x)~8 + 40*(3*x(a*b +
b~2)*cosh(x)~3 - (a*b + b~2)*cosh(x))*sinh(x)~7 + 10*(a*b + b~2)*cosh(x)"6
+ 10%(21*(a*xb + b~2)*cosh(x)~4 - 14*x(axb + b~2)*cosh(x)”2 + a*b + b~2)*sinh
(x)76 + 4% (63*(a*b + b~2)*cosh(x)”5 - 70x(a*b + b~2)*cosh(x)~3 + 15x(a*xb +
b~2)*cosh(x))*sinh(x)~5 - 10*(a*xb + b~2)*cosh(x)~4 + 10x(21*(a*xb + b~2)*cos
h(x)"6 - 35x(a*b + b~2)*cosh(x)~"4 + 15x(a*b + b~"2)*cosh(x)"2 - a*xb - b~2)*s
inh(x)~4 + 40*x(3*(a*b + b~2)*cosh(x)~7 - 7*(a*xb + b~2)*cosh(x)”"5 + 5*x(axb +
b~2)*cosh(x)~3 - (a*xb + b~2)*cosh(x))*sinh(x)~3 + 5*(a*b + b~2)*cosh(x) "2
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+ 5x(9*(a*b + b~2)*cosh(x)~8 - 28*(a*b + b~2)*cosh(x)~6 + 30*(axb + b~2)*co
sh(x)"4 - 12x(a*b + b~2)*cosh(x)"2 + a*b + b™2)*sinh(x)"2 - a*b - b™2 + 10%
((axb + b~2)*cosh(x)”9 - 4x(axb + b~2)*cosh(x)~7 + 6x(a*b + b~2)*cosh(x)~5
- 4x(axb + b"2)*cosh(x)"3 + (axb + b~2)*cosh(x))*sinh(x))*sqrt(a + b)*log((
(a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x) "4 + 2x*bx*c
osh(x)72 + 2*%(3*(a + b)*cosh(x)”2 + b)*sinh(x)~2 + sqrt(2)*(cosh(x)~2 + 2xc
osh(x)*sinh(x) + sinh(x)72 + 1)*sqrt(a + b)xsqrt(((a + b)*cosh(x)"2 + (a +
b)*sinh(x)"2 - a + b)/(cosh(x)”2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 4*x((a
+ b)*cosh(x)~3 + b*cosh(x))*sinh(x) + a + b)/(cosh(x)~2 + 2*cosh(x)*sinh(x)
+ sinh(x)72)) - 4xsqrt(2)*((3*a”2 + 26%a*xb + 23*b~2)*cosh(x) "8 + 8*(3*a~2
+ 26xaxb + 23%b~2)*cosh(x)*sinh(x)~7 + (3*a~2 + 26*axb + 23*b~2)*sinh(x)~8
- 4x(3*a”2 + 20*a*xb + 12%b~2)*cosh(x)"6 + 4*x(7*(3*xa"2 + 26*a*xb + 23*b~2)*co
sh(x)~2 - 3*a”™2 - 20*axb - 12%b~2)*sinh(x)”"6 + 8x(7*(3*%a"2 + 26*a*b + 23*b~
2)*xcosh(x)~3 - 3*(3*a”2 + 20*a*b + 12%b~2)*cosh(x))*sinh(x)~5 + 2*x(9*a~2 +
54*axb + 49*b~2)*cosh(x)~4 + 2%(35*%(3*a”2 + 26*xaxb + 23*%b~2)*cosh(x)~4 - 30
*(3*xa”2 + 20%axb + 12+%b~2)*cosh(x)”2 + 9*a”2 + b4xaxb + 49%b~2)*sinh(x) "4 +
8% (7x(3*a”2 + 26*xaxb + 23%b~2)*cosh(x)~5 - 10*(3*a”2 + 20*a*b + 12*xb~2)*co
sh(x)~3 + (9%a”2 + b4*axb + 49*b~2)*cosh(x))*sinh(x)~3 - 4*(3*a~2 + 20*axb
+ 12xb~2)*cosh(x) "2 + 4*(7*(3*xa”2 + 26*a*xb + 23*b~2)*cosh(x)”"6 - 15x(3*a~2
+ 20*axb + 12%¥b~2)*cosh(x)~4 + 3*(9*a”2 + bd*a*xb + 49xb~2)*cosh(x)~2 - 3*a”
2 - 20*%a*b - 12*b~2)*sinh(x)~2 + 3*a”2 + 26*a*b + 23*b~2 + 8+ ((3*a”2 + 26%a
*b + 23*b~2)*cosh(x)”7 - 3*(3*a”2 + 20*a*b + 12%¥b~2)*cosh(x)~5 + (9*a”™2 + 5
4xaxb + 49%b~2)*cosh(x)~3 - (3*a”2 + 20*axb + 12xb~2)*cosh(x))*sinh(x))*sqr
t(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*si
nh(x) + sinh(x)~2)))/(b*cosh(x)~10 + 10*b*cosh(x)*sinh(x)~9 + b*sinh(x)~10
- Bxb*cosh(x) "8 + 5*(9*b*cosh(x)”2 - b)*sinh(x)~8 + 40*(3*b*cosh(x)~3 - b*c
osh(x))*sinh(x)~7 + 10xb*cosh(x) "6 + 10*(21*b*cosh(x)~4 - 14*b*cosh(x)"2 +
b)*sinh(x) "6 + 4*(63*b*cosh(x)”"5 - 70xb*xcosh(x)~3 + 15*b*cosh(x))*sinh(x)”5
- 10xb*cosh(x)~4 + 10*(21*b*cosh(x)~6 - 35*b*cosh(x)”4 + 15*b*cosh(x)"2 -
b)*sinh(x)~4 + 40%(3*b*cosh(x)~7 - 7*bxcosh(x)~5 + b*b*cosh(x)~3 - bxcosh(x
))*sinh(x) "3 + 5*b*cosh(x)~2 + 5% (9*b*cosh(x) 8 - 28*bxcosh(x)~6 + 30*b*cos
h(x)~4 - 12xb*cosh(x)”2 + b)*sinh(x)~2 + 10*(b*cosh(x)~9 - 4*b*cosh(x)~7 +
6*¥b*cosh(x) "5 - 4*b*cosh(x)~3 + b*cosh(x))*sinh(x) - b), -1/30*%(15x((a*xb +
b~2)*cosh(x)~10 + 10*x(a*b + b~2)*cosh(x)*sinh(x)~9 + (a*b + b~2)*sinh(x)~10
- b5x(axb + b"2)*cosh(x)~8 + 5x(9*(a*b + b~2)*cosh(x)~2 - a*b - b~2)*sinh(x
)78 + 40%(3*(a*b + b~2)*cosh(x)~3 - (a*b + b~2)*cosh(x))*sinh(x)~7 + 10*(ax*
b + b"2)*cosh(x)76 + 10*(21*(a*xb + b~2)*cosh(x)"4 - 14*x(a*xb + b~2)*cosh(x)”
2 + axb + b"2)*sinh(x) "6 + 4*x(63*(a*xb + b~2)*cosh(x)"5 - 70*(axb + b~2)*cos
h(x)~3 + 15x(a*b + b~2)*cosh(x))*sinh(x)~5 - 10*(a*b + b~2)*cosh(x)~4 + 10%
(21*(a*b + b~2)*cosh(x)~6 - 3b5*(a*xb + b~2)*cosh(x)~4 + 15*x(axb + b~2)*cosh(
X)72 - axb - b72)*sinh(x)"4 + 40*(3*(a*b + b~2)*cosh(x)~7 - 7*x(a*b + b~2)*c
osh(x)”5 + 5x(a*xb + b~2)*cosh(x)”3 - (a*b + b~2)*cosh(x))*sinh(x)~3 + 5*x(ax
b + b"2)*cosh(x)"2 + 5x(9*(a*xb + b~2)*cosh(x)"8 - 28*(a*b + b~2)*cosh(x)”6
+ 30x(axb + b"2)*cosh(x)"4 - 12*(a*b + b~2)*cosh(x)"2 + a*b + b"2)*sinh(x)”
2 - axb - b™2 + 10*((a*b + b~2)*cosh(x)”9 - 4x(a*xb + b~2)*cosh(x)”7 + 6*(ax
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b + b"2)*cosh(x)”5 - 4*(a*xb + b"2)*cosh(x)~3 + (a*b + b~2)*cosh(x))*sinh(x)
)*sqrt(-a - b)*arctan(sqrt(2)*(a*cosh(x)”~2 + 2xa*cosh(x)*sinh(x) + a*sinh(x
)72 - a - b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a +
b)/(cosh(x) "2 - 2%cosh(x)*sinh(x) + sinh(x)"2))/((a"2 + a*b)*cosh(x)"4 + 4
*(a”2 + axb)*cosh(x)*sinh(x)~3 + (a”2 + a*b)*sinh(x)"4 - (2*a”2 + a*b - b2
Yxcosh(x)72 + (6%(a”2 + a*b)*cosh(x)”2 - 2*a”™2 - a*b + b~2)*sinh(x)"2 + a”2
+ 2xaxb + b2 + 2x(2*x(a”2 + ax*b)*cosh(x)~3 - (2*a”2 + a*b - b~2)*cosh(x))*
sinh(x))) + 15%((a*b + b~2)*cosh(x)~10 + 10*(a*b + b~2)*cosh(x)*sinh(x)~9 +
(axb + b~2)*sinh(x) 10 - 5*(a*b + b~2)*cosh(x)~8 + 5*x(9*(a*b + b~2)*cosh(x
)72 - a*¥b - b"2)*sinh(x)”"8 + 40*(3*(a*b + b~2)*cosh(x)~3 - (a*b + b~2)*cosh
(x))*sinh(x) "7 + 10*x(a*xb + b~2)*cosh(x)”6 + 10*x(21*(axb + b~2)*cosh(x)"4 -
14x(axb + b~2)*cosh(x)"2 + a*b + b~2)*sinh(x) "6 + 4*x(63*(a*xb + b~2)*cosh(x)
“5 - 70*%(a*b + b~2)*cosh(x)~3 + 15*(a*b + b~2)*cosh(x))*sinh(x)~5 - 10*x(a*b
+ b72)*cosh(x)~4 + 10*(21*(axb + b~2)*cosh(x)”"6 - 35*(a*xb + b~2)*cosh(x)"4
+ 15*%(axb + b"2)*cosh(x)"2 - a*b - b"2)*sinh(x)~4 + 40*(3*(a*b + b~2)*cosh
(x)77 - 7*(a*b + b"2)*cosh(x)"5 + 5*x(a*b + b"2)*cosh(x)~3 - (a*xb + b~2)*cos
h(x))*sinh(x)~3 + 5*%(a*b + b~2)*cosh(x)"2 + 5%(9*(a*b + b~2)*cosh(x)"8 - 28
*(axb + b~2)*cosh(x)”6 + 30*(a*b + b~2)*cosh(x)~4 - 12x(a*b + b~2)*cosh(x)”
2 + axb + b"2)*sinh(x)"2 - a*b - b™2 + 10*x((a*b + b~2)*cosh(x)~9 - 4*x(axb +
b~2)*cosh(x)~7 + 6*x(axb + b~2)*cosh(x)~5 - 4*(a*b + b~2)*cosh(x)~3 + (a*b
+ b~2)*cosh(x))*sinh(x))*sqrt(-a - b)*arctan(sqrt(2)*sqrt(-a - b)*sqrt(((a
+ b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x)
+ sinh(x)~2))/((a + b)*cosh(x)"2 + 2*(a + b)*cosh(x)*sinh(x) + (a + b)*sinh
(x)72 + a + b)) + 2*xsqrt(2)*((3*xa”2 + 26*a*b + 23*b~2)*cosh(x) "8 + 8*(3*a”~2
+ 26xaxb + 23%b~2)*cosh(x)*sinh(x)~7 + (3*xa”2 + 26%axb + 23*b~2)*sinh(x)~8
- 4x(3*a”2 + 20*xaxb + 12%¥b~2)*cosh(x) "6 + 4*x(7*(3*a”2 + 26*a*b + 23*b~2)*c
osh(x)~2 - 3*a”2 - 20*axb - 12*b~2)*sinh(x)”6 + 8% (7x(3*a”2 + 26*xa*b + 23%Db
~2)*cosh(x) "3 - 3*(3*a~2 + 20*a*xb + 12*b~2)*cosh(x))*sinh(x)"5 + 2*(9*a"2 +
54*a*xb + 49*b~2)*cosh(x) "4 + 2*%(35%(3*a”2 + 26%a*xb + 23*b~2)*cosh(x)"4 - 3
0% (3*xa”~2 + 20*axb + 12*b~2)*cosh(x)~2 + 9*a”~2 + bdxaxb + 49%b~2)*sinh(x) "4
+ 8% (7x(3*a”2 + 26*xaxb + 23%b~2)*cosh(x)~5 - 10*(3*a~2 + 20*a*b + 12*xb~2)*c
osh(x)"3 + (9*%a”2 + bdxaxb + 49%b~2)*cosh(x))*sinh(x)~3 - 4*(3*a”2 + 20*ax*b
+ 12xb~2)*cosh(x) "2 + 4*(7*(3*a”2 + 26%axb + 23*b~2)*cosh(x)”6 - 15%(3*a™2
+ 20*a*b + 12*b~2)*xcosh(x)~4 + 3*(9*a”2 + bdxaxb + 49%b~2)*cosh(x)”2 - 3*a
"2 - 20*axb - 12*b”2)*sinh(x)~2 + 3*a”2 + 26*a*b + 23*b72 + 8% ((3*xa”2 + 26%
axb + 23*b72)*cosh(x)~7 - 3*%(3*a”2 + 20*a*b + 12*b~2)*cosh(x)”5 + (9*a~2 +
B54*axb + 49*%b~2)*cosh(x)”"3 - (3*%a”2 + 20*a*b + 12%b~2)*cosh(x))*sinh(x))*sq
rt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*s
inh(x) + sinh(x)~2)))/(b*cosh(x)~10 + 10*b*cosh(x)*sinh(x)~9 + b*sinh(x)~10
- bxbxcosh(x) "8 + 5*(9*b*cosh(x)”™2 - b)*sinh(x)~8 + 40*(3*b*cosh(x)~3 - b*
cosh(x))*sinh(x)~7 + 10*b*cosh(x)~6 + 10*(21*b*cosh(x)~4 - 14xb*cosh(x)”2 +
b)*sinh(x) "6 + 4*(63*b*cosh(x)”~5 - 70*b*cosh(x)~3 + 15*b*cosh(x))*sinh(x)”
5 - 10*b*cosh(x)~"4 + 10*(21*b*cosh(x)”"6 - 35*b*xcosh(x)~4 + 15*b*cosh(x)”~2 -
b)*sinh(x)~4 + 40%(3*b*cosh(x)”~7 - T7*b*cosh(x)~5 + 5*xb*cosh(x)~3 - b*cosh(
x))*sinh(x)~3 + 5*b*cosh(x) 2 + 5*(9*bxcosh(x)~8 - 28*b*cosh(x)~6 + 30%*b*co
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sh(x)~4 - 12%b*cosh(x)”2 + b)*sinh(x)~2 + 10*(b*cosh(x)~9 - 4xb*cosh(x)"7 +
6xb*cosh(x) "5 - 4x*bxcosh(x)~3 + b*cosh(x))*sinh(x) - b)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x) ~3*(atb*coth(x)~2)~(3/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ; OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(exp
(2xx)-1)]Evaluation time: 4.09Error: Bad Argument Type

maple [B] time = 0.08, size = 593, normalized size = 7.23

3
2

(a+b(coth’(x)))* ((coth(x) —1)*b + 2 (coth(x) - 1) b +a + b) b\/(coth(x) ~1)?b + 2 (coth(x) = 1) b +

5b 6 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x) ~3*(a+b*coth(x)~2)~(3/2),x)

[Out] -1/5*%(a+b*coth(x)"2)"(5/2)/b-1/6*%((coth(x)-1) "2%b+2*(coth(x)-1)*b+a+b)~(3/2
)-1/4*xb* ((coth(x)-1) "2*b+2* (coth(x)-1)*b+a+b) ~(1/2) *coth(x)-3/4*b~ (1/2) *1n(
((coth(x)-1)*b+b) /b~ (1/2)+((coth(x)-1) "2%b+2* (coth(x)-1) *b+a+b) ~(1/2) ) *xa+1/
2% (a+b) " (1/2) *1n ((2*xa+2xb+2* (coth (x) -1) *b+2* (a+b) ~(1/2) * ((coth(x) -1) ~2*xb+2x
(coth(x)-1)*b+a+b)~(1/2))/(coth(x)-1))*a-1/2*x((coth(x)-1) "2*b+2* (coth(x)-1)
*b+a+b) ~(1/2)*a-1/2%b~(3/2) *1In(((coth(x)-1)*b+b) /b~ (1/2)+((coth(x)-1) "2*b+2
*(coth(x)-1)*b+a+b) ~(1/2))+1/2x(a+b) "~ (1/2) *1n((2*xa+2*b+2* (coth(x) -1) *b+2* (a
+b) " (1/2)*((coth(x)-1) "2%b+2* (coth(x)-1) *b+a+b) ~(1/2) )/ (coth(x)-1) ) *b-1/2%(
(coth(x)-1)"2%b+2* (coth(x)-1) *b+a+b) ~(1/2) *b-1/6*%((1+coth(x)) "2xb-2*x(1+coth
(x))*b+a+b) " (3/2)+1/4*xb*x ((1+coth(x)) "2*¥b-2* (1+coth(x) ) *b+a+b) ~(1/2) *coth(x)
+3/4%b~(1/2) *1n(((1+coth(x) ) *b-b) /b~ (1/2)+((1+coth(x) ) “2*¥b-2* (1+coth(x)) *xb+
a+b) ~(1/2))*a+1/2x(a+b) " (1/2) *1n((2*a+2*b-2* (1+coth(x) ) *b+2*x (a+b) ~(1/2) *((1
+coth(x)) "2%b-2*x (1+coth(x) ) *b+a+b) ~(1/2))/(1+coth(x)))*a-1/2*x((1+coth(x)) "2
*b-2% (1+coth(x) ) *b+a+b) ~(1/2) *xa+1/2*b~ (3/2) *1In(((1+coth(x)) *b-b) /b~ (1/2) +((
1+coth(x)) "2%¥b-2* (1+coth(x))*b+a+b) ~(1/2))+1/2*(a+b) " (1/2) *1n ((2*xa+2xb-2* (1
+coth(x))*b+2*x (a+b) ~(1/2) *((1+coth(x)) "2*xb-2* (1+coth(x)) *b+a+b) ~(1/2))/(1+c
oth(x)))*b-1/2*((1+coth(x)) ~2%b-2* (1+coth(x))*b+a+b) ~(1/2)*Db

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f (b coth(x)? + a)g coth(x)? dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x) ~3*(atb*coth(x)~2)7(3/2),x, algorithm="maxima")

[Out] integrate((b*coth(x)~2 + a)~(3/2)*coth(x)~3, x)

mupad [B] time = 9.04, size = 112, normalized size = 1.37
52 32
(b coth(x)* + a) a+b a 5 32 a+b a \/—2 (@a+Db)"" +
- =5 —( T 3_b) (bcoth(x)® +a)" —(a +b) (T - E) bcoth(x)® + a -atan| ———-

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x) " 3*(a + b*coth(x)~2)"(3/2),x)

[Out] - (a + b*coth(x)"2)"(5/2)/(5%b) - ((a + b)/(3*xb) - a/(3*b))*x(a + b*coth(x)”~
2)7(3/2) - atan(((a + b)~(3/2)*(a + bxcoth(x)"2)"(1/2)*1i)/(2*a*b + a~2 + b
“2))x(a + b)~(3/2)*11i - (a + b)*((a + b)/b - a/b)*x(a + b*xcoth(x)"2)"(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (a + b coth? (x))g coth® (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)**3*(atbxcoth(x)**2)**(3/2),x)
[Out] Integral((a + bxcoth(x)**2)**(3/2)*coth(x)**3, x)
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3/2
323 [coth®(x)(a+bcoth’(x)) " dx
Optimal. Leaf size=123

(342 +124b + 82) tanh ™" [M

V“”’C"thz(x’) L (5a-+4b) coth(x)\a + b coth?(x) ——b coth®(¥)y/a + b coth?(x) +
— ——(oa CO X a CO X)——0CO X a CO X
8V 8 4

[Out] (a+b)~(3/2)*arctanh(coth(x)*(a+b)~(1/2)/(a+b*coth(x)~2)"(1/2))-1/8%(3*a"2+1
2%a*xb+8*b~2) *arctanh(coth(x)*b~(1/2)/ (a+b*coth(x)~2)~(1/2)) /b~ (1/2)-1/8* (5%
a+4xb)*coth(x)*(a+bxcoth(x)~2)~(1/2)-1/4*xb*coth(x) "3* (a+b*coth(x)~2)~(1/2)

Rubi [A] time = 0.24, antiderivative size = 123, normalized size of antiderivative =

1.00, number of steps used = 8, number of rules used = 7, integrand size = 17, number of rules

= 0.412, Rules used = {3670, 477, 582, 523, 217, 206, 377}

integrand size

(342 +12ab + 8b%) tanh ™! [ Vb coth(x)

V””’C"thz(x’J L coth®(¥)na + b coth?(x) —~ (5a+4b) coth(x)y/a + b coth?(x) +
— ——0CO X a CO X)——=oa CO X a CO X
8vb 4 8

Antiderivative was successfully verified.
[In] Int[Coth[x]~2*(a + b*Coth[x]~2)~(3/2),x]

[Out] -((3%¥a”2 + 12*a*b + 8%b~2)*ArcTanh[(Sqrt[b]*Coth[x])/Sqrt[a + b*Coth[x]~2]]
)/ (8*%Sqrt[b]) + (a + b)~(3/2)*ArcTanh[(Sqrt[a + bl*Coth[x])/Sqrt[a + b*Coth
[x]~2]] - ((b*a + 4x*b)*Coth[x]*Sqrt[a + b*Coth[x]~2])/8 - (b*Coth[x] 3*Sqrt

[a + b*xCoth[x]"2])/4

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 217
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],

x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

Rule 377
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Int[((a_) + (b_)*x(x_)"(m_ D))" (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, Db
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 477

Int[((e_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_
))~(q_), x_Symbol] :> Simp[(d*(e*x)~(m + 1)*(a + b*x™n) (p + 1)*x(c + d*x"n)
“(q - 1))/ (b*ex(m + nx(p + q) + 1)), x] + Dist[1/(b*(m + nx(p + @) + 1)), I
nt[(exx) "m*(a + b*x"n) p*x(c + d*x"n)~(q - 2)*Simp[c*((cxb - a*xd)*(m + 1) +

cxbxn*x(p + q)) + (d*(c*b - a*d)*(m + 1) + d*n*(q - 1) *x(bxc - a*d) + cxb*d*n
x(p + @))*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, m, p}, x] && NeQ[b*c - a
xd, 0] && IGtQ[n, 0] && GtQ[g, 1] && IntBinomialQ[a, b, ¢, d, e, m, n, p, q
,» x]

Rule 523

Int[(Ce) + (£_)*x(x_ )" (m_))/(((a_) + (b_.)*(x_)"(n_))*Sqrtl(c_) + (d_.)*(x
)~ (n_)]), x_Symbol] :> Dist[f/b, Int[1/Sqrtlc + d*x"n], x], x] + Dist[(bxe
- axf)/b, Int[1/((a + bxx™n)*Sqrt[c + d*x"nl), x], x] /; FreeQ[{a, b, c, d
, e, £, n}, x]

Rule 582

Int [((g_)*(x_))"(m_.)*((a_) + (b_)*(x_)"(n_)) " (p_.)*x((c_) + (d_.)*(x_)"(n
N7 (g_)*((e ) + (£_)*(x_)"(n_)), x_Symbol] :> Simp[(f*g~(n - 1)*(g*x)~ (m
- n+ *x(a + bxx™n) " (p + )*x(c + d*x"n)~(q + 1))/ (b*d*x(m + nx(p + q + 1)
+ 1)), x] - Distl[g™n/(b*d*(m + nx(p + q + 1) + 1)), Int[(g*x)"(m - n)*(a +
b*x"n) “px(c + d*x"n) g*Simp[axf*ckx(m - n + 1) + (a*xfxd*(m + n*q + 1) + bx(f
xck(m + n¥p + 1) - exdx(m + nx(p + q + 1) + 1)))*x"n, x], x], x] /; FreeQ[{

a, b, c, d, e, f, g, p, q}, x] && IGtQ[n, 0] && GtQ[m, n - 1]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(xD)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +

(f_)*xD1)" ()" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
f72xx~2), x], x, (cxTan[e + f*x])/ff]l, x]1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQn, 4] || (IntegerQ[p] &% Ration
alQ[nl))

Rubi steps
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2 (a + bxz)s/2

1—x2

1 3 5 1 x? (—a(4a + 3b) — b(5a + 4b)
— _~beoth}(x)\/a + bcoth®(x) — = Subst f
4 4 (1—x2) Va + bx?

2 2, V2 o X
coth’(x) (a + beoth®(x))" dx = Subst dx, x, coth(x)

Su

1 1
= —5 (50 + 4b) coth(x)yJa + b coth?(x) — il coth®(x)/a + b coth?(x)

)y
= —é(Sa + 4b) coth(x)\/a + b cothz(x) - %b coths(x)\/a +b cothz(x) +(a
= —%(Sa + 4b) coth(x)r/a + b coth?(x) — ib coth®(x)+/a + b coth?(x) + (a

(3a2 +12ab + 8b2) tanh ™ [M)
+(

_ a+b coth?(x) 2+ 02 tanh™! Va+bc
8Vb a+bcc

Mathematica [A] time = 0.98, size = 219, normalized size = 1.78

sinh(x) csch?(x)((a + b) cosh(2x) - a + b) (x/E (8\/5 (a +b)? tanh ™! ( vfg?’h(z;“lb ) —Va+b coth(x)cs
8V§V%Va+by

Antiderivative was successfully verified.

[In] Integrate[Coth[x]~2*(a + b*Coth[x]~2)~(3/2),x]

[Out] (Sqrt[(-a + b + (a + b)*Cosh[2*x])*Csch[x] 2]*(-(Sqrt[2]*Sqrt[a + b]*(3*xa~2
+ 12xaxb + 8*b~2)*ArcTanh[(Sqrt[2]*Sqrt[b]*Cosh[x])/Sqrt[-a + b + (a + b)*
Cosh[2*x]]]) + Sqrt[b]l*(8*Sqrt[2]*(a + b)~2*ArcTanh[(Sqrt[2]*Sqrt[a + b]*Co
sh[x])/Sqrt[-a + b + (a + b)*Cosh[2*x]]] - Sqrt[a + bl*Sqrt[-a + b + (a + b
)*Cosh [2*x] ] *Coth [x] *Csch[x] *(5%a + 6*%b + 2%b*Csch[x]~2)))*Sinh[x])/(8*Sqrt

[2] *Sqrt [b]*Sqrt[a + b]*Sqrt[-a + b + (a + b)*Cosh[2*x]])

fricas [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x) "2*(atb*coth(x)~2)~(3/2),x, algorithm="fricas")
[Out] Timed out

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x) 2x(atb*coth(x)~2)~(3/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ; OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(exp
(2%x)-1)]Evaluation time: 3.31Error: Bad Argument Type

maple [B] time = 0.09, size = 633, normalized size = 5.15

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x) "2x(a+b*xcoth(x)~2)~(3/2),x)

[Out] -1/4*coth(x)*(at+b*coth(x)~2)~(3/2)-3/8*a*xcoth(x)*(a+b*coth(x)~2)~(1/2)-3/8%
a~2/b"(1/2)*1n(b~ (1/2) *coth (x)+(a+b*coth(x) "2) " (1/2))-1/6*((coth(x)-1) "2*b+
2% (coth(x)-1) *b+a+b) ~(3/2)-1/4%b* ((coth(x)-1) "2xb+2* (coth(x)-1) *b+a+b) ~(1/2
)*coth(x)-3/4*xb~ (1/2)*1n(((coth(x)-1)*b+b) /b~ (1/2)+((coth(x)-1) "2*b+2*(coth
(x)-1)*b+a+b) ~(1/2) ) *xa+1/2x(a+b) ~(1/2) *1n ((2*a+2*xb+2* (coth (x) -1) ¥*b+2* (a+b) ~
(1/2)*((coth(x)-1) "2*xb+2*x (coth(x)-1) *b+a+b) " (1/2))/(coth(x)-1))*a-1/2*((cot
h(x)-1)"2xb+2* (coth(x)-1) *b+a+b) ~(1/2) *a-1/2*xb~ (3/2) *1n(((coth(x)-1)*b+b) /b
“(1/2)+((coth(x)-1) "2xb+2* (coth(x) -1) *b+a+b) ~(1/2) )+1/2* (a+b) "~ (1/2) *1n((2*a
+2%b+2* (coth (x)-1) *b+2* (a+b) ~(1/2) * ((coth(x)-1) "2*b+2x (coth(x) -1) *b+a+b) ~ (1
/2))/(coth(x)-1))*b-1/2x((coth(x)-1) "2*xb+2* (coth(x)-1)*b+a+b) ~(1/2) *b+1/6*(
(1+coth(x)) "2*b-2*(1+coth(x) ) *b+a+b) ~(3/2)-1/4*b*x ((1+coth(x)) ~2*¥b-2* (1+coth
(x))*b+a+b) " (1/2) *coth(x)-3/4*b~(1/2) *1n(((1+coth(x) ) *b-b) /b~ (1/2)+((1+coth
(x))"2%b-2* (1+coth(x) ) *b+a+b) ~(1/2))*a-1/2*(a+b) " (1/2) *1n ((2*a+2*b-2* (1+cot
h(x))*b+2*x(a+b) ~(1/2)*((1+coth(x) ) “2*b-2* (1+coth(x)) *b+a+b) ~(1/2) )/ (1+coth(
x)))*a+1/2x((1+coth(x)) " 2*b-2* (1+coth(x)) *b+a+b) ~(1/2) *a-1/2*(a+b) ~(1/2)*1n
((2%a+2%b-2* (1+coth(x) ) *b+2x (a+b) ~(1/2) * ((1+coth(x) ) "2xb-2* (1+coth(x) ) *b+a+
b)~(1/2))/(1+coth(x)))*b-1/2%b~(3/2) *1n(((1+coth(x))*b-b) /b~ (1/2)+((1+coth(
X)) "2%b-2* (1+coth(x) ) *b+a+b) ~(1/2) ) +1/2* ((1+coth(x)) "2%¥b-2* (1+coth(x) ) *b+a+
b)~(1/2)*b
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maxima [F] time = 0.00, size = 0, normalized size = 0.00
3
f (b coth(x)? + a)z coth(x)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x) " 2x(atb*coth(x)~2)~(3/2),x, algorithm="maxima"
[Out] integrate((b*coth(x)~2 + a)~(3/2)*coth(x)~2, x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01
3/2
f coth(x)? (b coth(x)? + a)” dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)~2*x(a + b*coth(x)~2)~(3/2),x)
[Out] int(coth(x)"2*x(a + bxcoth(x)~2)"(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
3
f (a + both? (3))? coth? (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)**2*(atb*coth(x)**2)**(3/2),x)
[Out] Integral((a + bxcoth(x)**2)**(3/2)*coth(x)**2, x)
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324 [coth(x) (a+beoth*(x)" dx

Optimal. Leaf size=63

1 | AJa+ bcothz(x)
—(a+Db)\Ja+b cothz(x) -3 (a +b cothz(x))z/2 + (a + b)*2 tanh !

Va+b

[Out] (a+b)~(3/2)*arctanh((a+b*xcoth(x)~2)~(1/2)/(a+b)~(1/2))-1/3*%(a+b*coth(x)~2)"
(3/2)-(a+b) *(a+b*coth(x)~2)~(1/2)

Rubi [A] time = 0.10, antiderivative size = 63, normalized size of antiderivative = 1.00,

. ) number of rules
number of steps used = 6, number of rules used = 5, integrand size = 15, ————— =

0.333, Rules used = {3670, 444, 50, 63, 208}

1 \Na+b cothz(x)
~(@+b)ya+beoth’(v) - < (a+b coth?())”” + (a + b tanh ™

Va+b

integrand size

Antiderivative was successfully verified.
[In] Int[Coth[x]*(a + b*Coth[x]~2)~(3/2),x]

[Out] (a + b)~(3/2)*ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrt[a + bl] - (a + b)*Sqrtla +
b*Coth[x]~2] - (a + b*Coth[x]~2)~(3/2)/3

Rule 50

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + D*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(nx(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) " mx(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,

c, d}, x] && NeQ[b*c - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && 'ILtQ[m + n

+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist([p/b, Subst[Int[x~(p*x(m + 1) - D *(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 444

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_.)*((c_) + (d_)*xx_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*(c + d*x)~q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] & NeQ[b*c - a*d, 0] && EqQ[m - n +
1, 0]

Rule 3670

Int[((d_.)*tan[(e_.) + (f£_.)*(x_)1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_D)*xD1)" ()" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) mx(a + bx(ff*x)™n)"p)/(c”2 + £
f~2xx~2), x], x, (c*Tan[e + f*x])/ff]l, x]1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps

a+ bx2)3/2

1—x2

f coth(x) (a + beoth®(x))" dx = Subst [ f o dx, x, coth(x)]

1 bx)*2
= 5 Subst ( f (”:—x) dx, x, cothz(x))

- X

1 1 Va+b
= > (a+booth?(x))” + ~(a +b) Subst[f arox
3 2 1—x

[ 1 1
=—(a+b)\a+ bcothz(x) ~3 (a + bco’chz(x))g/2 + E(a + b)? Subst(

(a + b)? Subst ( Il

dx, x, cothz(x))

(1-

1

a X
457

[ 1
=—(a+Db)\Ja+ bcothz(x) ~3 (a + bco’chz(x))S/2 +

L [+a+peoth®(0) — 1
= (a + b)*? tanh —(a +b)\Ja + bcoth?(x) —§(a+bo

Va+b
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Mathematica [A] time = 0.16, size = 59, normalized size = 0.94

\Na+b cothz(x) 1
(a +b)¥2 tanh ™! - 5\/61 + beoth?(x) (4a + bcoth’(x) + 3b)

Va+b

Antiderivative was successfully verified.

[In] Integrate[Coth[x]*(a + b*Coth[x]~2)~(3/2),x]

[Out] (a + b)~(3/2)*ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrtl[a + bl] - (Sqrt[a + b*Coth
[x]"2]*(4*a + 3*b + b*Coth[x]~2))/3

fricas [B] time = 0.58, size = 2362, normalized size = 37.49

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)*(a+tb*coth(x)~2)~(3/2),x, algorithm="fricas")

[Out] [1/12%x(3*((a + b)*cosh(x)~6 + 6*(a + b)*cosh(x)*sinh(x)~5 + (a + b)*sinh(x)
"6 - 3*%(a + b)*cosh(x)~4 + 3*(5%(a + b)*cosh(x)"2 - a - b)*sinh(x)~4 + 4x(5
*(a + b)*cosh(x)"3 - 3*x(a + b)*cosh(x))*sinh(x)~3 + 3*(a + b)*cosh(x)"2 + 3
*(5%(a + b)*cosh(x)"4 - 6%x(a + b)*cosh(x)"2 + a + b)*sinh(x)"2 + 6*%((a + b)
xcosh(x)”5 - 2%(a + b)*cosh(x)~3 + (a + b)*cosh(x))*sinh(x) - a - b)*sqrt(a
+ b)*log(-((a”3 + a~2*b)*cosh(x) "8 + 8*(a"3 + a~2*b)*cosh(x)*sinh(x)~7 + (
a3 + a"2*b)*sinh(x)"8 - 2%(2*¥a”3 + a"2*b)*cosh(x)"6 - 2%(2*¥a”3 + a™2*b - 1
4% (2”3 + a~2*b)*cosh(x) "2)*sinh(x)”"6 + 4*(14*(a”3 + a~2*b)*cosh(x)~3 - 3*(2
*a”3 + a”2*b)*cosh(x))*sinh(x)"5 + (6*a”3 + 4*a~2*b - a*b™2 + b~3)*cosh(x)”
4 + (70%x(a”3 + a"2*b)*cosh(x)”"4 + 6*xa~3 + 4*a"2*b - a*b™2 + b~3 - 30%(2*a"3
+ a”2*b)*cosh(x)"2)*sinh(x) "4 + 4*(14x(a”~3 + a~2xb)*cosh(x)”5 - 10*(2*a~3
+ a”"2*b)*cosh(x)~3 + (6%a”3 + 4*a”2*b - a*b”2 + b~ 3)*cosh(x))*sinh(x)~"3 + a
3 + 3*a”2%b + 3*%a*b”2 + b~3 - 2*%(2%¥a”3 + 3*a"2%b - b~3)*cosh(x)"2 + 2% (14x
(a”3 + a"2#b)*cosh(x)”"6 — 15x(2*a~3 + a~2*b)*cosh(x)"4 - 2*xa~3 - 3*a"2*b +
b~3 + 3%(6*%a”3 + 4xa”2%b - axb”2 + b7~3)*cosh(x)"2)*sinh(x)"2 + sqrt(2)*(a~2
*cosh(x) "6 + 6*a~2*xcosh(x)*sinh(x)”5 + a"2*sinh(x)~6 - 3*a~2*cosh(x)”4 + 3%
(5%a~2*cosh(x)”2 - a"2)*sinh(x)~4 + 4*(5*a”2*cosh(x)”~3 - 3*a~2*cosh(x))*sin
h(x)~"3 + (3*a”2 + 2*a*b - b"2)*cosh(x)"2 + (15*a"2*cosh(x)~4 - 18*a~2xcosh(
X)72 + 3*%a”2 + 2%axb - b"2)*sinh(x)”"2 - a”2 - 2*axb - b72 + 2*x(3*a"2xcosh(x
)75 - 6%a”2*cosh(x)"3 + (3*¥a”2 + 2xaxb - b~2)*cosh(x))*sinh(x))*sqrt(a + b)
xsqrt (((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x
)*sinh(x) + sinh(x)72)) + 4*x(2*%(a”3 + a"2*b)*cosh(x)”7 - 3*(2*xa~3 + a~2x*b)x*
cosh(x)75 + (6*%a”3 + 4*a~2*xb - a*b”2 + b~3)*cosh(x)~3 - (2*xa~3 + 3*a~2%b -
b~3)*cosh(x))*sinh(x))/(cosh(x)”"6 + 6*cosh(x) 5*sinh(x) + 15*cosh(x) 4*sinh
(x)72 + 20*cosh(x) "3*sinh(x)~3 + 15*cosh(x) "2*sinh(x)~4 + 6*cosh(x)*sinh(x)
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5 + sinh(x)"6)) + 3*((a + b)*cosh(x)"6 + 6*x(a + b)*cosh(x)*sinh(x)"5 + (a
+ b)*sinh(x)"6 - 3*(a + b)*cosh(x)"4 + 3*x(5x(a + b)*cosh(x)"2 - a — b)*sinh
(x)74 + 4%(5*%(a + b)*cosh(x)~3 - 3*(a + b)*cosh(x))*sinh(x)~3 + 3*(a + b)*c
osh(x)~2 + 3*(5x(a + b)*cosh(x)~4 - 6*%(a + b)*cosh(x)"2 + a + b)*sinh(x)"2
+ 6%((a + b)*cosh(x)"5 - 2«(a + b)*cosh(x)"3 + (a + b)*cosh(x))*sinh(x) - a
- b)*sqrt(a + b)*log(((a + b)*cosh(x)~4 + 4x(a + b)*cosh(x)*sinh(x)"3 + (a
+ b)*sinh(x)~4 + 2*b*cosh(x)”2 + 2*x(3*(a + b)*cosh(x)”"2 + b)*sinh(x)"2 + s
grt(2)*(cosh(x) "2 + 2*cosh(x)*sinh(x) + sinh(x)~2 + 1)*sqrt(a + b)*sqrt(((a
+ b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x)
+ sinh(x)~2)) + 4x((a + b)*cosh(x)~3 + b*cosh(x))*sinh(x) + a + b)/(cosh(x
)72 + 2%cosh(x)*sinh(x) + sinh(x)72)) - 16*sqrt(2)*((a + b)*cosh(x)™4 + 4x(
a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)"4 - (2*a + b)*cosh(x)"2 + (6*x(a
+ b)*cosh(x)"2 - 2*a - b)*sinh(x)~2 + 2*x(2x(a + b)*cosh(x)~3 - (2*a + b)*co
sh(x))*sinh(x) + a + b)*sqrt(((a + b)*cosh(x)”"2 + (a + b)*sinh(x)"2 - a + b
)/ (cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)))/(cosh(x)~6 + 6*cosh(x)*sinh
(x)75 + sinh(x) "6 + 3*(5*cosh(x)"2 - 1)#*sinh(x)~4 - 3*cosh(x)~4 + 4*(5*cosh
(x)73 - 3*cosh(x))*sinh(x)~3 + 3*(5*cosh(x)”4 - 6*cosh(x)”2 + 1)*sinh(x)"2
+ 3*cosh(x)”"2 + 6x(cosh(x)”5 - 2*cosh(x)”~3 + cosh(x))*sinh(x) - 1), -1/6%(3
*((a + b)*cosh(x)"6 + 6x(a + b)*cosh(x)*sinh(x)”"5 + (a + b)*sinh(x)~6 - 3x*(
a + b)*cosh(x)”"4 + 3*x(5x(a + b)*cosh(x)”"2 - a - b)*sinh(x)"4 + 4*x(5x(a + b)
*cosh(x)”3 - 3*(a + b)*cosh(x))*sinh(x)~3 + 3*(a + b)*cosh(x)"2 + 3*(5x(a +
b)*cosh(x)"4 - 6*%(a + b)*cosh(x)"2 + a + b)*sinh(x)"2 + 6*x((a + b)*cosh(x)
5 - 2*%(a + b)*cosh(x)"3 + (a + b)*cosh(x))*sinh(x) - a - b)*sqrt(-a - b)*a
rctan(sqrt(2)*(a*cosh(x) "2 + 2*a*cosh(x)*sinh(x) + a*sinh(x)"2 - a - b)*sqr
t(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 -
2*%cosh(x)*sinh(x) + sinh(x)~2))/((a"2 + a*b)*cosh(x)"4 + 4*(a”2 + axb)*cos
h(x)*sinh(x)~3 + (a2 + a*b)*sinh(x)~4 - (2*¥a”2 + a*b - b"2)*cosh(x)"2 + (6
*(a”2 + a*b)*cosh(x)”2 - 2*xa”2 - a*b + b"2)*sinh(x)"2 + a”2 + 2xa*b + b™2 +
2% (2x (a2 + a*b)*cosh(x)"3 - (2*¥a”2 + a*b - b~2)*cosh(x))*sinh(x))) + 3*((
a + b)*cosh(x)”"6 + 6x(a + b)*cosh(x)*sinh(x)”"5 + (a + b)*sinh(x)"6 - 3*(a +
b)*cosh(x)~4 + 3*(5*%(a + b)*cosh(x)"2 - a - b)*sinh(x)~4 + 4x(5x(a + b)*co
sh(x)~3 - 3*(a + b)*cosh(x))*sinh(x)"3 + 3*(a + b)*cosh(x)"2 + 3*(5x(a + b)
*cosh(x)"4 - 6x(a + b)*cosh(x)"2 + a + b)*sinh(x)"2 + 6*((a + b)*cosh(x)~5

- 2x(a + b)*cosh(x)"3 + (a + b)*cosh(x))*sinh(x) - a - b)*sqrt(-a - b)*arct
an(sqrt(2)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)”"2 + (a + b)*sinh(x)"2 - a + b
)/ (cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)"2 + 2*(a +
b)*cosh(x)*sinh(x) + (a + b)*sinh(x)”"2 + a + b)) + 8xsqrt(2)*((a + b)*cosh(
x)74 + 4x(a + b)*cosh(x)*sinh(x)”"3 + (a + b)*sinh(x)"4 - (2*a + b)*cosh(x)”
2 + (6%x(a + b)*cosh(x)”"2 - 2*a - b)*sinh(x)"2 + 2*x(2*(a + b)*cosh(x)~3 - (2
*a + b)*cosh(x))*sinh(x) + a + b)*sqrt(((a + b)*cosh(x)”"2 + (a + b)*sinh(x)
"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)))/(cosh(x)~6 + 6*co
sh(x)*sinh(x)~5 + sinh(x)"6 + 3*(5*cosh(x)”2 - 1)*sinh(x)~4 - 3*cosh(x)"4 +
4% (5*cosh(x)~3 - 3*cosh(x))*sinh(x)~3 + 3*(5*cosh(x)”4 - 6*xcosh(x)"2 + 1)*
sinh(x) "2 + 3*cosh(x)"2 + 6*(cosh(x)”5 - 2*cosh(x)~3 + cosh(x))*sinh(x) - 1
)]

+
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giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)*(atb*coth(x)~2)~(3/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ;OUTPUT:Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(exp
(2%x)-1)]Evaluation time: 2.32Error: Bad Argument Type

maple [B] time = 0.07, size = 578, normalized size = 9.17

((coth(x) = 1)? b + 2 (coth(x) —1) b + a + b)* b\/(coth(x) ~1)?b +2(coth(x) ~1)b+a + b coth(x) 3Vb 1

6 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)*(atb*coth(x)~2)"(3/2),x)

[Out] -1/6*%((coth(x)-1)"2%b+2*(coth(x)-1)*b+a+b)~(3/2)-1/4*b*((coth(x)—-1) "2xb+2%(
coth(x)-1)*b+a+b) " (1/2)*coth(x)-3/4*b~(1/2) *1n(((coth(x)-1)*b+b) /b~ (1/2)+((
coth(x)-1) "2*b+2*(coth(x)-1) *b+a+b) ~(1/2) ) *a+1/2*x(a+b) ~(1/2) *1n((2*a+2xb+2x*
(coth(x)-1)*b+2*(a+b) ~(1/2)*((coth(x)-1) "2*b+2* (coth(x)-1)*b+a+b) ~(1/2))/(c
oth(x)-1))*a-1/2*x((coth(x)-1) "2%b+2* (coth(x)-1) *b+a+b) ~(1/2) *xa+1/2*x(a+b) " (1
/2)*1n((2*a+2*b+2* (coth(x)-1) *b+2* (a+b) ~(1/2) *((coth(x)-1) "2*b+2*(coth(x) -1
Yxb+a+b) ~(1/2))/(coth(x)-1))*b-1/2%b~ (3/2) *1n(((coth(x)-1)*b+b) /b~ (1/2)+((c
oth(x)-1) "2*xb+2*x (coth(x)-1)*b+a+b) ~(1/2))-1/2*((coth(x)-1) "2*b+2*(coth(x) -1
)*b+a+b) ~(1/2) *b-1/6*((1+coth(x)) “2*¥b-2* (1+coth(x) ) *b+a+b) ~(3/2)+1/4*bx ((1+
coth(x)) " 2xb-2% (1+coth(x))*b+a+b) ~(1/2)*coth(x)+3/4xb~ (1/2)*1n(((1+coth(x))
*b-b) /b (1/2)+((1+coth(x)) "2*¥b-2* (1+coth(x) ) *b+a+b) ~(1/2) ) *a+1/2*x(a+b) ~(1/2
)*1In((2%a+2*xb-2* (1+coth(x) ) *b+2* (a+b) ~(1/2) * ((1+coth(x)) “2*¥b-2*x (1+coth(x) ) *
b+a+b)~(1/2))/(1+coth(x)))*a-1/2*x((1+coth(x)) "2*¥b-2* (1+coth(x) ) *b+a+b) ~(1/2
Yxa+1/2%(a+b) " (1/2) *1n((2*xa+2xb-2* (1+coth (x) ) *b+2*x (a+b) ~(1/2) * ((1+coth(x))~
2%b—2% (1+coth(x) ) *b+a+b) ~(1/2))/(1+coth(x)))*b+1/2%b" (3/2) *1n(((1+coth(x) ) *
b-b) /b~ (1/2)+((1+coth(x)) "2xb-2*(1+coth(x) ) *b+a+b) ~(1/2))-1/2*%((1+coth(x) )~
2%b-2% (1+coth(x) ) *b+a+b) ~(1/2) *b

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f (b coth(x)? + a)g coth(x) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(coth(x)*(atb*xcoth(x)~2)~(3/2),x, algorithm="maxima")

[Out] integrate((b*coth(x)~2 + a)~(3/2)*coth(x), x)

mupad [B] time = 3.40, size = 64, normalized size = 1.02

)32 /b hx)? b coth(x)? 32
(a+b) coth(x)” +a (a+b)3/2—(a+b)m—( coth(x) +a)

a2 +2ab+b? 3

atanh

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)*(a + b*coth(x)~2)~(3/2),x)

[Out] atanh(((a + b)~(3/2)*(a + b*coth(x)~2)7(1/2))/(2*a*xb + a™2 + b~2))*(a + b)~
(3/2) - (a + b)*(a + bxcoth(x)72)7(1/2) - (a + b*coth(x)~2)~(3/2)/3
sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (a + beoth? (x))g coth (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)*(at+tb*coth(x)**2)**(3/2),x)
[Out] Integral((a + bxcoth(x)**2)*x(3/2)*coth(x), x)
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325 [(a+booth’(x) dx

Optimal. Leaf size=88

1 \Y b coth 1 b coth
_Eb coth(x)/a + b coth?(x) +(a+b)32 tanh ™" a+b coth(x) —=b (3a+2b) tanh ™! Vb coth(x)

a + bcoth?(x) 2 \Ja + beoth?(x)

[Out] (a+b)~(3/2)*arctanh(coth(x)*(a+b)~(1/2)/(at+b*coth(x)~2)~(1/2))-1/2*(3*a+2*b
Y*arctanh(coth(x)*b~(1/2)/(a+b*coth(x)~2) " (1/2))*b~(1/2)-1/2*b*coth(x)* (a+b
xcoth(x)~2)~(1/2)

Rubi [A] time = 0.09, antiderivative size = 88, normalized size of antiderivative = 1.00,
ber of rul
number of steps used = 7, number of rules used = 6, integrand size = 12, Y T

0.500, Rules used = {3661, 416, 523, 217, 206, 377}

1 Va+b coth(x) | 1 b coth
~>bcoth(x)ya + both’(x) +(a+b)* tanh ! | L2 ® |1 v 3a+25) tanh™ | —Y2.c0th@)

\a+ bcothz(x) 2 \a+ bcothz(x)

integrand size

Antiderivative was successfully verified.
[In] Int[(a + bxCoth[x]~2)7(3/2),x]

[Out] -(Sqrt[b]l*(3*a + 2xb)*ArcTanh[(Sqrt[b]*Coth[x])/Sqrt[a + bxCoth[x]~2]]1)/2 +
(a + b)~(3/2)*ArcTanh[(Sqrt[a + bl*Coth[x])/Sqrt[a + b*Coth[x]~2]] - (b*Co
th[x]*Sqrt[a + b*Coth[x]~2])/2

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

Rule 377

Int[((a_) + (b_)*x(x D" (D))" (p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]
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Rule 416

Int[((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> Simp[(d*x*(a + bxx™n) " (p + 1)*(c + d*x™n)"(q - 1))/(bx(nx(p + q) + 1)),
x] + Dist[1/(b*x(n*x(p + q) + 1)), Int[(a + b*x"n) p*(c + d*x"n)~(q - 2)*Simp
[ckx(bxcx(n*x(p + q) + 1) - axd) + dx(bxckx(nx(p + 2%q - 1) + 1) - axd*(n*(q -
1) + 1))*x"n, x], x], x] /; FreeQ[{a, b, c, d, n, p}, x] && NeQ[b*c - axd,
0] & GtQlq, 1] && NeQnx(p + @) + 1, 0] & !IGtQlp, 1] && IntBinomialQ[a
, b, ¢c,d, n, p, q, xJ

Rule 523

Int[((e) + (£_)*x(x_ )" (m_))/(((a_) + (b_.)*(x_)"(n_))*Sqrtl(c_) + (d_.)*(x
)" (n.)]), x_Symbol] :> Dist[f/b, Int[1/Sqrtlc + d*x"n], x], x] + Dist[(bx*e
- axf)/b, Int[1/((a + b*x"n)*Sqrtlc + d*x"n]), x], x] /; FreeQ[{a, b, c, d
, e, T, n}, x]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (f£_)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + fx*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ffxx)"n)"p/(c”2 + f£72xx72), x], x, (cxTanl[e + f*x])/ff], x]1] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps



160

2 3/2
5 32 ~ (a + bx )
(a+beoth®(x))™ dx = Subst| | *———— dx,x, coth(x)

1 1 —a(2a + b) — b(3a + 2b)x?
— _~bcoth(x)y/a + beoth?(x) — = Subst f a(2a +b) ~bBa + 2D ) coth(x)
2 2 (1—x2) Va + bx?

1 ” 1
= _—bcoth(x)y/a + beoth®(x) + (a + b)? Subst f dx, x, coth(x) |
2 (1 — xz) Va + bx2

1 2 coth(x)
— _~beoth(x)\/a + beoth®(x) + (a + b)? Subst f _d
2 1- a+b)x \/a+bcoth (

Va + b coth(x)

h
Vb cot ®) + (a + b)3? tanh™! -

\a+b cothz(x) \Na+b cothz(x)

1
= —5\/5 (3a + 2b) tanh ™"

Mathematica [A] time = 0.29, size = 161, normalized size = 1.83

% (—b coth(x)/a + beoth?(x) — (2 + b)¥2 log (\/a +bJa+bcoth?(x) +a—b coth(x)) + (a +b)y2log (\/a + 1

Antiderivative was successfully verified.

[In] Integrate[(a + b*Coth[x]~2)~(3/2),x]

[Out] (-(b*Coth[x]*Sqrt[a + b*Coth[x]~2]) - (a + b)~(3/2)*Log[1 - Coth[x]] + (a +
b)~(3/2)*Log[1 + Coth[x]] - Sqrt([b]*(3*a + 2*b)*Log[b*Coth[x] + Sqrt[b]*Sq

rt[a + bxCoth[x]~2]] - (a + b)~(3/2)*Logla - b*Coth[x] + Sqrtl[a + bl*Sqrtla

+ b*Coth[x]~"2]] + (a + b)~(3/2)*Logla + b*Coth[x] + Sqrt[a + b]*Sqrtla + b
*Coth[x]72]11)/2

fricas [B] time = 0.74, size = 5037, normalized size = 57.24

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)~2)~(3/2),x, algorithm="fricas")

[Out] [1/4*x(((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)”"3 + (a + b)*sinh(x)"4
- 2x(a + b)*cosh(x)"2 + 2%(3*(a + b)*cosh(x)"2 - a - b)*sinh(x)"2 + 4x((a +
b)*cosh(x)~3 - (a + b)*cosh(x))*sinh(x) + a + b)*sqrt(a + b)*log(((axb~2 +
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b~3)*cosh(x)"8 + 8*(a*b™2 + b~3)*cosh(x)*sinh(x)”7 + (a*b”2 + b~3)*sinh(x)
8 + 2*x(a*b”2 + 2*b73)*cosh(x)”"6 + 2%(axb”2 + 2+%b~3 + 14*x(a*b”2 + b~3)*cosh
(x)"2)*sinh(x) "6 + 4*(14*x(a*b”™2 + b~3)*cosh(x)"3 + 3*(a*b”2 + 2xb~3)*cosh(x
))*sinh(x)"5 + (2”3 - a”2*b + 4*a*xb~2 + 6*b~3)*cosh(x)"4 + (70x(a*b”2 + b~3
Yxcosh(x)74 + a3 - a™2*xb + 4xa*xb™2 + 6*%b~3 + 30*(a*xb”2 + 2*¥b~3)*cosh(x)~2)
*sinh(x) "4 + 4x(14*x(a*b”2 + b~3)*cosh(x)”"5 + 10*(a*b”2 + 2*¥b~3)*cosh(x)~3 +
(a”3 - a™2xb + 4*a*b”2 + 6*b”3)*cosh(x))*sinh(x)~3 + a3 + 3*a~2xb + 3*axb
"2 + b"3 - 2x(a”3 - 3*axb”2 - 2%b~3)*cosh(x)”"2 + 2x(14*(a*b”2 + b~ 3)*cosh(x
)76 + 15%(axb”2 + 2%b~3)*cosh(x)”4 - a~3 + 3*a*xb”2 + 2+%b~3 + 3*x(a”3 - a”2*b
+ 4%a*xb~2 + 6%b~3)*cosh(x)"2)*sinh(x)"2 + sqrt(2)*(b"2*cosh(x) "6 + 6*%b~2x*c
osh(x)*sinh(x)”5 + b™2*sinh(x) "6 + 3*b~2*cosh(x)~4 + 3*(5%b"2*cosh(x)”"2 + b
~2)*sinh(x) "4 + 4*x(5*%b~2*cosh(x)~3 + 3*b"2*cosh(x))*sinh(x)"3 - (a"2 - 2*ax
b - 3*b"2)*cosh(x) "2 + (156%b"2*cosh(x)~4 + 18%b~2*cosh(x)"2 - a~2 + 2*axb +
3*%b~2)*sinh(x) "2 + a”2 + 2%axb + b~2 + 2x(3*b"2*cosh(x)”~5 + 6*¥b~2xcosh(x)”
3 - (272 - 2%axb - 3*b72)*cosh(x))*sinh(x))*sqrt(a + b)*sqrt(((a + b)*cosh(
x)72 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~
2)) + 4x(2x(axb”2 + b~3)*cosh(x)”7 + 3*x(a*b”™2 + 2%xb~3)*cosh(x)"5 + (a”3 - a
“2xb + 4*axb”2 + 6*b~3)*cosh(x)”"3 - (a”3 - 3*a*b”2 - 2*b~3)*cosh(x))*sinh(x
))/(cosh(x)"6 + 6%cosh(x) 5*sinh(x) + 15%cosh(x) 4*sinh(x)~2 + 20%*cosh(x)~3
*3inh(x) "3 + 15*%cosh(x) "2*sinh(x) 4 + 6*cosh(x)*sinh(x)~5 + sinh(x)~6)) + (
(3*a + 2%b)*cosh(x)”4 + 4*x(3xa + 2*b)*cosh(x)*sinh(x)~3 + (3*a + 2x%b)*sinh(
X)"4 - 2x(3*%a + 2%b)*cosh(x) "2 + 2x(3*(3*a + 2*xb)*cosh(x)~2 - 3*a - 2xb)*si
nh(x)~"2 + 4x((3*a + 2*b)*cosh(x)~3 - (3*a + 2*b)*cosh(x))*sinh(x) + 3*a + 2
*xb)*sqrt (b)*log(-((a + 2*b)*cosh(x)"4 + 4*(a + 2*b)*cosh(x)*sinh(x)"3 + (a
+ 2xb)*sinh(x) "4 - 2*(a - 2*b)*cosh(x)"2 + 2*x(3*(a + 2xb)*cosh(x)"2 - a + 2
*b)*sinh(x) "2 - 2*xsqrt(2)*(cosh(x)”"2 + 2xcosh(x)*sinh(x) + sinh(x)"2 + 1)*s
grt(b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2%
cosh(x)*sinh(x) + sinh(x)~2)) + 4%((a + 2*b)*cosh(x)"3 - (a - 2%b)*cosh(x))
*sinh(x) + a + 2*b)/(cosh(x)”4 + 4*cosh(x)*sinh(x)~3 + sinh(x)~4 + 2x(3*cos
h(x)"2 - 1)*sinh(x) "2 - 2*cosh(x)~2 + 4x(cosh(x)~3 - cosh(x))*sinh(x) + 1))
+ ((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)"4 - 2
*(a + b)*cosh(x)"2 + 2x(3*(a + b)*cosh(x)"2 - a - b)*sinh(x)"2 + 4*x((a + b)
xcosh(x)~3 - (a + b)*cosh(x))*sinh(x) + a + b)*sqrt(a + b)*log(-((a + b)*co
sh(x)~4 + 4x(a + b)*cosh(x)*sinh(x)”"3 + (a + b)*sinh(x)~4 - 2*axcosh(x)"2 +
2x(3*%(a + b)*cosh(x)"2 - a)*sinh(x)~2 + sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sin
h(x) + sinh(x)"2 - 1)*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)
"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)72)) + 4*x((a + b)*cosh(
x)"3 - axcosh(x))*sinh(x) + a + b)/(cosh(x)"2 + 2*cosh(x)*sinh(x) + sinh(x)
~2)) - 2*sqrt(2)*(b*cosh(x)”~2 + 2*b*cosh(x)*sinh(x) + b*sinh(x)~2 + b)*sqrt
(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sin
h(x) sinh(x)~2)))/(cosh(x)~4 + 4xcosh(x)*sinh(x)~3 + sinh(x)~4 + 2%(3*cos
h(x)"2 - 1)*sinh(x)~"2 - 2*cosh(x)~2 + 4*x(cosh(x)"3 - cosh(x))*sinh(x) + 1),
1/4% (2% ((3*a + 2%b)*cosh(x)”4 + 4x(3*a + 2%b)*cosh(x)*sinh(x)~3 + (3*a + 2
*b)*sinh(x) "4 - 2*(3*a + 2xb)*cosh(x)~2 + 2*(3*(3*xa + 2*b)*cosh(x)”2 - 3*a
- 2xb)*sinh(x)~2 + 4*((3*a + 2*b)*cosh(x)~3 - (3*a + 2*b)*cosh(x))*sinh(x)

+ +
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+ 3%a + 2*b)*sqrt(-b)*arctan(sqrt(2)*(cosh(x)”"2 + 2xcosh(x)*sinh(x) + sinh(
x)72 + 1)*sqrt(-b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(co
sh(x)~"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)~4 + 4x(a + b)*co
sh(x)*sinh(x)~3 + (a + b)*sinh(x)”4 - 2*(a - b)*cosh(x)"2 + 2*(3*(a + b)*co
sh(x)7"2 - a + b)*sinh(x)"2 + 4%((a + b)*cosh(x)"3 - (a - b)*cosh(x))*sinh(x
) +a+ b))+ ((a+ b)xcosh(x)"4 + 4+(a + b)*cosh(x)*sinh(x)"3 + (a + b)*si
nh(x)~4 - 2x(a + b)*cosh(x)"2 + 2*x(3*x(a + b)*cosh(x)"2 - a - b)*sinh(x)"2 +
4x((a + b)*cosh(x)"3 - (a + b)*cosh(x))*sinh(x) + a + b)*sqrt(a + b)*log((
(a*b”™2 + b~3)*cosh(x)~8 + 8*(a*b”2 + b~3)*cosh(x)*sinh(x)~7 + (a*xb™2 + b~3)
*3inh(x) "8 + 2*(a*b™2 + 2*¥b~3)*cosh(x) 6 + 2x(a*xb™2 + 2*¥b~3 + 14*(a*b”™2 + b
~3)*cosh(x) "2)*sinh(x) "6 + 4*(14*(a*b”2 + b~3)*cosh(x)~3 + 3*(a*b™2 + 2*b~3
Y*xcosh(x))*sinh(x)"5 + (a”3 - a~2%b + 4*a*xb”™2 + 6*xb~3)*cosh(x)"4 + (70x(a*xb
"2 + b73)*cosh(x)™4 + a”3 - a"2*b + 4xaxb”2 + 6%b~3 + 30*(a*xb”2 + 2*b~3)*co
sh(x)"2)*sinh(x)~4 + 4x(14*x(a*xb”2 + b~ 3)*cosh(x)~5 + 10*(a*b™2 + 2*b~3)*cos
h(x)"3 + (a”3 - a™2*b + 4*a*b”™2 + 6*b~3)*cosh(x))*sinh(x)~3 + a~3 + 3*a~2+*b
+ 3*xaxb”2 + b3 - 2*x(a”3 - 3*xa*b”2 - 2%b~3)*cosh(x)"2 + 2x(14*(a*xb”2 + b~3
)*cosh(x) 76 + 15%(a*xb”™2 + 2*b~3)*cosh(x)"4 - a”3 + 3*a*xb”2 + 2*xb~3 + 3*(a”3
- a"2xb + 4*axb~2 + 6*%b~3)*cosh(x)"2)*sinh(x) "2 + sqrt(2)*(b~2*cosh(x)~6 +
6*%b~2*cosh(x)*sinh(x) 5 + b~2*sinh(x) "6 + 3*b~2*cosh(x)”"4 + 3*(5xb~2*cosh(
X)72 + b72)*sinh(x) "4 + 4*x(5xb"2*cosh(x)~3 + 3*b~2*cosh(x))*sinh(x)~3 - (a~
2 - 2%a*xb - 3*b"2)*cosh(x)"2 + (15*%b"2*cosh(x)”"4 + 18*b~2*cosh(x)"2 - a2 +
2%axb + 3*b72)*sinh(x)”2 + a”2 + 2*axb + b~2 + 2% (3%b"2*cosh(x)~5 + 6*xb~2x
cosh(x)"3 - (a”2 - 2*axb - 3*b~2)*cosh(x))*sinh(x))*sqrt(a + b)*sqrt(((a +
b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2xcosh(x)*sinh(x) +
sinh(x)~2)) + 4*x(2*x(a*b~2 + b~ 3)*cosh(x)~7 + 3*(axb~2 + 2%¥b~3)*cosh(x)”5 +
(a”3 - a™2*b + 4*a*xb”™2 + 6*b~3)*cosh(x)”3 - (a”3 - 3*axb”2 - 2%b~3)*cosh(x)
Y*sinh(x))/(cosh(x) "6 + 6xcosh(x) 5*sinh(x) + 15*%cosh(x) 4*sinh(x)~2 + 20%*c
osh(x) "3*sinh(x) "3 + 15*cosh(x) "2*sinh(x)”4 + 6*cosh(x)*sinh(x)"5 + sinh(x)
“6)) + ((a + b)*cosh(x)~"4 + 4*x(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)"4
- 2*%(a + b)*cosh(x)"2 + 2%(3*(a + b)*cosh(x)"2 - a - b)*sinh(x)~2 + 4*x((a
+ b)*cosh(x)”3 - (a + b)*cosh(x))*sinh(x) + a + b)*sqrt(a + b)*log(-((a + b
Yxcosh(x)~4 + 4*x(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)~4 - 2*a*cosh(x)
2 + 2%(3%(a + b)*cosh(x)7"2 - a)*sinh(x)”2 + sqrt(2)*(cosh(x)~2 + 2*cosh(x)
xsinh(x) + sinh(x)72 - 1)*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sin
h(x)"2 - a + b)/(cosh(x)”2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 4*x((a + b)*c
osh(x)~3 - a*cosh(x))*sinh(x) + a + b)/(cosh(x)"2 + 2*cosh(x)*sinh(x) + sin
h(x)~2)) - 2*xsqrt(2)*(b*cosh(x)~2 + 2%b*cosh(x)*sinh(x) + b*sinh(x)~2 + b)*
sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)”"2 - a + b)/(cosh(x)"2 - 2xcosh(x)
*sinh(x) + sinh(x)~2)))/(cosh(x)~4 + 4*cosh(x)*sinh(x)~3 + sinh(x)"4 + 2x%(3
*cosh(x)”2 - 1)*sinh(x)~2 - 2*cosh(x)”~2 + 4x(cosh(x)~3 - cosh(x))*sinh(x) +
1), -1/4x(2x((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sin
h(x)"4 - 2x(a + b)*cosh(x)"2 + 2*x(3*(a + b)*cosh(x)”"2 - a - b)*sinh(x)"2 +
4x((a + b)*cosh(x)"3 - (a + b)*cosh(x))*sinh(x) + a + b)*sqrt(-a - b)*arcta
n(sqrt(2)*(b*cosh(x) "2 + 2*bxcosh(x)*sinh(x) + b*sinh(x)~2 + a + b)*sqrt(-a
- b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*c
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osh(x)*sinh(x) + sinh(x)~2))/((a*b + b"2)*cosh(x)~4 + 4*(axb + b~2)*cosh(x)
*sinh(x)"3 + (a*b + b"2)*sinh(x)"4 - (2”2 - a*b - 2*¥b"2)*cosh(x)"2 + (6*x(ax
b + b72)*cosh(x)"2 - a”2 + a*b + 2*b"2)*sinh(x)”"2 + a”2 + 2*a*xb + b™2 + 2x%(
2% (a*xb + b"2)*cosh(x)"3 - (a™2 - a*b - 2*b~2)*cosh(x))*sinh(x))) + 2*x((a +
b)*cosh(x)~4 + 4*(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)"4 - 2x(a + b)*
cosh(x)72 + 2%(3*(a + b)*cosh(x)"2 - a - b)*sinh(x)~"2 + 4x((a + b)*cosh(x)”
3 - (a + b)*cosh(x))*sinh(x) + a + b)*sqrt(-a - b)*arctan(sqrt(2)*(cosh(x)”
2 + 2xcosh(x)*sinh(x) + sinh(x)72 - 1)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)~2
+ (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/
((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)”3 + (a + b)*sinh(x)"4 - 2*(a
- b)*cosh(x)~"2 + 2x(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4*x((a + b)*co
sh(x)"3 - (a - b)*cosh(x))*sinh(x) + a + b)) - ((3*a + 2*b)*cosh(x)"4 + 4x(
3*a + 2*b)*cosh(x)*sinh(x)~3 + (3*a + 2*b)*sinh(x)~4 - 2*(3*a + 2*b)*cosh(x
)72 + 2% (3% (3*a + 2*b)*cosh(x)”2 - 3xa - 2*b)*sinh(x)~2 + 4% ((3*a + 2*b)*co
sh(x)~3 - (3*a + 2*b)*cosh(x))*sinh(x) + 3*a + 2*b)*sqrt(b)*log(-((a + 2%b)
*cosh(x) "4 + 4*x(a + 2xb)*cosh(x)*sinh(x)”"3 + (a + 2*b)*sinh(x)"4 - 2*x(a - 2
*b)*cosh(x) "2 + 2x(3x(a + 2xb)*cosh(x)”2 - a + 2*b)*sinh(x)~2 - 2*sqrt(2)*(
cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)72 + 1)x*sqrt(b)*sqrt(((a + b)*cosh(x
)72 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)”"2 - 2*cosh(x)*sinh(x) + sinh(x)~2
)) + 4x((a + 2*b)*cosh(x)~3 - (a - 2*b)*cosh(x))*sinh(x) + a + 2%b)/(cosh(x
)74 + 4xcosh(x)*sinh(x)~3 + sinh(x)"4 + 2*%(3*cosh(x)”"2 - 1)*sinh(x)"2 - 2x*c
osh(x)"2 + 4*(cosh(x)”3 - cosh(x))*sinh(x) + 1)) + 2*sqrt(2)*(b*cosh(x)”2 +
2xb*cosh(x)*sinh(x) + b*sinh(x)”2 + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*s
inh(x)"2 - a + b)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2)))/(cosh(x)"4
+ 4xcosh(x)*sinh(x)~3 + sinh(x)~4 + 2*(3*cosh(x)~2 - 1)*sinh(x)~2 - 2*cosh(
x)"2 + 4x(cosh(x)"3 - cosh(x))*sinh(x) + 1), -1/2%(((a + b)*cosh(x)~4 + 4x(
a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)”"4 - 2x(a + b)*cosh(x) ™2 + 2% (3*(
a + b)*cosh(x)"2 - a - b)*sinh(x)"2 + 4*x((a + b)*cosh(x)"3 - (a + b)*cosh(x
))*sinh(x) + a + b)*sqrt(-a - b)*arctan(sqrt(2)*(b*cosh(x)~2 + 2*b*cosh(x)*
sinh(x) + b*sinh(x)"2 + a + b)*sqrt(-a - b)xsqrt(((a + b)*cosh(x)"2 + (a +
b)*sinh(x)"2 - a + b)/(cosh(x)”2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a*xb +
b~2)*cosh(x)~4 + 4x(a*b + b~2)*cosh(x)*sinh(x)~3 + (a*b + b"2)*sinh(x)"4 -
(a”2 - a*b - 2*b"2)*cosh(x)"2 + (6*(a*b + b"2)*cosh(x)"2 - a~2 + a*b + 2*b”~
2)*sinh(x)72 + a”2 + 2xa*xb + b~™2 + 2*x(2*x(a*xb + b~2)*cosh(x)”3 - (a"2 - axb
- 2*b~2)*cosh(x))*sinh(x))) + ((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x
)73 + (a + b)*sinh(x)~4 - 2x(a + b)*cosh(x)”2 + 2*x(3*x(a + b)*cosh(x)"2 - a
- b)*sinh(x)"2 + 4*x((a + b)*cosh(x)"3 - (a + b)*cosh(x))*sinh(x) + a + b)x*s
grt(-a - b)*arctan(sqrt(2)*(cosh(x)~2 + 2xcosh(x)*sinh(x) + sinh(x)"2 - 1)*
sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)”"2 - a + b)/(cosh(x)”
2 - 2*xcosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)x*
sinh(x)~3 + (a + b)*sinh(x)~4 - 2*(a - b)*cosh(x)"2 + 2%(3*(a + b)*cosh(x)~
2 - a + b)*sinh(x)"2 + 4x((a + b)*cosh(x)”"3 - (a - b)*cosh(x))*sinh(x) + a
+ b)) - ((3*a + 2xb)*cosh(x)~4 + 4*x(3*a + 2*b)*cosh(x)*sinh(x)~3 + (3*a + 2
*b)*sinh(x) "4 - 2*(3*a + 2xb)*cosh(x)~2 + 2*(3*(3*xa + 2*b)*cosh(x)”2 - 3*a
- 2xb)*sinh(x)~2 + 4*((3*a + 2*b)*cosh(x)~3 - (3*a + 2*b)*cosh(x))*sinh(x)
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+ 3%a + 2*b)*sqrt(-b)*arctan(sqrt(2)*(cosh(x)”"2 + 2xcosh(x)*sinh(x) + sinh(
x)72 + 1)*sqrt(-b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(co
sh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)72))/((a + b)*cosh(x)~"4 + 4x(a + b)*co
sh(x)*sinh(x)~3 + (a + b)*sinh(x)"4 - 2%(a - b)*cosh(x)~2 + 2x(3x(a + b)*co
sh(x)”"2 - a + b)*sinh(x)”"2 + 4x((a + b)*cosh(x)”3 - (a - b)*cosh(x))*sinh(x
) + a+ b)) + sqrt(2)*(b*cosh(x)~2 + 2%b*cosh(x)*sinh(x) + b*sinh(x)~2 + b)
xsqrt (((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x
)*sinh(x) + sinh(x)~2)))/(cosh(x)~4 + 4*cosh(x)*sinh(x)~3 + sinh(x)74 + 2x%(
3*cosh(x) 72 - 1)*sinh(x)”2 - 2xcosh(x)~2 + 4*(cosh(x)~3 - cosh(x))*sinh(x)
+ 1)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)~2)~(3/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ;OUTPUT:Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(exp
(2%x)-1)]Evaluation time: 1.85Error: Bad Argument Type

maple [B] time = 0.11, size = 578, normalized size = 6.57

3
2

((coth(x) =1)* b + 2 (coth(x) ~ 1) b + a + b) b\/(coth(x) ~1)?b +2(coth(x) ~1)b+a + b coth(x) 3Vb 1
6 - 4 -

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*coth(x)~2)~(3/2),x)

[Out] -1/6*%((coth(x)-1)"2%b+2*(coth(x)-1)*b+a+b)~(3/2)-1/4*b*((coth(x)—-1) "2xb+2%(
coth(x)-1)*b+a+b) " (1/2) *coth(x)-3/4*%b~ (1/2) *1n(((coth(x)-1)*b+b) /b~ (1/2)+((
coth(x)-1) "2*b+2*(coth(x)-1) *b+a+b) ~(1/2) ) *a+1/2*x(a+b) ~(1/2) *1n((2*a+2*xb+2*
(coth(x)-1)*b+2*(a+b) ~(1/2)*((coth(x)-1) "2*b+2* (coth(x)-1)*b+a+b) ~(1/2))/(c
oth(x)-1))*a-1/2*x((coth(x)-1) "2%b+2* (coth(x)-1) *b+a+b) ~(1/2)*xa-1/2*xb~(3/2) *
In(((coth(x)-1)*b+b) /b~ (1/2)+((coth(x)-1) "2xb+2*x(coth(x)-1) *b+a+b) ~(1/2))+1
/2% (a+b) " (1/2) *1n ((2*a+2¥b+2* (coth (x) -1) *b+2* (a+b) ~(1/2) *((coth(x) -1) "2*b+2
*(coth(x)-1)*b+a+b)~(1/2))/(coth(x)-1))*b-1/2%((coth(x)-1) "2*xb+2*(coth(x) -1
)*b+a+b) ~(1/2) *b+1/6x ((1+coth(x)) “2*¥b-2* (1+coth(x) ) *b+a+b) ~(3/2)-1/4*bx ((1+
coth(x)) " 2xb-2% (1+coth(x))*b+a+b) ~(1/2)*coth(x)-3/4*xb~ (1/2)*1n(((1+coth(x))
*b-b) /b~ (1/2)+((1+coth(x)) "2*¥b-2* (1+coth(x) ) *b+a+b) ~(1/2) ) *a-1/2*x(a+b) ~(1/2
)*x1n ((2*a+2%b-2*(1+coth(x) ) *b+2* (a+b) " (1/2) *((1+coth(x) ) "2*b-2* (1+coth(x) ) *
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b+a+b) " (1/2))/(1+coth(x)))*a+1/2*x((1+coth(x)) "2*%b-2*(1+coth(x) ) *b+a+b) ~(1/2
Y*a-1/2%b"(3/2)*1n(((1+coth(x))*b-b) /b~ (1/2)+((1+coth(x)) ~2*b-2*% (1+coth(x))
*b+a+b) “(1/2))-1/2x(a+b) ~(1/2) *1n((2*xa+2*b-2* (1+coth (x) ) *b+2* (a+b) ~(1/2) * ((
1+coth(x)) "2%b-2* (1+coth(x))*b+a+b) ~(1/2))/(1+coth(x))) *b+1/2*x((1+coth(x)) "~
2%b-2x (1+coth(x) ) *b+a+b) ~(1/2)*b

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

3

f (bcoth(x)? +a)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)~2)~(3/2),x, algorithm="maxima"
[Out] integrate((b*coth(x)~2 + a)~(3/2), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f (b co’ch(x)2 + a)3/2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*coth(x)~2)7(3/2),x)

[Out] int((a + b*coth(x)~2)~(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
3

f (a + beoth? (x))E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)**2)**(3/2),x)
[Out] Integral((a + bxcoth(x)**2)*x(3/2), x)
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326 [(a+beoth’(x))" tanh(x) dx

Optimal. Leaf size=71

Ll ya+b cothz(x) 5 i \a+b cothz(x)
a%2| - tanh — bJa + beoth”(x) + (a + b)¥? tanh

Va Va+b

[Out] -a~(3/2)*arctanh((at+b*coth(x)~2)"(1/2)/a"~(1/2))+(a+b)~(3/2)*arctanh((a+b*co
th(x)~2)~(1/2)/(a+b) ~(1/2))-b* (a+b*coth(x) ~2)~(1/2)

Rubi[A] time = 0.14, antiderivative size = 71, normalized size of antiderivative = 1.00,
ber of rul
number of steps used = 8, number of rules used = 6, integrand size = 15, e =

0.400, Rules used = {3670, 446, 84, 156, 63, 208}

) 3 \a+ bcothz(x) 5 3 » \a+ bcothz(x)
a%2| —tanh — byJa + beoth”(x) + (a + b)¥? tanh

Va Va+b

integrand size

Antiderivative was successfully verified.
[In] Int[(a + b*Coth[x]~2)"(3/2)*Tanh[x],x]

[Out] -(a~(3/2)*ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrt[al]l) + (a + b)~(3/2)*ArcTanh[S
grt[a + b*Coth[x]~2]/Sqrt[a + b]] - bxSqrt[a + bxCoth[x]~2]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - D*(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 84

Int[((e_.) + (£_D*(x_))"(p_)/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))),
x_Symbol] :> Simp[(f*(e + f*x)"(p - 1))/(bxd*(p - 1)), x] + Dist[1/(b*xd), I
nt [((bxdxe™2 - a*xcxf~2 + f*x(2xbxd*e - bkcxf - axdxf)*x)*x(e + £xx)"(p - 2))/
((a + bxx)*x(c + d*x)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 1]

Rule 156

Int[((Ce_.) + (£_)*(x_))"(p)*((g_.) + (h_.)*(x_)))/(((a_.) + (b_.)*(x_))*
((c_.) + (d_.)*(x.))), x_Symbol]l :> Dist[(b*g - a*h)/(b*c - a*d), Int[(e +
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fxx)"p/(a + b*x), x], x] - Dist[(d*g - c*h)/(b*c - a*xd), Int[(e + fx*x)7p/(c
+ d*x), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 446

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(_ )" (p_.)*((c_) + (d_)*x_)"(n_))" (q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
x(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*xd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(x )1~ (m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*xD1)" ()~ (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(c*ff)/f, Subst[Int[(((d*ff*x)/c) " m*(a + bx(ff*x)"n) p)/(c”2 + £
£~2xx~2), x], x, (cxTanl[e + f*xx])/ffl, x]]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, pY, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps
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(a + bx2)3/2

)" tanh(x) dx = Subst [ f Fo dx, x, coth(x)J

f (a +b cothz(x)

1 (a + bx)%?
= E SUbSt ( W

1 —a2 + (~2a - b)b

= _byJa + beoth?(x) — = Subst[ f @t (20 - 0bx cothz(x))
2 (1 -x)xVa + bx
1 1 1

= —brJa + bcoth?(x) + —a? Subst( —dx,x, cothz(x)) +=(a+b)2¢
2 xVa+ bx 2
a® Subst [f 31 — dx,x,\/a + bcothz(x)) (a + b)>¢

__+_
= —brJa + beoth?(x) + b b ; +
. \Ja + beoth?(x) . \Ja + beoth?(x)
—a%2 tanh + (a + b)¥? tanh

-b
\/E Va+b \

dx, x, coth? (x))

Mathematica [A] time = 0.06, size = 71, normalized size = 1.00

4| Va+b coth’(x) ” Llatb coth?(x)
a%2| - tanh — bJa + beoth”(x) + (a + b)¥? tanh

Va Va+b

Antiderivative was successfully verified.

[In] Integrate[(a + b*xCoth[x]~2)~(3/2)*Tanh[x],x]

[Out] -(a~(3/2)*ArcTanh[Sqrt[a + bxCoth[x]~2]/Sqrt[a]l]l) + (a + b)~(3/2)*ArcTanh[S
qrtla + b*Coth[x]~2]/Sqrt[a + b]] - b*Sqrtla + b*Coth[x] 2]

fricas [B] time = 0.68, size = 3949, normalized size = 55.62

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)~2)~(3/2)*tanh(x),x, algorithm="fricas")

[Out] [1/4*(((a + b)*cosh(x)"2 + 2x(a + b)*cosh(x)*sinh(x) + (a + b)*sinh(x)"2 -
a - b)*sqrt(a + b)*log(-((a”3 + a~2*b)*cosh(x)~8 + 8*(a~3 + a~2xb)*cosh(x)*
sinh(x)~7 + (a3 + a~2*b)*sinh(x)”8 - 2*%(2%a”~3 + a"2xb)*cosh(x)"6 - 2*%(2*xa”
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3 + a"2xb - 14*x(a~3 + a~2*b)*cosh(x)"2)*sinh(x)"6 + 4*(14*%(a”3 + a~2*b)*cos
h(x)~3 - 3*%(2%¥a~3 + a"2*b)*cosh(x))*sinh(x)"5 + (6*%a”3 + 4*a”~2*b - a*xb~2 +
b~3)*cosh(x)~"4 + (70x(a”3 + a"2xb)*cosh(x)"4 + 6*%a”~3 + 4*a"2*b - a*b”2 + b~
3 - 30*(2*a”3 + a"2*b)*cosh(x)~2)*sinh(x)~4 + 4*(14%(a~3 + a~2*b)*cosh(x)”"5
- 10*%(2*a”3 + a"2*b)*cosh(x) "3 + (6*a”~3 + 4*a~2xb - a*b”2 + b~3)*cosh(x))x*
sinh(x)~3 + a~3 + 3*a”2%b + 3*a*b”2 + b~3 - 2*(2*¥a~3 + 3*a"2%b - b~3)*cosh(
x)72 + 2x(14%(a~3 + a"2*b)*cosh(x)"6 - 15%(2*¥a”3 + a”2*b)*cosh(x)"4 - 2*a”3
- 3*xa"2*%b + b~3 + 3*%(6*%a”3 + 4*xa”2*b - a*b”2 + b~3)*cosh(x)”2)*sinh(x)”2 +
sqrt (2)*(a~2*cosh(x) "6 + 6xa”2*cosh(x)*sinh(x)~5 + a~2*sinh(x)~6 - 3*a”2xc
osh(x)~4 + 3*x(5*xa"2*xcosh(x)"2 - a"2)*sinh(x)~4 + 4x(5%a”2*cosh(x)~3 - 3*a~2
*cosh(x))*sinh(x)~3 + (3*a”2 + 2*a*b - b~2)*cosh(x)"2 + (15*a"2*cosh(x)"4 -
18*a”~2*cosh(x) "2 + 3*a”2 + 2*a*b — b~2)*sinh(x)"2 - a”2 - 2*axb - b™2 + 2%
(83*a~"2*cosh(x)"5 - 6*a”2*cosh(x)~3 + (3*a”2 + 2*a*b - b~2)*cosh(x))*sinh(x)
Y*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)
~2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 4x(2*x(a~3 + a~2%b)*cosh(x)”7 - 3*(2x
a3 + a"2*b)*cosh(x)”"5 + (6%a”3 + 4*a”2*b - a*b™2 + b~ 3)*cosh(x)"3 - (2*a”3
+ 3*%a"2*b - b~3)*cosh(x))*sinh(x))/(cosh(x)"6 + 6*cosh(x) 5*sinh(x) + 15%c
osh(x) "4*sinh(x) "2 + 20*cosh(x) "3*sinh(x)~3 + 15*cosh(x) "2*sinh(x)~4 + 6*co
sh(x)*sinh(x)~5 + sinh(x)76)) + 2*(a*xcosh(x)~2 + 2*a*cosh(x)*sinh(x) + a*si
nh(x)~2 - a)*sqrt(a)*log(-((2*a + b)*cosh(x)~4 + 4*(2*%a + b)*cosh(x)*sinh(x
)73 + (2%a + b)*sinh(x)~4 - 2x(2*a - b)*cosh(x)~2 + 2*x(3*x(2*a + b)*cosh(x)”
2 - 2%a + b)*sinh(x)"2 - 2*sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)
2 - Dx*sqgrt(a)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(
x)7"2 - 2xcosh(x)*sinh(x) + sinh(x)~2)) + 4%x((2*a + b)*cosh(x)”"3 - (2*xa - Db)
xcosh(x))*sinh(x) + 2*a + b)/(cosh(x)~4 + 4xcosh(x)*sinh(x)~3 + sinh(x)"4 +
2% (3*cosh(x)”2 + 1)*sinh(x) "2 + 2*cosh(x)”2 + 4x(cosh(x)~3 + cosh(x))*sinh
(x) + 1)) + ((a + b)*cosh(x)"2 + 2+(a + b)*cosh(x)*sinh(x) + (a + b)*sinh(x
)72 - a - b)*sqrt(a + b)*log(((a + b)*cosh(x)"4 + 4*(a + b)*cosh(x)*sinh(x)
"3 + (a + b)*sinh(x)~4 + 2xbxcosh(x)~2 + 2*x(3*(a + b)*cosh(x)"2 + b)*sinh(x
)72 + sqrt(2)*(cosh(x) "2 + 2*cosh(x)*sinh(x) + sinh(x)~2 + 1)*sqrt(a + b)*s
grt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)~2 - 2*cosh(x)*
sinh(x) + sinh(x)~2)) + 4%((a + b)*cosh(x)~3 + bxcosh(x))*sinh(x) + a + b)/
(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2)) - 4*sqrt(2)*b*xsqrt(((a + b)*co
sh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(
x)"2)))/(cosh(x) "2 + 2xcosh(x)*sinh(x) + sinh(x)~2 - 1), 1/4x(4*x(a*cosh(x)”
2 + 2*axcosh(x)*sinh(x) + a*sinh(x)~2 - a)*sqrt(-a)*arctan(sqrt(2)*(cosh(x)
~2 + 2xcosh(x)*sinh(x) + sinh(x)"2 - 1)*sqrt(-a)*sqrt(((a + b)*cosh(x)"2 +
(a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2))/((a
+ b)*cosh(x)"4 + 4%(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)"4 - 2x(a -
b)*cosh(x)~2 + 2%(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)~2 + 4*x((a + b)*cosh(
x)73 - (a - b)*cosh(x))*sinh(x) + a + b)) + ((a + b)*cosh(x)"2 + 2x(a + b)*
cosh(x)*sinh(x) + (a + b)*sinh(x)"2 - a - b)*sqrt(a + b)*xlog(-((a~3 + a~2%b
Yxcosh(x)78 + 8*%(a”3 + a~2*b)*cosh(x)*sinh(x)”7 + (a~3 + a~2%b)*sinh(x)"8 -
2% (2*%a”3 + a"2*b)*cosh(x)"6 - 2*(2*a"3 + a~2*xb - 14*(a”3 + a”2*b)*cosh(x)”
2)*sinh(x) "6 + 4*x(14x(a~3 + a~2*b)*cosh(x)~3 - 3x(2*%a~3 + a~2*b)*cosh(x))*s



170

inh(x)75 + (6*%a”3 + 4*a~2*xb - a*b™2 + b~3)*cosh(x)"4 + (70x(a”3 + a~2*b)*co
sh(x)"4 + 6*%a”3 + 4*xa~2xb - a*b™2 + b~3 - 30*x(2*a~3 + a~2*b)*cosh(x) "2)*sin
h(x)~4 + 4x(14*%(a”3 + a~2*b)*cosh(x)”"5 - 10%(2*xa”3 + a"2xb)*cosh(x)~3 + (6%
a3 + 4*a”2*b - a*b”2 + b~3)*cosh(x))*sinh(x)~3 + a~3 + 3*a"2%b + 3*axb”2 +
b~3 - 2% (2*a”3 + 3*a”"2*b - b~ 3)*cosh(x)"2 + 2*(14*x(a”~3 + a~2xb)*cosh(x) 6
- 15%(2*a”3 + a"2*b)*cosh(x)"4 - 2*¥a~3 - 3*a”2*b + b~3 + 3*(6%a~3 + 4*a~2%Db
- a*b”2 + b~3)*cosh(x) "2)*sinh(x) "2 + sqrt(2)*(a”2xcosh(x)~6 + 6*a~2*cosh(
x)*sinh(x)~5 + a"2*sinh(x)~6 - 3*a~2*cosh(x)~4 + 3*(5*xa"2*cosh(x)”"2 - a~2)*
sinh(x) "4 + 4*x(5*a~2xcosh(x)~3 - 3*a”2*cosh(x))*sinh(x)~3 + (3*a™2 + 2*axb
- b"2)*cosh(x)~2 + (15*xa~2*cosh(x)~4 - 18*a~2*xcosh(x)"2 + 3*a”2 + 2*a*xb - b
“2)*sinh(x)72 - a”2 - 2xa*xb - b”2 + 2*(3*a"2*cosh(x)~5 - 6*a”2*cosh(x)”3 +
(3*¥a™2 + 2*xaxb - b~2)*cosh(x))*sinh(x))*sqrt(a + b)*sqrt(((a + b)*cosh(x) "2
+ (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))
+ 4x(2x (2”3 + a"2xb)*cosh(x)~7 - 3*(2*¥a”3 + a~2*b)*cosh(x)”5 + (6%a~3 + 4x*a
“2%b - a*b”2 + b~3)*cosh(x)"3 - (2*a”3 + 3*a"2*b - b~3)*cosh(x))*sinh(x))/(
cosh(x)76 + 6*cosh(x) "5*sinh(x) + 15%cosh(x) "4*sinh(x)~2 + 20*cosh(x) "3*sin
h(x)~3 + 15*cosh(x) "2*sinh(x)~"4 + 6*cosh(x)*sinh(x)”5 + sinh(x)76)) + ((a +
b)*cosh(x)~2 + 2*(a + b)*cosh(x)*sinh(x) + (a + b)*sinh(x)"2 - a - b)*sqrt
(a + b)*log(((a + b)*cosh(x)"4 + 4*x(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh
(x)74 + 2xb*cosh(x)"2 + 2*(3*(a + b)*cosh(x)”2 + b)*sinh(x)~2 + sqrt(2)*(co
sh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)72 + 1)*sqrt(a + b)*sqrt(((a + b)*cosh
(x)72 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)
~2)) + 4*x((a + b)*cosh(x)"3 + b*cosh(x))*sinh(x) + a + b)/(cosh(x)"2 + 2*co
sh(x)*sinh(x) + sinh(x)7~2)) - 4*sqrt(2)*b*sqrt(((a + b)*cosh(x)"2 + (a + b)
*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*xcosh(x)*sinh(x) + sinh(x)~2)))/(cosh(x)~
2 + 2xcosh(x)*sinh(x) + sinh(x)"2 - 1), -1/2%(((a + b)*cosh(x)"2 + 2x(a + b
)*cosh(x)*sinh(x) + (a + b)*sinh(x)"2 - a - b)*sqrt(-a - b)*arctan(sqrt(2)*
(a*xcosh(x) "2 + 2xa*cosh(x)*sinh(x) + a*sinh(x)"2 - a - b)*sqrt(-a - b)*sqrt
(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*xcosh(x)*sin
h(x) + sinh(x)72))/((a"2 + ax*b)*cosh(x)~4 + 4*x(a”2 + axb)*cosh(x)*sinh(x)"3
+ (a2 + ax*b)*sinh(x)"4 - (2*a”2 + a*b - b"2)*cosh(x)"2 + (6x(a”2 + axb)x*c
osh(x)72 - 2%¥a”2 - a*b + b72)*sinh(x)"2 + a”2 + 2*xaxb + b~™2 + 2x(2*x(a"2 + a
*b)*cosh(x) "3 - (2*xa"2 + a*b - b~2)*cosh(x))*sinh(x))) + ((a + b)*cosh(x)"2
+ 2%(a + b)*cosh(x)*sinh(x) + (a + b)*sinh(x)72 - a - b)*sqrt(-a - b)*arct
an(sqrt(2)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)”2 + (a + b)*sinh(x)"2 - a + b
)/ (cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)"2 + 2x(a +
b)*cosh(x)*sinh(x) + (a + b)*sinh(x)"2 + a + b)) - (a*cosh(x)~"2 + 2*xaxcosh(
x)*sinh(x) + a*sinh(x)7"2 - a)*sqrt(a)*log(-((2*a + b)*cosh(x)"4 + 4*(2*a +
b)*cosh(x)*sinh(x)~3 + (2*a + b)*sinh(x)~4 - 2*x(2*a - b)*cosh(x)~"2 + 2*x(3%(
2%a + b)*cosh(x)"2 - 2*%a + b)*sinh(x)"2 - 2*sqrt(2)*(cosh(x)~2 + 2*cosh(x)*
sinh(x) + sinh(x)72 - 1)*sqrt(a)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)”~
2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 4*((2*a + b)*cosh
(x)73 - (2*%a - b)*cosh(x))*sinh(x) + 2*a + b)/(cosh(x)"4 + 4xcosh(x)*sinh(x
)73 + sinh(x)"4 + 2*(3*cosh(x)"2 + 1)*sinh(x)~2 + 2*cosh(x)"2 + 4*(cosh(x)”
3 + cosh(x))*sinh(x) + 1)) + 2*sqrt(2)*b*sqrt(((a + b)*cosh(x)"2 + (a + b)*
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sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)))/(cosh(x)~2
+ 2xcosh(x)*sinh(x) + sinh(x)"2 - 1), 1/2%(2*(a*xcosh(x)”~2 + 2*xa*cosh(x)*si
nh(x) + a*sinh(x)~2 - a)*sqrt(-a)*arctan(sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sin
h(x) + sinh(x)"2 - 1)*sqrt(-a)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)~2
- a + b)/(cosh(x)"2 - 2xcosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)~4 +
4x(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)"4 - 2*%(a - b)*cosh(x)~2 + 2x(
3*%(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4*x((a + b)*cosh(x)"3 - (a - b)*cos
h(x))*sinh(x) + a + b)) - ((a + b)*cosh(x)"2 + 2*¥(a + b)*cosh(x)*sinh(x) +

(a + b)*sinh(x)"2 - a - b)*sqrt(-a - b)*arctan(sqrt(2)*(axcosh(x)~2 + 2*axc
osh(x)*sinh(x) + a*sinh(x)"2 - a - b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2
+ (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/(
(a”2 + axb)*cosh(x)"4 + 4*x(a~2 + ax*b)*cosh(x)*sinh(x)"3 + (a”2 + axb)*sinh(
x)"4 - (2%¥a”2 + a*b - b"2)*cosh(x)"2 + (6%x(a”2 + a*b)*cosh(x)"2 - 2%¥a"2 - a
*b + b72)*sinh(x)72 + a”2 + 2*a*b + b~2 + 2*x(2+x(a”2 + a*b)*cosh(x)”3 - (2xa
"2 + axb - b"2)*cosh(x))*sinh(x))) - ((a + b)*cosh(x)"2 + 2+(a + b)*cosh(x)
xsinh(x) + (a + b)*sinh(x)"2 - a - b)*sqrt(-a - b)*arctan(sqrt(2)*sqrt(-a -
b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)~2 - 2*cos
h(x)*sinh(x) + sinh(x)"2))/((a + b)*cosh(x)"2 + 2*(a + b)*cosh(x)*sinh(x) +
(a + b)*sinh(x)72 + a + b)) - 2*sqrt(2)*b*sqrt(((a + b)*cosh(x)"2 + (a + b
)*sinh(x)72 - a + b)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2)))/(cosh(x)
~2 + 2*cosh(x)*sinh(x) + sinh(x)"2 - 1)]

giac [B] time = 7.81, size = 470, normalized size = 6.62

2 42 t _ Va+b e@%) -V ¥) 1pe¥) -2 0e@ D) 42 be@ ) 4 a+b +Va+b (6(2 xX) _ 1)
arctan > \/__a sgn 1 3 ,
- +§(a+b)210g(|\/a+be( Yy
Vv—a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)~2)~(3/2)*tanh(x),x, algorithm="giac")

[Out] -2xa~2*arctan(-1/2*(sqrt(a + b)*e”(2+x) - sqrt(axe” (4*x) + b*e” (4*x) - 2*ax
e”(2%x) + 2%b*e”(2*%x) + a + b) + sqrt(a + b))/sqrt(-a))*sgn(e”™(2*x) - 1)/sq
rt(-a) + 1/2x(a + b)~(3/2)*log(abs(sqrt(a + b)*e”(2*x) - sqrt(axe”(4*x) + b
xe” (4*x) - 2%axe”(2%x) + 2xb*e”(2xx) + a + b) + sqrt(a + b)))*sgn(e”(2xx) -
1) - 1/2x(a + b)~(3/2)*1log(abs(-sqrt(a + b)*e~(2xx) + sqrt(a*xe”(4*x) + b*e
“(4xx) - 2xaxe”(2xx) + 2*bxe”(2*x) + a + b) + sqrt(a + b)))*sgn(e”(2*x) - 1
) - 1/2%(a”2 + 2*a*xb + b72)*log(abs(-(sqrt(a + b)*e”(2*x) - sqrt(axe” (4*x)
+ bxe” (4*xx) - 2%axe” (2*x) + 2*bxe”(2%x) + a + b))*(a + b) + sqrt(a + b)*(a
- b)))*sgn(e”(2*x) - 1)/sqrt(a + b) + 4x((sqrt(a + b)*xe”(2*x) - sqrt(axe”(4
*xx) + bxe” (4*x) - 2%a*xe”(2xx) + 2xb*e”(2*x) + a + b))*b"2*xsgn(e”(2*x) - 1)
+ sqrt(a + b)*b"2xsgn(e”(2*x) - 1))/((sqrt(a + b)*e”(2xx) - sqrt(axe” (4xx)
+ b¥xe” (4*xx) - 2%axe” (2%x) + 2*bxe”(2%x) + a + b))"2 - 2x(sqrt(a + b)*e” (2*x
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) - sqrt(axe”(4%x) + bxe”(4*x) - 2*axe” (2*x) + 2%b*e”(2%x) + a + b))*sqrt(a
+ b) + a - 3%b)

maple [F] time = 0.45, size = 0, normalized size = 0.00
3

| (o +b(coth®()))? tanh() dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+bxcoth(x)~2)~(3/2)*tanh(x) ,x)
[Out] int((a+b*coth(x)~2)~(3/2)*tanh(x),x)
maxima [F]  time = 0.00, size = 0, normalized size = 0.00

3

f (b coth(x)? + a)? tanh(x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)~2)~(3/2)*tanh(x),x, algorithm="maxima")
[Out] integrate((b*coth(x)~2 + a)~(3/2)*tanh(x), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
32
f tanh(x) (b co’ch(x)2 + a) ! dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)*(a + b*xcoth(x)~2)~(3/2),x)
[Out] int(tanh(x)*(a + b*coth(x)~2)"(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
3
f (a + b coth? (x))2 tanh (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)**2)**(3/2)*tanh(x),x)
[Out] Integral((a + bkxcoth(x)**2)**(3/2)*tanh(x), x)
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327 [(a+beoth’(x)) tanh’(x)dx

Optimal. Leaf size=77

b coth Va + b coth
b32 |- tanh™ Vb coth(@) +(a+b)>? tanh ™ 4+ b cothx) —atanh(x)y/a + b coth?(x)

\a + bcoth?(x) \Ja + beoth?(x)

[Out] -b~(3/2)*arctanh(coth(x)*b~(1/2)/(at+b*xcoth(x)~2)~(1/2))+(a+b) " (3/2)*arctanh
(coth(x)*(a+b)~(1/2)/(a+bxcoth(x)~2) " (1/2))-a*(a+bxcoth(x)~2) " (1/2)*tanh(x)

Rubi [A] time = 0.13, antiderivative size = 77, normalized size of antiderivative = 1.00,

; . number of rules
number of steps used = 7, number of rules used = 6, integrand size = 17, —————— =

0.353, Rules used = {3670, 474, 523, 217, 206, 377}

b coth Va + b coth
b32 |- tanh™ Vb coth(@) +(a+b)>2 tanh ™ 4+ b coth(x) —atanh(x)y/a + b coth?(x)

\Ja + b coth?(x) \Ja + b coth?(x)

Antiderivative was successfully verified.

integrand size

[In] Int[(a + b*Coth[x]~2)~(3/2)*Tanh[x] 2,x]

[Out] -(b~(3/2)*ArcTanh[(Sqrt[b]*Coth[x])/Sqrt[a + b*Coth[x]~2]]) + (a + b)~(3/2)
xArcTanh [(Sqrt[a + b]l*Coth[x])/Sqrt[a + b*Coth[x]~2]] - ax*Sqrt[a + b*Coth[x
172]*Tanh [x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] |l LtQ[b, 0])

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] & !'GtQ[a, O]

Rule 377

Int[((a_) + (b_)*x(x_)"(m_ D))~ (p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + bxx™n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]
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Rule 474

Int[(Ce_)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)

)7(q_ ), x_Symbol] :> Simp[(c*(e*x)"(m + 1)*(a + bxx™n) (p + 1)*(c + d*x"n)~
(g - 1))/(a*ex(m + 1)), x] - Dist[1/(a*e"n*(m + 1)), Int[(exx)"(m + n)*(a +
b*x"n) “p*x(c + d*x"n)~(q - 2)*Simp[c*(c*b - a*d)*(m + 1) + cxn*(b*cx(p + 1)
+ axdx(q - 1)) + d*x((c*b - axd)*(m + 1) + cxb*nx(p + q))*x"n, x], x], x] /
; FreeQ[{a, b, c, 4, e, p}, x] && NeQ[bxc - a*d, 0] && IGtQ[n, 0] && GtQlq,
1] &% LtQ[m, -1] && IntBinomialQ[a, b, ¢, d, e, m, n, p, q, x]

Rule 523

Int[((e ) + (£_)*(x )" (n))/(((a_) + (b_.)*x(x_)"(n_))*Sqrtl(c_) + (d_.)*(x
)" (n.)]), x_Symbol] :> Dist[f/b, Int[1/Sqrtlc + d*x"n], x], x] + Dist[(bx*e
- axf) /b, Int[1/((a + b*x"n)*Sqrtlc + d*x"n]), x], x] /; FreeQ[{a, b, c, d
, e, £, n}, x]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(xD1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +

(£_I)*xx 01D~ D))" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
f72xx72), x], x, (cx*Tan[e + f*x])/ff]l, x]1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQn, 4] || (IntegerQ[p] &% Ration
alQ[nl))

Rubi steps
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32 ) _ f (a + bx
) tanh”(x) dx = Subst —x2 (1 - x2)

[ a(a + 2b) + b?x?
=—aja+b cothz(x) tanh(x) + Subst f dx, x, coth(x)
(1 - xz) Va + bx?

1
= —a+Ja + b coth?(x) tanh(x) — b? Subst f —dx, x, coth(x)) +(a-
Va + bx?

1 th
= —aJa + bcoth?(x) tanh(x) — b? Subst f T2 dx, x, —— )
* \Ja + beoth?(x)

Va + b coth(x)

b coth
Vb coth(@) + (2 + b)¥? tanh™ -

\Ja + beoth?(x) \Ja + b coth?(x)

dx, x, coth(x)

f (a+ beoth?(x)

= b3 tanh! [

Mathematica [B] time = 0.47, size = 180, normalized size = 2.34

tanh(x) (—\/E B2/7 + b cosh(x) tanh! ( V(f)%h(zh)(_’% ) —aVa+ b @+ By cosh(@r) —a+b + V2 (a+1
V2Va +b+/(a+b)cosh(x) —a +.

Antiderivative was successfully verified.

[In] Integrate[(a + b*xCoth[x]~2)~(3/2)*Tanh[x]~2,x]

[Out] ((-(Sqrt[2]1*b~(3/2)*Sqrt[a + bl*ArcTanh[(Sqrt[2]*Sqrt[b]*Cosh[x])/Sqrt[-a +
b + (a + b)*Cosh[2*x]]]*Cosh([x]) + Sqrt[2]*(a + b) 2*xArcTanh[(Sqrt[2]*Sqrt

[a + b]*Cosh([x])/Sqrt[-a + b + (a + b)*Cosh[2xx]]]*Cosh[x] - axSqrt[a + b]*
Sqrt[-a + b + (a + b)*Cosh[2*x]])*Sqrt[(-a + b + (a + b)*Cosh[2*x])*Csch[x]
~2]*Tanh[x])/(Sqrt[2]*Sqrt[a + b]l*Sqrt[-a + b + (a + b)*Cosh[2*x]])

fricas [B] time = 0.66, size = 4025, normalized size = 52.27

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)~2)~(3/2)*tanh(x)~2,x, algorithm="fricas")

[Out] [1/4*(((a + b)*cosh(x)"2 + 2*(a + b)*cosh(x)*sinh(x) + (a + b)*sinh(x)"2 +
a + b)*sqrt(a + b)*log(((a*b™2 + b~3)*cosh(x)~8 + 8*(a*xb”™2 + b~3)*cosh(x)*s
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inh(x)~7 + (a*b”™2 + b~3)*sinh(x) "8 + 2x(a*b™2 + 2xb~3)*cosh(x)"6 + 2*(a*xb~2
+ 2%b~3 + 14x(a*b”2 + b~3)*cosh(x)~2)*sinh(x)~6 + 4*(14*x(a*b”2 + b~3)*cosh
(x)73 + 3*x(axb”2 + 2%b~3)*cosh(x))*sinh(x)”5 + (a”3 - a™2*b + 4xa*xb”™2 + 6%*Db
~3)*cosh(x)~4 + (70%(a*b”2 + b~3)*cosh(x)"4 + a~3 - a"2*b + 4*axb”2 + 6%b~3
+ 30*%(a*b”™2 + 2*xb~3)*cosh(x) "2)*sinh(x)~4 + 4*x(14x(a*b”2 + b~3)*cosh(x)~5
+ 10*x(a*b™2 + 2%b~3)*cosh(x)~3 + (a”3 - a"2xb + 4*a*xb~2 + 6*b~3)*cosh(x))*s
inh(x)73 + a3 + 3*a”2*b + 3*a*xb”2 + b"3 - 2%(a”3 - 3*axb”2 - 2*xb~3)*cosh(x
)72 + 2% (14x(a*b”2 + b~3)*cosh(x)"6 + 156*(a*b”2 + 2*b~3)*cosh(x)”4 - a~3 +
3*¥axb”2 + 2*%b~3 + 3*x(a”3 - a"2xb + 4*ax*b”2 + 6*b~3)*cosh(x)”"2)*sinh(x)”2 +
sqrt (2)*(b~2*cosh(x) "6 + 6*b~2xcosh(x)*sinh(x)~5 + b~2*sinh(x)~6 + 3*b~2*co
sh(x)~4 + 3*(5xb"2*cosh(x)"2 + b~"2)*sinh(x)~4 + 4x(5%b~2*cosh(x)”3 + 3*b~2x
cosh(x))*sinh(x)"3 - (a"2 - 2*axb - 3*b"2)*cosh(x)”"2 + (15%b~2*cosh(x)"4 +
18*b~2xcosh(x) "2 - a™2 + 2*a*b + 3*b"2)*sinh(x)"2 + a™2 + 2*axb + b~2 + 2x(
3*b~2*cosh(x) "5 + 6%b~2*cosh(x)”3 - (a”2 - 2xaxb - 3*b~2)*cosh(x))*sinh(x))
xsqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)”
2 - 2*cosh(x)*sinh(x) + sinh(x)72)) + 4*x(2*(a*xb™2 + b~3)*cosh(x)”7 + 3*(a*xb
2 + 2%b73)*cosh(x)”"5 + (a”3 - a”2*b + 4*a*xb”2 + 6*b~3)*cosh(x)"3 - (a”3 -
3*axb”2 - 2*xb~3)*cosh(x))*sinh(x))/(cosh(x)"6 + 6*cosh(x) 5*sinh(x) + 15*co
sh(x) "4*sinh(x)~2 + 20*cosh(x) "3*sinh(x)~3 + 15*cosh(x) "2*sinh(x)~4 + 6*cos
h(x)*sinh(x)~5 + sinh(x)~6)) + 2*x(b*cosh(x)~2 + 2%b*cosh(x)*sinh(x) + b*sin
h(x)~2 + b)*sqrt(b)*log(-((a + 2*b)*cosh(x)~4 + 4*x(a + 2*b)*cosh(x)*sinh(x)
~3 + (a + 2*b)*sinh(x)"4 - 2+(a - 2*b)*cosh(x)"2 + 2*(3*(a + 2*b)*cosh(x)~2
- a + 2xb)*sinh(x)”2 - 2*sqrt(2)*(cosh(x)”~2 + 2xcosh(x)*sinh(x) + sinh(x)~
2 + 1)*sqrt(b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x
)72 - 2%cosh(x)*sinh(x) + sinh(x)~2)) + 4%((a + 2*b)*cosh(x)~3 - (a - 2%b)*
cosh(x))*sinh(x) + a + 2*b)/(cosh(x)~4 + 4*cosh(x)*sinh(x)~3 + sinh(x)"4 +
2% (3*cosh(x) 72 - 1)*sinh(x)"2 - 2%cosh(x)"2 + 4*x(cosh(x)”3 - cosh(x))*sinh(
x) + 1)) + ((a + b)*cosh(x)"2 + 2*x(a + b)*cosh(x)*sinh(x) + (a + b)*sinh(x)
"2 + a + b)*sqrt(a + b)*log(-((a + b)*cosh(x)"4 + 4*(a + b)*cosh(x)*sinh(x)
~3 + (a + b)*sinh(x)~4 - 2*a*cosh(x)”2 + 2x(3*(a + b)*cosh(x)”2 - a)*sinh(x
)72 + sqrt(2)*(cosh(x) "2 + 2*cosh(x)*sinh(x) + sinh(x)~2 - 1)*sqrt(a + b)x*s
grt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*
sinh(x) + sinh(x)~2)) + 4%((a + b)*cosh(x)~3 - a*cosh(x))*sinh(x) + a + b)/
(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2)) - 4*sqrt(2)*axsqrt(((a + b)*co
sh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(
x)72)))/(cosh(x)"2 + 2xcosh(x)*sinh(x) + sinh(x)"2 + 1), 1/4x(4%(b*cosh(x)”
2 + 2*bxcosh(x)*sinh(x) + b*sinh(x)~2 + b)*sqrt(-b)*arctan(sqrt(2)*(cosh(x)
~2 + 2xcosh(x)*sinh(x) + sinh(x)"2 + 1)*sqrt(-b)*sqrt(((a + b)*cosh(x)~2 +
(a + b)*sinh(x)"2 - a + b)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a
+ b)*cosh(x)~"4 + 4x(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)”"4 - 2x(a -
b)*cosh(x)~2 + 2%(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)~2 + 4*x((a + b)*cosh(
x)73 - (a - b)*cosh(x))*sinh(x) + a + b)) + ((a + b)*cosh(x)"2 + 2x(a + b)*
cosh(x)*sinh(x) + (a + b)*sinh(x)”"2 + a + b)*sqrt(a + b)*log(((a*b”2 + b~3)
*cosh(x)~8 + 8*(a*b”2 + b~3)*cosh(x)*sinh(x)”"7 + (a*b”2 + b~3)*sinh(x)”8 +
2x(a*b~2 + 2xb~3)*cosh(x)"6 + 2*(a*b”2 + 2*b~3 + 14x(a*b”™2 + b~3)*cosh(x) "2
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Yxsinh(x) 76 + 4*x(14*x(a*xb”2 + b~3)*cosh(x) "3 + 3*(a*b™2 + 2*b~3)*cosh(x))*si
nh(x)7"5 + (a”3 - a™2%b + 4*a*xb™2 + 6*b~3)*cosh(x)"4 + (70*x(a*xb”2 + b~3)*cos
h(x)"4 + a”3 - a™2xb + 4*xa*b~2 + 6%xb~3 + 30*(a*b”2 + 2%b~3)*cosh(x) ~2)*sinh
(x)74 + 4% (14*x(a*b™2 + b~3)*cosh(x)”5 + 10*(a*b™2 + 2*xb~3)*cosh(x)~3 + (a~3
- a”"2*b + 4*axb”2 + 6%b~3)*cosh(x))*sinh(x)~3 + a~3 + 3*a”2*b + 3*a*xb”2 +
b"3 - 2x(a”3 - 3*axb”2 - 2*¥b~3)*cosh(x) "2 + 2x(14*(a*xb”2 + b~3)*cosh(x)"6 +
15%(a*b~2 + 2xb~3)*cosh(x)”4 - a”3 + 3*a*xb™2 + 2%b~3 + 3*x(a”3 - a~2*b + 4%
axb”2 + 6%b”~3)*cosh(x)~2)*sinh(x) "2 + sqrt(2)*(b"2*cosh(x)”"6 + 6*b~2*cosh(x
)*sinh(x)75 + b~ 2*sinh(x)"6 + 3*b~2*cosh(x) "4 + 3*(5*xb~2xcosh(x)”2 + b~2)*s
inh(x)~4 + 4*%(5*b~2*cosh(x)~3 + 3*b~2*cosh(x))*sinh(x)~3 - (a2 - 2*a*b - 3
*b~2)*cosh(x) "2 + (15%b~2*cosh(x) "4 + 18*b"2*cosh(x)"2 - a™2 + 2*axb + 3*b~
2)*sinh(x)72 + a2 + 2xa*b + b™2 + 2% (3*b"2*cosh(x)~5 + 6%b"2*cosh(x)”"3 - (
a”2 - 2xaxb - 3*%b72)*cosh(x))*sinh(x))*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2
+ (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2xcosh(x)*sinh(x) + sinh(x)"2)) +
4x (2% (a*xb™2 + b~3)*cosh(x)”7 + 3*x(a*xb”2 + 2%¥b~3)*cosh(x)”5 + (a~3 - a™2%b
+ 4*xa*xb”2 + 6*xb"3)*cosh(x)”3 - (a”3 - 3*a*xb”2 - 2*b~3)*cosh(x))*sinh(x))/(c
osh(x) "6 + 6*cosh(x) " 5*sinh(x) + 15%cosh(x) " 4*sinh(x)~2 + 20*cosh(x) “3*sinh
(x)"3 + 15*cosh(x) "2*sinh(x)~4 + 6*cosh(x)*sinh(x)”5 + sinh(x)76)) + ((a +
b)*cosh(x) "2 + 2*(a + b)*cosh(x)*sinh(x) + (a + b)*sinh(x)"2 + a + b)*sqrt(
a + b)*log(-((a + b)*cosh(x)”"4 + 4*x(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh
(x)74 - 2xa*xcosh(x)"2 + 2*(3*(a + b)*cosh(x)”2 - a)*sinh(x)"2 + sqrt(2)*(co
sh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)7"2 - 1)*sqrt(a + b)*sqrt(((a + b)*cosh
(x)72 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)
~2)) + 4*x((a + b)*cosh(x)"3 - a*cosh(x))*sinh(x) + a + b)/(cosh(x)"2 + 2*co
sh(x)*sinh(x) + sinh(x)72)) - 4x*sqrt(2)*a*sqrt(((a + b)*cosh(x)"2 + (a + b)
*3inh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)))/(cosh(x)”
2 + 2xcosh(x)*sinh(x) + sinh(x)"2 + 1), -1/2%(((a + b)*cosh(x)"2 + 2x(a + b
)*cosh(x)*sinh(x) + (a + b)*sinh(x)"2 + a + b)*sqrt(-a - b)*arctan(sqrt(2)*
(b*cosh(x) ™2 + 2xb*cosh(x)*sinh(x) + b*sinh(x)"2 + a + b)*sqrt(-a - b)*sqrt
(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sin
h(x) + sinh(x)72))/((a*b + b~2)*cosh(x)"4 + 4*(a*b + b~2)*cosh(x)*sinh(x) "3
+ (axb + b72)*sinh(x)"4 - (a”2 - a*b - 2*¥b"2)*cosh(x) 2 + (6x(axb + b~2)*c
osh(x)7"2 - a”2 + a*xb + 2%b72)*sinh(x)"2 + a2 + 2%axb + b™2 + 2x(2x(a*b + b
“2)*cosh(x)~3 - (a”2 - a*b - 2*b~2)*cosh(x))*sinh(x))) + ((a + b)*cosh(x)~2
+ 2%(a + b)*cosh(x)*sinh(x) + (a + b)*sinh(x)72 + a + b)*sqrt(-a - b)*arct
an(sqrt(2)*(cosh(x) "2 + 2*cosh(x)*sinh(x) + sinh(x)72 - 1)*sqrt(-a - b)*sqr
t(((a + b)*xcosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)”"2 - 2*cosh(x)*si
nh(x) + sinh(x)"2))/((a + b)*cosh(x)~4 + 4*(a + b)*cosh(x)*sinh(x)"3 + (a +
b)*sinh(x)~4 - 2*(a - b)*cosh(x)"2 + 2*(3*(a + b)*cosh(x)"2 - a + b)*sinh(
x)72 + 4x((a + b)*cosh(x)"3 - (a - b)*cosh(x))*sinh(x) + a + b)) - (b*cosh(
X)72 + 2xb*cosh(x)*sinh(x) + b*sinh(x)~2 + b)*sqrt(b)*log(-((a + 2*b)*cosh(
X)74 + 4x(a + 2¥b)*cosh(x)*sinh(x)"3 + (a + 2%b)*sinh(x)~4 - 2x(a - 2%*b)*co
sh(x)~2 + 2x(3x(a + 2*b)*cosh(x)"2 - a + 2*b)*sinh(x)"2 - 2*sqrt(2)*(cosh(x
)72 + 2*cosh(x)*sinh(x) + sinh(x)~2 + 1)*sqrt(b)*sqrt(((a + b)*cosh(x)~2 +
(a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2)) + 4
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*((a + 2*%b)*cosh(x)"3 - (a - 2%b)*cosh(x))*sinh(x) + a + 2%b)/(cosh(x)"4 +
4xcosh(x)*sinh(x) "3 + sinh(x)"4 + 2*(3*cosh(x)"2 - 1)*sinh(x)"2 - 2*cosh(x)
~2 + 4x(cosh(x)”3 - cosh(x))*sinh(x) + 1)) + 2x*sqrt(2)*a*sqrt(((a + b)*cosh
(x)72 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)”2 - 2xcosh(x)*sinh(x) + sinh(x)
~2)))/(cosh(x)"2 + 2xcosh(x)*sinh(x) + sinh(x)"2 + 1), -1/2*x(((a + b)*cosh(
x)72 + 2x(a + b)*cosh(x)*sinh(x) + (a + b)*sinh(x)"2 + a + b)*sqrt(-a - b)*
arctan(sqrt(2)*(b*cosh(x) "2 + 2*bxcosh(x)*sinh(x) + b*sinh(x)”2 + a + b)*sq
rt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2
- 2*%cosh(x)*sinh(x) + sinh(x)~2))/((a*xb + b~2)*cosh(x)”4 + 4*(axb + b~2)*co
sh(x)*sinh(x)~3 + (a*b + b~ 2)*sinh(x)"4 - (2”2 - a*b - 2%¥b~2)*cosh(x)~"2 + (
6x(a*xb + b~2)*cosh(x)"2 - a”2 + a*b + 2*¥b~2)*sinh(x)"2 + a”2 + 2*axb + b~2
+ 2% (2x(a*b + b"2)*cosh(x)"3 - (a"2 - a*b - 2*b~2)*cosh(x))*sinh(x))) + ((a
+ b)*cosh(x)”2 + 2*x(a + b)*cosh(x)*sinh(x) + (a + b)*sinh(x)72 + a + b)*sq
rt(-a - b)*arctan(sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)72 - 1)*s
grt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2
- 2*%cosh(x)*sinh(x) + sinh(x)"2))/((a + b)*cosh(x)"4 + 4*(a + b)*cosh(x)*s
inh(x)"3 + (a + b)*sinh(x)"4 - 2*(a - b)*cosh(x)"2 + 2*x(3*(a + b)*cosh(x) "2
- a + b)*sinh(x)”"2 + 4*((a + b)*cosh(x)"3 - (a - b)*cosh(x))*sinh(x) + a +
b)) - 2%(b*cosh(x)~2 + 2xb*cosh(x)*sinh(x) + b*sinh(x)~2 + b)*sqrt(-b)*arc
tan(sqrt (2)*(cosh(x) "2 + 2*cosh(x)*sinh(x) + sinh(x)~2 + 1)*sqrt(-b)*sqrt((
(a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(
x) + sinh(x)72))/((a + b)*cosh(x)"4 + 4%(a + b)*cosh(x)*sinh(x)"3 + (a + b)
*sinh(x)"4 - 2*(a - b)*cosh(x)"2 + 2*x(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)~
2 + 4x((a + b)*cosh(x)”3 - (a - b)*cosh(x))*sinh(x) + a + b)) + 2*sqrt(2)*a
*sqrt (((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)”"2 - 2*cosh(x
)*sinh(x) + sinh(x)~2)))/(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)"2 + 1)]

giac [B] time = 7.97, size = 473, normalized size = 6.14

Va+b e@%)—Vae@ ) 1pe®¥) -2 ae2 ) +2 be@¥) +a+b -\ a+b
2 b? arctan (— - i id i - 2 |sgn (e(zx) - 1)

& 1 3
2V —=(a+b)? log(|\/a+be(2")— Vae!
V=b 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)~2)~(3/2)*tanh(x)~2,x, algorithm="giac")

[Out] 2#b~2*arctan(-1/2x(sqrt(a + b)*e”(2*x) - sqrt(axe”(4*x) + bxe”(4*x) - 2xaxe
T(2%x) + 2xb*e”(2%x) + a + b) - sqrt(a + b))/sqrt(-b))*sgn(e”(2%x) - 1)/sqr
t(-b) - 1/2x(a + b)~(3/2)*log(abs(sqrt(a + b)*e”(2*x) - sqrt(axe”(4*x) + bx
e~ (4xx) - 2%axe” (2*x) + 2*bxe”(2%x) + a + b) + sqrt(a + b)))*sgn(e”(2*x) -
1) + 1/2x(a + b)~(3/2)x1log(abs(-sqrt(a + b)*e~(2*x) + sqrt(axe”(4*x) + bxe”
(4xx) - 2%a*xe”(2xx) + 2xb*e”(2*x) + a + b) + sqrt(a + b)))*sgn(e”(2*x) - 1)
- 1/2%x(a”2 + 2*xa*xb + b"2)*log(abs(-(sqrt(a + b)*xe”(2*x) - sqrt(axe”(4*x) +
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bxe” (4*x) - 2%axe” (2*x) + 2*bxe”(2*x) + a + b))*(a + b) + sqrt(a + b)x(a -
b)))*sgn(e”(2*x) - 1)/sqrt(a + b) - 4*x((sqrt(a + b)*e”(2*x) - sqrt(axe” (4%
X) + bkxe”(4xx) - 2xaxe” (2xx) + 2xb¥xe”(2*x) + a + b))*a"2*sgn(e”(2xx) - 1) -
sqrt(a + b)*a"2*sgn(e”(2*xx) - 1))/((sqrt(a + b)*e~(2*x) - sqrt(akxe”(4x*x) +
bxe” (4*xx) - 2%axe” (2*x) + 2*bxe”(2%x) + a + b))"2 + 2*x(sqrt(a + b)*e”(2x*x)
- sqrt(axe”(4xx) + bxe” (4*x) - 2*axe” (2*x) + 2%b*xe”(2%x) + a + b))*sqrt(a
+ b) - 3%a + b)

maple [F] time = 0.45, size = 0, normalized size = 0.00

3
| (o +b(coth’)))? (tanh’) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*coth(x)~2)~(3/2)*tanh(x)"2,x)
[Out] int((at+b*coth(x)~2)~(3/2)*tanh(x)~2,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

3

f (b coth(x)? + a)? tanh(x)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)~2)~(3/2)*tanh(x)~2,x, algorithm="maxima")
[Out] integrate((b*coth(x)~2 + a)~(3/2)*tanh(x)~2, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
2 s \32
f tanh(x)? (bcoth(x)? +a) - dx
Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)~2*(a + b*coth(x)~2)~(3/2),x)
[Out] int(tanh(x)~2x(a + b*coth(x)~2)~(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
3
f (a + b coth? (x))2 tanh? (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(x)**2)**(3/2)*tanh(x)**2,x)

[Out] Integral((a + bkxcoth(x)**2)**(3/2)*tanh(x)**2, x)
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3.28 f \/1 + cothz(x) dx

Optimal. Leaf size=31

V2 tanhl[ V2 coth(x) ]—sinhl(coth(x))

\/cothz(x) +1

[Out] -arcsinh(coth(x))+arctanh(coth(x)*27(1/2)/(1+coth(x)"2)~(1/2))*2~(1/2)

Rubi [A] time = 0.03, antiderivative size = 31, normalized size of antiderivative = 1.00,

. . ber of rul
number of steps used = 5, number of rules used = 5, integrand size = 10, e T o

0.500, Rules used = {3661, 402, 215, 377, 206}

integrand size

V2 tanhl[ V2 coth(x) ]—sinhl(coth(x))

\/cothz(x) +1

Antiderivative was successfully verified.

[In] Int[Sqrt[1 + Coth[x]~2],x]

[Out] -ArcSinh[Coth[x]] + Sqrt[2]*ArcTanh[(Sqrt[2]*Coth[x])/Sqrt[1 + Coth[x]~2]]
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
tlall/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 377

Int[((a_) + (b_)*x(x_)"(m_ D))" (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, Db
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 402

Int[((a_) + (b_.)*(x_)"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Dist[b/
d, Int[(a + b*x"2)"(p - 1), x], x] - Dist[(bxc - axd)/d, Int[(a + b*xx"2)"(p
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- 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0] &&
GtQlp, 0] && (EqQlp, 1/2] || EqQ[Denominator[p], 4])

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_)*(x_)1)"(n_))"(p_), x_Symbol] :>

With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[(c*ff)/f, Subst[Int[(a + b*(
ff*x)"n)"p/(c”2 + £ 2%x~2), x], x, (c*Tan[e + f*x])/ff], x]] /; FreeQ[{a,

b, ¢, e, £, n, p}, x] && (IntegersQ[n, p] || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps
1 2
f 1+ coth?(x) dx = Subst [ f —‘1;’; dx, x, coth(x)]
2Sbtf ! dx, x, coth(x) Sbt( LI th())
= 2Subs x, x, coth(x) | — Subs x, x, coth(x
(1—x2)\/1+x2 V1 + x2

coth(x)

/1 + coth?(x)
V2 coth(x)
A1+ cothz(x)

_ 1
= —sinh 1(coth(x)) + 2 Subst f ——dx, x,
1-2x2

= —sinh }(coth(x)) + V2 tanh ™}

Mathematica [A] time = 0.08, size = 60, normalized size = 1.94

(0ot 1 (1 g (V2 coshe)  VeoahEm) -k (125 )
ycosh(2x)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1 + Coth[x]~2],x]

[Out] (Sqrt[1 + Coth[x]~2]*(-ArcTanh[Cosh[x]/Sqrt[Cosh[2*x]]] + Sqrt[2]*Logl[Sqrt[
2] *Cosh[x] + Sqrt[Cosh[2*x]]])*Sinh[x])/Sqrt[Cosh[2*x]]

fricas [B] time = 0.44, size = 683, normalized size = 22.03

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+coth(x)~2)7(1/2),x, algorithm="fricas")

[Out] 1/4*sqrt(2)*log(2*(cosh(x)~8 + 8*cosh(x)*sinh(x)~7 + sinh(x)~8 + (28*cosh(x
)72 + 3)*sinh(x)"6 + 3*cosh(x)”"6 + 2x(28*cosh(x)~3 + 9*cosh(x))*sinh(x)~5 +
5% (14*cosh(x) "4 + 9*cosh(x)”"2 + 1)*sinh(x)~4 + 5*cosh(x)~4 + 4*(14*cosh(x)
~5 + 15*cosh(x)~3 + 5*cosh(x))*sinh(x)~3 + (28*cosh(x)”~6 + 45*cosh(x)"4 + 3
Oxcosh(x)~2 + 4)*sinh(x)~2 + 4*cosh(x)”2 + 2x(4*cosh(x)”7 + 9*cosh(x)”5 + 1
Oxcosh(x)~3 + 4*cosh(x))*sinh(x) + (sqrt(2)*cosh(x)~6 + 6*sqrt(2)*cosh(x)*s
inh(x)75 + sqrt(2)*sinh(x)~6 + 3*(6*sqrt(2)*cosh(x)~2 + sqrt(2))*sinh(x)~4
+ 3*sqrt(2)*cosh(x) "4 + 4*x(5*xsqrt(2)*cosh(x)”~3 + 3*sqrt(2)*cosh(x))*sinh(x)
73 + (15%sqrt(2)*cosh(x) "4 + 18*sqrt(2)*cosh(x)~2 + 4*sqrt(2))*sinh(x)"2 +
4xsqrt (2)*cosh(x) "2 + 2% (3%sqrt(2)*cosh(x)”5 + 6*sqrt(2)*cosh(x)~3 + 4*sqrt
(2)*cosh(x))*sinh(x) + 4*sqrt(2))*sqrt((cosh(x)”2 + sinh(x)~2)/(cosh(x)"2 -
2xcosh(x)*sinh(x) + sinh(x)~2)) + 4)/(cosh(x)”6 + 6*cosh(x) 5*sinh(x) + 15
xcosh(x) "4*sinh(x) "2 + 20*cosh(x) “3*sinh(x)~3 + 15*cosh(x) 2*sinh(x)~4 + 6%
cosh(x)*sinh(x)~5 + sinh(x)76)) + 1/4*sqrt(2)*log(-2*(cosh(x)~4 + 4*cosh(x)
*sinh(x)~3 + sinh(x)"4 + (6*cosh(x)"2 - 1)*sinh(x)~2 - cosh(x)~2 + 2x(2*cos
h(x)~"3 - cosh(x))*sinh(x) + (sqrt(2)*cosh(x)~2 + 2xsqrt(2)*cosh(x)*sinh(x)
+ sqrt(2)*sinh(x) "2 - sqrt(2))*sqrt((cosh(x)~2 + sinh(x)~2)/(cosh(x)"2 - 2%
cosh(x)*sinh(x) + sinh(x)72)) + 1)/(cosh(x)”2 + 2xcosh(x)*sinh(x) + sinh(x)
~2)) - 1/2x1log((cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2 + 2*sqrt((cosh(x)
~2 + sinh(x)72)/(cosh(x) "2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 1)/(cosh(x)”
2 + 2%cosh(x)*sinh(x) + sinh(x)72)) + 1/2*%log((cosh(x)”2 + 2*cosh(x)*sinh(x
) + sinh(x)~2 - 2*sqrt((cosh(x)~2 + sinh(x)~2)/(cosh(x)~2 - 2*cosh(x)*sinh(
x) + sinh(x)72)) + 1)/(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2))

giac [B] time = 0.15, size = 119, normalized size = 3.84

|-2V2 +2 Vel +1 - 2629 19|
2(V2 + VT £ e +1)

1
> V2[V2 log +log (Ve(4x) +1 - €29 + 1) - log( ey +1 — e(zx)) —~ 1]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+coth(x)~2)~(1/2),x, algorithm="giac")

[Out] 1/2*sqrt(2)*(sqrt(2)*log(1/2*abs(-2*sqrt(2) + 2*xsqrt(e”(4*x) + 1) - 2xe~ (2%
x) + 2)/(sqrt(2) + sqrt(e”(4*x) + 1) - e~ (2*x) + 1)) + log(sqrt(e”™(4*x) + 1

) — e (2%x) + 1) - log(sqrt(e”(4*x) + 1) - e~ (2*x)) - log(-sqrt(e”(4*x) + 1

) + e (2%x) + 1))*sgn(e”(2xx) - 1)
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maple [B] time = 0.14, size = 97, normalized size = 3.13

\/E arctanh (2coth(x)+2)\/§
Vlcoth() - 1% + 2coth() b (cothe yflcoth(n)- )42 coth +\/<1+coth<x>>2—2‘
> arcsinn (coth(x > >

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+coth(x)~2)"(1/2),x)

[Out] -1/2%((coth(x)-1)"2+2*coth(x))~(1/2)-arcsinh(coth(x))+1/2%2~(1/2)*arctanh(1
/4% (2xcoth(x)+2)*27(1/2) /((coth(x)-1) "2+2*coth(x)) ~(1/2))+1/2*((1+coth(x))~
2-2*xcoth(x))~(1/2)-1/2%27(1/2) *arctanh (1/4* (2-2*coth(x) ) *2~(1/2) / ((1+coth(x
))"2-2*coth(x))~(1/2))

maxima [F] time = 0.00, size = 0, normalized size = 0.00
f ycoth(x)? +1 dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+coth(x)~2)~(1/2),x, algorithm="maxima"
[Out] integrate(sqrt(coth(x)~2 + 1), x)

mupad [B] time = 1.34, size = 68, normalized size = 2.19

V2 (ln(coth(x)+1)—1n \

—asinh (coth(x))+

V2 (ln (coth(x) +1/2 \/co’ch(x)2 +1 + 1) — In (coth(x) — 1))
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((coth(x)"2 + 1)°(1/2),x)

[Out] (27(1/2)*(log(coth(x) + 27(1/2)*(coth(x)"2 + 1)7(1/2) + 1) - log(coth(x) -
1)))/2 - asinh(coth(x)) + (27(1/2)*(log(coth(x) + 1) - log(27(1/2)*(coth(x)
"2 + 1)7(1/2) - coth(x) + 1)))/2

sympy [F] time = 0.00, size = 0, normalized size = 0.00

coth? (x) + 1 dx
N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+coth(x)**2)**(1/2),x)

[Out] Integral(sqrt(coth(x)**2 + 1), x)
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3.29 f \/ -1 - cothz(x) dx

Optimal. Leaf size=45

B coth(x) V3 tan! V2 coth(x)
- cothz(x) -1 - cothz(x) -1

[Out] arctan(coth(x)/(-1-coth(x)~2)~(1/2))-arctan(coth(x)*27(1/2)/(-1-coth(x)"2)"~
(1/2))*27(1/2)

Rubi [A] time = 0.03, antiderivative size = 45, normalized size of antiderivative = 1.00,
number of rules

tan

number of steps used = 6, number of rules used = 5, integrand size = 12,
0.417, Rules used = {3661, 402, 217, 203, 377}

integrand size

1 coth(x) 2 tan! V2 coth(x)
\J-coth?(x) -1 \J-coth?(x) -1

Antiderivative was successfully verified.

tan

[In] Int[Sqrt[-1 - Coth[x]~2],x]

[Out] ArcTan[Coth[x]/Sqrt[-1 - Coth[x]"2]] - Sqrt[2]*ArcTan[(Sqrt[2]*Coth[x])/Sqr
t[-1 - Coth[x]"2]]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rtla, 2]*Rt[b, 2]), x] /; FreeQl[{a, b}, x] && PosQla/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
X, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 377

Int[((a_) + (b_.)*x(x_)"(n_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] &% NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 402
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Int[((a_) + (b_.)*(x_)"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Dist[b/
d, Int[(a + b*x"2)"(p - 1), x], x] - Dist[(bxc - axd)/d, Int[(a + bxx"2)"(p
- 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0] &&
GtQlp, 0] && (EqQlp, 1/2] || EqQ[Denominator[p], 4])

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (f_)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ffxx)"n)"p/(c”2 + ££72xx72), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] & (IntegersQ[n, p] || IGtQ[p, 0] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps

N
f \J—1 = coth’(x) dx = Subst [ f 1_—3: dx, x, coth(x)]

dx, x, coth(x)]] + Subst (

= —|2Subst

f\/f—aczl(l—xz)

1 th 1
= —|2Subst f ——dx, x, coth(») + Subst f ——dx, x,
1+ 2x2 2 1+ x2
-1 — coth”(x)
~ tan-! coth(x) V3 tan-! V2 coth(x)

a
-1 - coth?(x) \J-1 - coth?(x)

Mathematica [A] time = 0.05, size = 62, normalized size = 1.38

sinh(x)/— coth?(x) - 1 («ﬁ log (V2 cosh(x) + vcosh(2x) ) - tanh ™! (—ZZZ}L((ZL) ))
ycosh(2x)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[-1 - Coth[x]~2],x]

1
J 7=

dx, x, coth(x

coth(x

\/—1 — cotl

[Out] (Sqrt[-1 - Coth[x]~2]*(-ArcTanh[Cosh[x]/Sqrt[Cosh[2*x]]] + Sqrt[2]*Logl[Sqrt

[2] #*Cosh[x] + Sqrt[Cosh[2*x]]])*Sinh[x])/Sqrt[Cosh[2*x]]
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fricas [C] time = 0.46, size = 228, normalized size = 5.07

1 1 :
1 V-2 log (—(\/—_2 V-2ed0) -2 +2¢2% — 2)6(_2x))+1 V-2 log ((\/—_2 V-2ed0) -2 — 229 4 2)6(_2x))+-

£

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-coth(x)~2)~(1/2),x, algorithm="fricas")

[Out] -1/4xsqrt(-2)*log(-(sqrt(-2)*sqrt(-2%e~(4*x) - 2) + 2%e”(2*x) - 2)*e” (-2%x)
) + 1/4xsqrt(-2)*log((sqrt(-2)*sqrt(-2*e~ (4*x) - 2) - 2%e”(2*x) + 2)*e” (-2%

x)) + 1/4xsqrt(-2)*xlog(-2x(sqrt (-2%e~ (4*x) - 2)*(e”(2*x) + 2) + sqrt(-2)*e”

(4xx) + sqrt(-2)xe”(2*x) + 2*sqrt(-2))*e”(-4*x)) - 1/4*xsqrt(-2)*log(-2*x(sqr
t(-2%e” (4*xx) - 2)*(e”(2*x) + 2) - sqrt(-2)*e~(4*x) - sqrt(-2)*e~(2*x) - 2%*s
qrt(-2))*e~(-4xx)) - 1/2xI*xlog((4*I*sqrt(-2%e”(4*x) - 2) - 4*xe”(2*x) - 4)*e
T(-2xx)) + 1/2%xIxlog((-4*xIxsqrt(-2*xe~(4*x) - 2) - 4*xe”(2%x) - 4)*e”(-2%x))

giac [C] time = 0.20, size = 124, normalized size = 2.76

[-2V2 +2 Ve +1 - 2629 4 2
2(«5 Ve 11 — o2 +1)

1
~5 2 i\/Elog

+ilog( o@D 4 1 - o2 +1) “ilog (\/e(4x) 11—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-coth(x)~2)"(1/2),x, algorithm="giac")

[Out] -1/2%sqrt(2)*(Ixsqrt(2)*log(l/2*xabs(-2xsqrt(2) + 2*sqrt(e”(4*x) + 1) - 2%e”
(2%x) + 2)/(sqrt(2) + sqrt(e”(4*x) + 1) - e~ (2xx) + 1)) + Ixlog(sqrt(e”(4xx

) + 1) - e”(2%x) + 1) - Ixlog(sqrt(e”(4xx) + 1) - e~ (2*x)) - Ixlog(-sqrt(e”

(4xx) + 1) + e7(2xx) + 1))*sgn(-e”(2%x) + 1)

maple [B] time = 0.15, size = 142, normalized size = 3.16

2 arctan coth(x) V2 arctan (=2-2 coth(x)) V2
\/ — (coth(x) —1)° — 2 coth(x) \/~(coth(x)-1Y2-2 coth(x) 4y/~(coth(x)-1—2 coth(x) ) - 4
- + +
2 2 >

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-1-coth(x)"2)"(1/2),x)

[Out] -1/2*%(-(coth(x)-1)"2-2%coth(x))~(1/2)+1/2*%arctan(coth(x)/(-(coth(x)-1)"2-2x%
coth(x))~(1/2))+1/2%x2~(1/2)*arctan(1/4* (-2-2*coth(x))*2~(1/2)/(-(coth(x)-1)
~2-2xcoth(x))~(1/2))+1/2%(-(1+coth(x)) "2+2*xcoth(x) )~ (1/2)+1/2*arctan(coth(x
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)/ (=(1+coth(x)) "2+2xcoth(x)) " (1/2))-1/2%2"(1/2) *arctan(1/4* (-2+2xcoth(x) ) *2
~(1/2)/(-(1+coth(x)) "2+2*coth(x))~(1/2))

maxima [F] time = 0.00, size = 0, normalized size = 0.00
f V= coth(x)? -1 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-coth(x)~2)~(1/2),x, algorithm="maxima"
[Out] integrate(sqrt(-coth(x)~"2 - 1), x)

mupad [B] time = 1.30, size = 43, normalized size = 0.96

~4/2 atan V2 coth(@) —In (coth(x) - \/—coth(x)2 -1 11) 1li

—coth(x)2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((- coth(x)"2 - 1)7(1/2),x)

[Out] - log(coth(x) - (- coth(x)~2 - 1)7(1/2)*1i)*1i - 27(1/2)*atan((27(1/2)*coth
(x))/ (= coth(x)"2 - 1)7(1/2))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/—coth2 () -1 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-coth(x)**2)*x(1/2),x)
[Out] Integral(sqrt(-coth(x)**2 - 1), x)
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330 [(1+coth’(®) dx

Optimal. Leaf size=50

1 4| V2 coth 5
- coth(x)/coth?(x) + 1 +2V2 tanh ™! V2 coth®@) | _ = sinh™ (coth()

\/cothz(x) +1

[Out] -5/2*arcsinh(coth(x))+2*arctanh(coth(x)*2"(1/2)/(1+coth(x)"2)"(1/2))*2"(1/2
)-1/2*xcoth(x)* (1+coth(x)~2)~(1/2)

Rubi[A] time = 0.04, antiderivative size = 50, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 6, integrand size = 10, number of rules

0.600, Rules used = {3661, 416, 523, 215, 377, 206}

1 | V2 coth 5
- coth(x)/coth?(x) +1 + 2V?2 tanh™ V2 coth®@) | _ = sinh™! (coth()

\/cothz(x) +1

integrand size

Antiderivative was successfully verified.
[In] Int[(1 + Coth[x]172)7(3/2),x]

[Out] (-5%ArcSinh([Coth[x]])/2 + 2xSqrt[2]*ArcTanh[(Sqrt[2]*Coth[x])/Sqrt[1 + Coth
[x]1"2]] - (Coth[x]*Sqrt[1 + Coth[x]"2])/2

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
tlall/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 377

Int[((a_) + (b_)*x(x_)"(m_ D))" (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, Db
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 416
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Int[((a_) + (b_)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> Simp[(d*x*(a + b*x™n) " (p + 1)*(c + d*x™n)~(q - 1))/ (b*x(nx(p + q) + 1)),
x] + Dist[1/(bx(n*x(p + q) + 1)), Int[(a + b*x"n) px(c + d*x"n)~(q - 2)*Simp
[cx(bxckx(n*(p + q) + 1) - a*xd) + dx(b*xcx(nx(p + 2%¥q - 1) + 1) - axdx(n*x(q -
1) + 1))*x"n, x], x], x] /; FreeQ[{a, b, c, d, n, p}, x] && NeQ[b*c - axd,
0] && GtQlq, 1] && NeQ[nx(p + q) + 1, 0] && 'IGtQ[p, 1] &% IntBinomialQ[a
, b, ¢, d, n, p, q, %]

Rule 523

Int[(Ce) + (£_)*x(x_)"(m_))/(((a_) + (b_.)*(x_)"(n_))*Sqrtl(c_) + (d_.)*(x
)7 (n_)]), x_Symbol] :> Dist[f/b, Int[1/Sqrtlc + d*x"n], x], x] + Dist[(bxe
- axf)/b, Int[1/((a + b*x"n)*Sqrt[c + d*x"n]), x], x] /; FreeQ[{a, b, c, d
, e, f, n}, x]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_)*x_)1)"(n_))~(p_), x_Symbol] :>

With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ff*x)"n)"p/(c”2 + £f£°2*x72), x], x, (c*Tan[e + f*x])/ff], x]] /; FreeQ[{a,

b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps

132
f (1 + cothz(x))3/2 dx = Subst f (1:#)

x2

dx, x, coth(x)}

L coth(9y1 + coth2(x) — — Subst f B35 e 2 coth()
=—— x) — = Subs x, x, coth(x
2 2 (1 - xz) V1 +x2

1 [ 5 5 1
= —— coth(x)4/1 + coth®(x) — = Subst ( f dx, x, coth(x)) + 4 Subst f —

coth

5 _ 1 [ 1
= ——sinh 1(coth(x)) — — coth(x)/1 + cothz(x) + 4 Subst f dx, x,
2 2 1-2x2

\/1+c0

5 | V2 coth 1
= -2 sinh™(coth(x)) + 22 tanh™* V2 coth(x) —Ecoth(x)\/1+coth2(x)

A1+ cothz(x)



190

Mathematica [B] time = 0.34, size = 116, normalized size = 2.32

1 2 3/2 2 . .13 1 cosh(x) .3 —
g (coth (x) + 1) sech”(2x) (s1nh(4x) + 16 sinh (x)\/m tanh (——cosh(Zx) ) + 4 sinh”(x) (\/ﬁ

Antiderivative was successfully verified.

[In] Integrate[(1 + Coth[x]~2)~(3/2),x]

[Out] -1/8%((1 + Coth[x]~2)~(3/2)*Sech[2*x] 2% (16*ArcTanh[Cosh[x]/Sqrt [Cosh[2*x]]
1xSqrt [Cosh[2*x]]*Sinh[x] "3 + 4x(ArcTan[Cosh[x]/Sqrt[-Cosh[2*x]]]*Sqrt[-Cos
h[2*x]] - 4xSqrt[2]*Sqrt[Cosh[2*x]]*Log[Sqrt[2]*Cosh[x] + Sqrt[Cosh[2*x]]1])
*Sinh[x]~3 + Sinh[4x*x]))

fricas [B] time = 0.45, size = 1043, normalized size = 20.86

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+coth(x)~2)~(3/2),x, algorithm="fricas")

[Out] 1/4%(2*(sqrt(2)*cosh(x)~4 + 4xsqrt(2)*cosh(x)*sinh(x)~3 + sqrt(2)*sinh(x)~4
+ 2% (3*xsqrt (2)*cosh(x) "2 - sqrt(2))*sinh(x)”~2 - 2*sqrt(2)*cosh(x)”2 + 4x*(s
qrt(2)*cosh(x) "3 - sqrt(2)*cosh(x))*sinh(x) + sqrt(2))*log(2*(cosh(x)~8 + 8
xcosh(x)*sinh(x)~7 + sinh(x)~8 + (28*cosh(x)”2 + 3)*sinh(x)~6 + 3*cosh(x)~6
+ 2%(28xcosh(x)~3 + 9*cosh(x))*sinh(x)~5 + 5x(14*cosh(x)~4 + 9*cosh(x)~2 +
1) *sinh(x) "4 + 5*cosh(x)~4 + 4*(14*cosh(x)”5 + 15*cosh(x)~3 + 5*cosh(x))*s
inh(x)~3 + (28%cosh(x)~6 + 45%cosh(x)”"4 + 30*cosh(x)”~2 + 4)*sinh(x)"2 + 4xc
osh(x) "2 + 2%(4*cosh(x)”~7 + 9*cosh(x)”5 + 10*cosh(x)~3 + 4*cosh(x))*sinh(x)
+ (sqrt(2)*cosh(x)”6 + 6*xsqrt(2)*cosh(x)*sinh(x)”5 + sqrt(2)*sinh(x)”"6 + 3
*x (bxsqrt (2)*cosh(x) "2 + sqrt(2))*sinh(x)~4 + 3*sqrt(2)*cosh(x)~4 + 4*x(5*sqr
t(2)*cosh(x)~3 + 3x*sqrt(2)*cosh(x))*sinh(x)~3 + (15*%sqrt(2)*cosh(x)~4 + 18%
sqrt(2)*cosh(x) "2 + 4*sqrt(2))*sinh(x)~2 + 4*sqrt(2)*cosh(x)”2 + 2% (3*sqrt(
2)*cosh(x) "5 + 6xsqrt(2)*cosh(x)”~3 + 4*sqrt(2)*cosh(x))*sinh(x) + 4xsqrt(2)
)*sqrt ((cosh(x) "2 + sinh(x)~2)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2))
+ 4)/(cosh(x)"6 + 6*cosh(x) b*sinh(x) + 15%cosh(x) “4*sinh(x)~2 + 20*cosh(x
) "3*sinh(x)~3 + 15*cosh(x)"2*sinh(x)~4 + 6*cosh(x)*sinh(x)~5 + sinh(x)~6))
+ 2x(sqrt(2)*cosh(x) "4 + 4*sqrt(2)*cosh(x)*sinh(x)~3 + sqrt(2)*sinh(x)~4 +
2% (3*sqrt (2)*cosh(x) "2 - sqrt(2))*sinh(x) "2 - 2xsqrt(2)*cosh(x)~2 + 4x(sqrt
(2)*cosh(x)~3 - sqrt(2)*cosh(x))*sinh(x) + sqrt(2))*log(-2*(cosh(x)~4 + 4xc
osh(x)*sinh(x)~3 + sinh(x)"4 + (6*cosh(x)”2 - 1)*sinh(x)~2 - cosh(x)72 + 2%
(2%cosh(x)”"3 - cosh(x))*sinh(x) + (sqrt(2)*cosh(x)”~2 + 2xsqrt(2)*cosh(x)*si
nh(x) + sqrt(2)*sinh(x)~2 - sqrt(2))*sqrt((cosh(x)~2 + sinh(x)~2)/(cosh(x)~
2 - 2%cosh(x)*sinh(x) + sinh(x)72)) + 1)/(cosh(x)~2 + 2*cosh(x)*sinh(x) + s
inh(x)72)) - B*(cosh(x)™4 + 4xcosh(x)*sinh(x)~3 + sinh(x)~4 + 2*(3*cosh(x)”
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2 - 1)*sinh(x)72 - 2xcosh(x)~2 + 4*(cosh(x)~3 - cosh(x))*sinh(x) + 1)*log((
cosh(x)”2 + 2*cosh(x)*sinh(x) + sinh(x)"2 + 2*sqrt((cosh(x)”~2 + sinh(x)~2)/
(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2)) + 1)/(cosh(x)"2 + 2*cosh(x)*si
nh(x) + sinh(x)~2)) + 5*(cosh(x)”4 + 4*cosh(x)*sinh(x)~3 + sinh(x)~4 + 2x(3
*cosh(x)”2 - 1)*sinh(x)~2 - 2*cosh(x)”2 + 4*(cosh(x)~3 - cosh(x))*sinh(x) +

1) *log((cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2 - 2*sqrt((cosh(x)"2 + si
nh(x)~2)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2)) + 1)/(cosh(x)"2 + 2xc
osh(x)*sinh(x) + sinh(x)~2)) - 4*(cosh(x)”2 + 2*cosh(x)*sinh(x) + sinh(x)~2
+ 1)*sqrt((cosh(x)”"2 + sinh(x)~2)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)
~2)))/(cosh(x)”4 + 4xcosh(x)*sinh(x)~3 + sinh(x)~4 + 2%(3*cosh(x)”2 - 1)*si
nh(x)~2 - 2*cosh(x)"2 + 4*(cosh(x)~3 - cosh(x))*sinh(x) + 1)

giac [B] time = 0.20, size = 265, normalized size = 5.30

|-2V2 +2 Vel +1 - 2629 19|
2(«/5 £V 1 - el29) +1)

i V2|52 log sgn (¢2Y - 1) + 4 log (Ve(4x) +1 —e@ 4+ 1) sgn (e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+coth(x)~2)7(3/2),x, algorithm="giac")

[Out] 1/4*sqrt(2)*(5*xsqrt(2)*log(1l/2*abs(-2*sqrt(2) + 2*sqrt(e”(4*x) + 1) - 2xe™(
2xx) + 2)/(sqrt(2) + sqrt(e”(4*xx) + 1) - e~ (2*x) + 1))*sgn(e”(2xx) - 1) + 4
xlog(sqrt(e™(4*xx) + 1) - e~ (2%x) + 1)*xsgn(e”(2*x) - 1) - 4xlog(sqrt(e”(4*x)

+ 1) - e”(2*x))*sgn(e”(2*x) - 1) - 4xlog(-sqrt(e”(4*x) + 1) + e~ (2*x) + 1)
xsgn(e”(2%x) - 1) - 4x(3x(sqrt(e”(4*x) + 1) - e~ (2%x)) " 3*sgn(e”(2*x) - 1) +
(sqrt(e”(4*xx) + 1) - e~ (2%x)) 2*sgn(e”(2*x) - 1) - (sqrt(e”(4*x) + 1) - e~
(2%x))*sgn(e”(2*x) - 1) + sgn(e™(2*x) - 1))/((sqrt(e”(4*x) + 1) - e~ (2xx))~
2 + 2xsqrt(e”(4xx) + 1) - 2xe”(2xx) - 1)72)

maple [B] time = 0.12, size = 158, normalized size = 3.16

~ ((coth(x) - 1)2 +2 co’ch(x))E _coth(x)\/ (coth(x) — 1)2 + 2 coth(x) B 5 arcsinh (coth(x)) ~
6 4 2

\/ (coth(x) - 1)2 +

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+coth(x)~2)~(3/2),x)

[Out] -1/6*x((coth(x)-1)"2+2*xcoth(x))~(3/2)-1/4*coth(x)*((coth(x)-1)"2+2*coth(x))"~
(1/2)-5/2%arcsinh(coth(x))-((coth(x)-1)"2+2*xcoth(x))~(1/2)+2"(1/2)*arctanh(
1/4%(2xcoth(x)+2)*27(1/2)/((coth(x)-1) "2+2*coth(x))~(1/2))+1/6*((1+coth(x))
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~2-2xcoth(x))~(3/2)-1/4*xcoth(x)*((1+coth(x) ) "2-2*xcoth(x))~(1/2)+((1+coth(x)
)"2-2xcoth(x))~(1/2)-2"(1/2) *arctanh(1/4* (2-2xcoth(x))*2"(1/2)/((1+coth(x))
~2-2xcoth(x))~(1/2))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

3

f (co’ch(x)2 + 1)E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+coth(x)~2)7(3/2),x, algorithm="maxima"
[Out] integrate((coth(x)~2 + 1)7(3/2), x)

mupad [B] time = 1.39, size = 78, normalized size = 1.56

[ 2 h(x) \/coth(x)? + 1 :
V2 (ln (coth(x)+\/§ coth(x)® +1 +1)—1n (coth(x)—l))—co,c () yeoth) _Dasinh (COth(x))+\/§

2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((coth(x)~"2 + 1)7(3/2),x%)

[Out] 27(1/2)*(log(coth(x) + 27(1/2)*(coth(x)"2 + 1)7(1/2) + 1) - log(coth(x) - 1
)) - (coth(x)*(coth(x)"2 + 1)7(1/2))/2 - (5*asinh(coth(x)))/2 + 27(1/2)*(1lo
g(coth(x) + 1) - log(2~(1/2)*(coth(x)~2 + 1)7(1/2) - coth(x) + 1))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (coth? (x) + 1)§ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+coth(x)**2)**(3/2),%)
[Out] Integral((coth(x)**2 + 1)**x(3/2), x)
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3.31 f (—1 — co’chz(x))s/2 dx

Optimal. Leaf size=67

%coth(x)\/m SN B N PP V2 coth(x)
ot -1 et -1

[Out] -5/2*arctan(coth(x)/(-1-coth(x)~2)~(1/2))+2*arctan(coth(x)*2~(1/2)/(-1-coth
(x)72)"(1/2))*27(1/2)+1/2*xcoth(x)*(-1-coth(x)~2)~(1/2)

Rubi[A] time = 0.05, antiderivative size = 67, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 6, integrand size = 12, number of rules _

0.500, Rules used = {3661, 416, 523, 217, 203, 377}

! oot 1 - St | 000 Vot
oot 1 Lot

Antiderivative was successfully verified.

integrand size

[In] Int[(-1 - Coth[x]~2)~(3/2),x]

[Out] (-5%ArcTan[Coth[x]/Sqrt[-1 - Coth[x]~2]]1)/2 + 2xSqrt[2]*ArcTan[(Sqrt[2]*Cot
h[x])/Sqrt[-1 - Coth[x]~2]] + (Coth[x]*Sqrt[-1 - Coth[x]"2])/2

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 21*Rt[b, 2]1), x] /; FreeQl{a, b}, x] && PosQla/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] & !'GtQ[a, 0]

Rule 377

Int[((a_) + (b_)*x(x_)"(m_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b¥x"n)~(1/n)] /; FreeQ[{a, Db
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 416
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Int[((a_) + (b_)*(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> Simp[(d*x*(a + b*x™n) ~(p + 1)*(c + d*x™n)~(q - 1))/ (b*x(nx(p + @) + 1)),
x] + Dist[1/(bx(n*x(p + q) + 1)), Int[(a + b*x"n) px(c + d*x"n)~(q - 2)*Simp
[cx(bxc*x(n*(p + q) + 1) - a*xd) + dx(b*xcx(nx(p + 2%q - 1) + 1) - axdx(n*x(q -
1) + 1))*x"n, x], x], x] /; FreeQ[{a, b, c, d, n, p}, x] && NeQ[b*c - axd,
0] && GtQlq, 1] && NeQ[nx(p + q) + 1, 0] && 'IGtQ[p, 1] &% IntBinomialQ[a
, b, ¢, d, n, p, q, %]

Rule 523

Int[((e_ ) + (£_)*(x_)"(m_))/(((a_) + (b_.)*x(x_)"(n_))*Sqrtl[(c_) + (d_.)*(x
)7 (n_)]), x_Symbol] :> Dist[f/b, Int[1/Sqrtlc + d*x"n], x], x] + Dist[(bxe
- axf)/b, Int[1/((a + b*x"n)*Sqrtlc + d*x"nl), x], x] /; FreeQ[{a, b, c, d
, e, f, n}, x]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_)*x_)1)"(n_))~(p_), x_Symbol] :>

With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ffxx)"n)"p/(c”2 + ££72xx72), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,

b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps

132
2, \2 , (_1 7 )
(—1 — coth (x)) dx = Subst B dx, x, coth(x)

1 2 1 -3 - 5x

= = coth(x)4/-1 — coth“(x) — = Subst f dx, x, coth(x)
2 2 V-1 -x2 1 x )

= 1coth(x)\/—l - cothz(x) - §Subst f —dx,x coth(x)) + 4 Subst f —
2 2 \/_1 Y V-

1 5 1 th
= ~ coth(x)y/~1 - coth?(x) — 2 Subst f N CON PP

2 2 1+ 22 > :

-1 — coth”(x)

ool coth(x) +2V2 tan! V2 coth(x)

2 tan
-1- cothz(x) \-1- cothz(x)

1
+ = coth(x)4/—1 — cot
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Mathematica [A] time = 0.17, size = 118, normalized size = 1.76

—% (- coth?(x) - 1)3/ ? sech?(2x) (sinh(4x) + 16 sinh’(x)+/cosh(2x) tanh™* (%&) + 4 sinh’(x) (\/—_Cc

Antiderivative was successfully verified.

[In] Integrate[(-1 - Coth[x]~2)~(3/2),x]

[Out] -1/8%((-1 - Coth[x]~2)~(3/2)*Sech[2*x] 2% (16*xArcTanh[Cosh[x]/Sqrt[Cosh[2*x]
11*Sqrt [Cosh[2*x]]1*Sinh[x]~3 + 4*(ArcTan[Cosh[x]/Sqrt[-Cosh[2*x]]]*Sqrt[-Co
sh[2*x]] - 4*Sqrt[2]*Sqrt[Cosh[2*x]]*Log[Sqrt[2]*Cosh[x] + Sqrt[Cosh[2*x]]]
)*Sinh[x]~3 + Sinh[4*x]))

fricas [C] time = 0.44, size = 361, normalized size = 5.39

2 (V=269 ~2 Y229 + 77 ) log (z (\/—_2 V2680 2 42620 2)6(‘2")) —2 (V2269 —2 {229

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-coth(x)~2)~(3/2),x, algorithm="fricas")

[Out] 1/4%(2*%(sqrt(-2)*e”~(4xx) - 2xsqrt(-2)*e”(2*x) + sqrt(-2))*log(2*(sqrt(-2)*s
qrt (-2*e~ (4xx) - 2) + 2%e”(2xx) - 2)*e”(-2*x)) - 2*(sqrt(-2)*e”(4*x) - 2%sq
rt(-2)*e” (2xx) + sqrt(-2))*log(-2*(sqrt(-2)*sqrt(-2xe~(4*x) - 2) - 2*xe”(2%*x
) + 2)xe”(-2%x)) + (BkIxe”(4*x) - 10*I*e”(2xx) + 5xI)*xlog((4xI*sqrt(-2*xe~ (4
*x) - 2) - 4xe”(2%x) - 4)*e”(-2%x)) + (-5*Ixe”(4xx) + 10%Ixe”(2xx) - B*I)*1
og((-4xI*xsqrt(-2%e~ (4*x) - 2) - 4xe”(2*x) - 4)*e” (-2*x)) - 2x(sqrt(-2)*e~ (4
xx) — 2xsqrt(-2)*e” (2*x) + sqrt(-2))*log(4*(sqrt(-2xe~(4*x) - 2)*(e~(2xx) +
2) + sqrt(-2)*e”(4*xx) + sqrt(-2)*e”(2*x) + 2*xsqrt(-2))*e”(-4*x)) + 2*(sqrt
(-2)*e~ (4*x) - 2xsqrt(-2)*e”(2xx) + sqrt(-2))*log(4*(sqrt(-2xe~(4*x) - 2)*(
e~ (2xx) + 2) - sqrt(-2)xe”(4*x) - sqrt(-2)*e”(2xx) - 2*sqrt(-2))*e~(-4%x))
+ 2%sqrt (-2*%e”(4*x) - 2)*(e”(2%x) + 1))/(e”(4*x) - 2xe”~(2xx) + 1)

giac [C] time = 0.20, size = 285, normalized size = 4.25

-2 V2 +2 Vel +1 - 2629 + 9|
2(\/5 + Ve 11 —e<2x>+1)

_411 V2| -5i V2 log sgn (—e@ +1) - 4i log (‘Ve(4x) +1 — e + 1) sg

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-coth(x)~2)~(3/2),x, algorithm="giac")
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[Out] -1/4xsqrt(2)*(-5*xIxsqrt(2)*log(l/2*abs(-2*sqrt(2) + 2*sqrt(e”(4*x) + 1) - 2
xe” (2*x) + 2)/(sqrt(2) + sqrt(e”(4*x) + 1) - e~ (2%x) + 1))*sgn(-e~(2*x) + 1
) - 4xIxlog(sqrt(e”(4xx) + 1) - e~ (2*x) + 1)*sgn(-e~(2*x) + 1) + 4xIxlog(sq
rt(e”(4*x) + 1) - e~ (2xx))*sgn(-e~(2*x) + 1) + 4xIxlog(-sqrt(e”(4*x) + 1) +
e”(2xx) + 1)*sgn(-e~(2*x) + 1) + 4x(3*xI*x(sqrt(e”(4*x) + 1) - e (2%x)) " 3*sg
n(-e~(2%x) + 1) + Ix(sqrt(e”(4*x) + 1) - e~ (2xx)) " 2*sgn(-e~(2*x) + 1) + (-I
*xsqrt (e” (4*xx) + 1) + Ike”(2xx))*sgn(-e~(2*x) + 1) + Ixsgn(-e~(2*x) + 1))/ ((
sqrt(e”(4*x) + 1) - e7(2%x))72 + 2*sqrt(e”(4*x) + 1) - 2*xe”(2*x) - 1)72)

maple [B] time = 0.12, size = 211, normalized size = 3.15

3 > 5arctan coth(x)
(- (coth(x) - 1)* - 2 coth(x))? coth(x)\/— (coth(x) — 1)* = 2 coth(x) J-(coth(x)-12-2coth(x) . \[
+ — —

6 4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-1-coth(x)~2)~(3/2),x%)

[Out] -1/6*%(-(coth(x)-1)"2-2*coth(x))~(3/2)+1/4*coth(x)*(-(coth(x)-1)"2-2*coth(x)
)~ (1/2)-5/4*arctan(coth(x)/(-(coth(x)-1)"2-2*coth(x))~(1/2))+(-(coth(x)-1)"
2-2*coth(x))~(1/2)-2"(1/2) *arctan(1/4* (-2-2xcoth(x))*27(1/2) /(- (coth(x)-1)~
2-2*coth(x))~(1/2))+1/6*(-(1+coth(x)) ~"2+2*coth(x)) ~(3/2)+1/4*coth(x)* (- (1+c
oth(x)) "2+2*coth(x))~(1/2)-5/4*arctan(coth(x)/(-(1+coth(x)) "2+2*coth(x))~ (1
/2))-(=(1+coth(x))"2+2xcoth(x)) ~(1/2)+2" (1/2) *arctan(1/4* (-2+2*coth(x) ) *27(

1/2)/ (-(1+coth(x)) "2+2*coth(x))~(1/2))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

3

[ (- cothy -1)? ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-coth(x)~2)~(3/2),x, algorithm="maxima"
[Out] integrate((-coth(x)~"2 - 1)7(3/2), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
3/2
f (—coth(x)2 —1) ! dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((- coth(x)"2 - 1)°(3/2),x)



[Out] int((- coth(x)"2 - 1)°(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (- coth? (x) —1)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-coth(x)**2)*x(3/2),x)
[Out] Integral((-coth(x)**2 - 1)**(3/2), x)
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coth®(x)

3.32 dx

\/ a+b coth?(x)

Optimal. Leaf size=47

¢ h_l \a+b cothz(x)
an ey
Va+b \a+b cothz(x)

Va+b b

[Out] arctanh((a+b*coth(x)~2)~(1/2)/(a+b)~(1/2))/(a+b)~(1/2)-(atb*coth(x)~2)"(1/2
) /b

Rubi [A] time = 0.11, antiderivative size = 47, normalized size of antiderivative = 1.00,
number of rules

number of steps used = 5, number of rules used = 5, integrand size = 17,
0.294, Rules used = {3670, 446, 80, 63, 208}

¢ h_1 \a+b cothz(x)
an Va+b \Ja + bcoth?(x)

integrand size

Va+b b

Antiderivative was successfully verified.
[In] Int[Coth([x]~3/Sqrtla + b*Coth[x]~2],x]

[Out] ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrt[a + b]]/Sqrt[a + b] - Sqrtla + b*Coth[x]
~2]/v

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*xx)~(1/p)], x]] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 80

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_D)*x_))"(n_.)*x((e_.) + (£_)*(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + D)x(e + £xx)"(p + 1))/(d*fx(n + p
+2)), x] + Dist[(axd*fx(n + p + 2) - b*(dxex(n + 1) + cxf*x(p + 1)))/(d*fx*(
n+p+2)), Int[(c + d*x)"nx(e + £xx)7p, x], x] /; FreeQ[{a, b, c, d, e, £
, n, pr, x] && NeQ[n + p + 2, 0]
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Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQ[a/b]

Rule 446

Int[(x )" (m_.)*((a_) + (b_)*x )" @ )) (p_)*((c) + (d_)*x_)"(m ))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)/n] - 1)*x(a + b*x)7p
x(c + d*x)7q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)]1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +

(f_D)*x 01" ()" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
f72xx"2), x], x, (c*Tan[e + f*xx])/ff]l, x]1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps
3 3
f coth’(x) dx = Subst [ f > i = dx, x, CO’fh(x)]
\Ja + beoth?(x) (1-22) Va+bx
1 X
= — Subst f dx, x, cothz(x)]
2 ( (1 -x)Va + bx

\a+ bcothz(x) 1

= - 5 + 5 Subst

dx, x, coth? (x)]

1
(f (1-x)Va + bx

1 [
/a b cothz(x) Subst ( f ——dx,x,\Ja+D cothz(x)]
__ + HT

b b

— a+b coth?(x)
an -_—
a+b \a+b cothz(x)

- Va+b b
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Mathematica [A] time = 0.10, size = 47, normalized size = 1.00

¢ h_l \a+b cothz(x)
an Va+b \Ja + bcoth?(x)

Va+b b

Antiderivative was successfully verified.

[In] Integrate[Coth[x]~3/Sqrtl[a + b*Coth[x]~2],x]

[Out] ArcTanh[Sqrt[a + bxCoth[x]~2]/Sqrtla + b]]/Sqrtla + b] - Sqrtla + b*Cothl[x]
~2]/b

fricas [B] time = 0.53, size = 1576, normalized size = 33.53

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)~3/(atb*coth(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/4%((bxcosh(x)~2 + 2*b*cosh(x)*sinh(x) + b*sinh(x)~2 - b)*sqrt(a + b)*log
(-((a”3 + a"2*b)*cosh(x)"8 + 8*(a”3 + a~2*b)*cosh(x)*sinh(x)~7 + (a"3 + a”2
*b)*sinh(x) "8 - 2*(2*a”3 + a~2*b)*cosh(x)"6 - 2*x(2*xa”3 + a™2%b - 14*x(a"3 +
a~2*b)*cosh(x)"2)*sinh(x)"6 + 4%(14*x(a~3 + a~2*b)*cosh(x)~3 - 3*%(2*a~3 + a~
2xb)*cosh(x))*sinh(x)~5 + (6*a”~3 + 4%a”2xb - a*b™2 + b~3)*cosh(x)~4 + (70%(
a3 + a"2*b)*cosh(x)"4 + 6%a~3 + 4*a”2*b - a*b™2 + b~3 - 30%(2*a”3 + a~2x*b)
*cosh(x) "2)*sinh(x) "4 + 4%(14%x(a”3 + a”2*b)*cosh(x)~5 - 10%(2*a”3 + a~2*b)x*
cosh(x)"3 + (6*%a”3 + 4*a~2*xb - a*b™2 + b~3)*cosh(x))*sinh(x)~3 + a3 + 3*a”
2xb + 3*%a*xb”2 + b73 - 2x(2xa”3 + 3*a"2*b - b"3)*cosh(x)"2 + 2*x(14*(a”3 + a~
2xb)*cosh(x) "6 - 15%(2*%a~3 + a~2*b)*cosh(x)™4 - 2%a~3 - 3*a™2%b + b~3 + 3x(
6*a~3 + 4%a”2xb - a*b”2 + b~3)*cosh(x)"2)*sinh(x) "2 + sqrt(2)*(a”2*cosh(x)”
6 + 6*a”2*cosh(x)*sinh(x)~5 + a~2*sinh(x)~6 - 3*a~2*cosh(x)~4 + 3*(5*xa”~2*co
sh(x)"2 - a"2)*sinh(x)~4 + 4*(5*%a”2*cosh(x)”~3 - 3*a~2*cosh(x))*sinh(x)"3 +
(3*%a~2 + 2%a*b - b"2)*cosh(x)"2 + (15*%a”2*cosh(x)”"4 - 18*a~2*cosh(x)”2 + 3x*
a~2 + 2*a*xb - b72)*sinh(x)72 - a”2 - 2xa*b - b2 + 2*x(3*a"2*cosh(x)”5 - 6*a
~2%cosh(x)"3 + (3%a”2 + 2*axb - b~2)*cosh(x))*sinh(x))*sqrt(a + b)*sqrt(((a
+ b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x)
+ sinh(x)72)) + 4x(2x(a”3 + a"2*b)*cosh(x)”"7 - 3*(2*¥a”3 + a~2*b)*cosh(x)~5
+ (6*%a”3 + 4*xa”2%b - a*xb”2 + b~3)*cosh(x)”3 - (2*xa”3 + 3*a~2*b - b~3)*cosh
(x))*sinh(x))/(cosh(x)~6 + 6*cosh(x) 5*sinh(x) + 15*cosh(x) 4*sinh(x)”"2 + 2
O*cosh(x) "3*sinh(x) "3 + 15*cosh(x) "2*sinh(x) "4 + 6*cosh(x)*sinh(x)~5 + sinh
(x)76)) + (b*cosh(x)”"2 + 2xb*cosh(x)*sinh(x) + b*sinh(x)~2 - b)*sqrt(a + b)
xlog(((a + b)*cosh(x)”"4 + 4x(a + b)*cosh(x)*sinh(x)”"3 + (a + b)*sinh(x)"4 +
2¥bxcosh(x) "2 + 2%(3x(a + b)*cosh(x)~2 + b)*sinh(x)~2 + sqrt(2)*(cosh(x)~2
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+ 2*cosh(x)*sinh(x) + sinh(x)72 + 1)*sqrt(a + b)xsqrt(((a + b)*cosh(x)"2 +
(a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2)) +
4% ((a + b)*cosh(x)~3 + b*cosh(x))*sinh(x) + a + b)/(cosh(x)”"2 + 2*cosh(x)*s
inh(x) + sinh(x)72)) - 4*sqrt(2)*(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*
sinh(x)”2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)))/((axb + b~
2)*cosh(x) 72 + 2x(a*xb + b~2)*cosh(x)*sinh(x) + (a*xb + b~2)*sinh(x)”2 - a*b

- b72), -1/2*%((b*cosh(x)~2 + 2xb*cosh(x)*sinh(x) + b*sinh(x)~2 - b)*sqrt(-a
- b)*arctan(sqrt (2)*(a*xcosh(x) "2 + 2*a*cosh(x)*sinh(x) + a*sinh(x)"2 - a -
b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh
(x)72 - 2%cosh(x)*sinh(x) + sinh(x)72))/((a"2 + a*b)*cosh(x)"4 + 4*x(a"2 + a
*b)*cosh(x)*sinh(x)~3 + (a”2 + a*b)*sinh(x)"4 - (2*a”2 + a*b - b~2)*cosh(x)
~2 + (6%(a”2 + axb)*cosh(x)"2 - 2*%a”™2 - a*b + b"2)*sinh(x)"2 + a”2 + 2*ax*b
+ b72 + 2%x(2*%(a”2 + axb)*cosh(x)”3 - (2*a”2 + a*b - b~2)*cosh(x))*sinh(x)))
+ (b*cosh(x)~2 + 2*b*cosh(x)*sinh(x) + b*sinh(x)~2 - b)*sqrt(-a - b)*arcta
n(sqrt(2)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)
/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)"2 + 2x(a + b
)*cosh(x)*sinh(x) + (a + b)*sinh(x)"2 + a + b)) + 2*sqrt(2)*(a + b)*sqrt (((
a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x
) + sinh(x)72)))/((axb + b~2)*cosh(x)”2 + 2*x(a*xb + b~2)*cosh(x)*sinh(x) + (
axb + b"2)*sinh(x)"2 - a*b - b~2)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)~3/(atb*coth(x)~2)~(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ; OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(t_n
ostep-1)]Error: Bad Argument Type

maple [B] time = 0.12, size = 129, normalized size = 2.74

1 2a+2b+2(coth(x)-1)b+2Va+b \/(coth(x)—l)2b+2(coth(x)—1)b+a+h I 2a+2b-2(1+coth(x))b+2Va+b \/
\/ll +b (CO’[hZ(X)) n coth(x)-1 n 1+c
- + +

b 2Va+b 2\/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)~3/(a+b*xcoth(x)~2)"(1/2),x)

[Out] -(a+bxcoth(x)~2)~(1/2)/b+1/2/(a+b)~(1/2)*1n((2*a+2*b+2* (coth(x)-1) *b+2*(a+b
)" (1/2)*((coth(x)-1) "2%b+2* (coth(x)-1)*b+a+b) ~(1/2))/(coth(x)-1))+1/2/(a+b)
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~(1/2)*1n((2*a+2*xb-2* (1+coth(x) ) *b+2* (a+b) ~(1/2) * ((1+coth(x)) "2*%b-2*x (1+coth
(x))*b+a+b)~(1/2))/(1+coth(x)))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f coth(x)3 i
vbcoth(x)? + a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)~3/(atb*coth(x)~2)~(1/2),x, algorithm="maxima"
[Out] integrate(coth(x)~3/sqrt(b*coth(x)~2 + a), x)

mupad [B] time = 1.69, size = 39, normalized size = 0.83

tanh /b coth(x)®+a
e \Jbcoth(x)? +a

Va+b b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)~3/(a + b*coth(x)~"2)"(1/2),x)

[Out] atanh((a + b*coth(x)"2)~(1/2)/(a + b)~(1/2))/(a + b)~(1/2) - (a + b*xcoth(x)
~2)°(1/2) /v

sympy [F] time = 0.00, size = 0, normalized size = 0.00
coth® (x)

f \Ja + beoth? (%)

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(coth(x)**3/(at+tb*coth(x)**2)**(1/2),x)

[Out] Integral(coth(x)**3/sqrt(a + b*coth(x)**2), x)
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coth?(x)

3.33 dx

\/ a+b coth?(x)

Optimal. Leaf size=60

tanh_l Va+b coth(x) tanh_l Vb coth(x)
\a+b coth? (%) \a+b coth? (%)
Va+b \/E

[Out] -arctanh(coth(x)*b~(1/2)/(a+b*coth(x)~2)~(1/2))/b~(1/2)+arctanh(coth(x)*(a+
b)~(1/2)/(a+b*coth(x)~2)~(1/2))/(a+b)~(1/2)

Rubi [A] time = 0.10, antiderivative size = 60, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 5, integrand size = 17, number of rules _

0.294, Rules used = {3670, 483, 217, 206, 377}

tanh™? Va+b coth(x) tanh™) Vb coth(x)
\a+b coth? (%) \a+b coth? (%)
Va+b \/E

Antiderivative was successfully verified.

integrand size

[In] Int[Coth[x]"2/Sqrtl[a + b*Coth[x]~2],x]

[Out] -(ArcTanh[(Sqrt[b]*Coth[x])/Sqrt[a + b*Coth[x]~2]]1/Sqrt([b]) + ArcTanh[(Sqrt
[a + b]*Coth[x])/Sqrt[a + b*Coth[x]~2]]/Sqrtla + b]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

Rule 377

Int[((a_) + (b_)*x(x )" (D))" (p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, Db
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]
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Rule 483

Int[((Ce_)*(x_)) " (m_)*((c_) + (d_)*(x_)"(m_))"(q_.))/((a_) + (b_.)*(x_)"(
n_)), x_Symbol] :> Dist[e”n/b, Int[(e*x)"(m - n)*(c + d*x™n)"q, x], x] - Di
st[(a*xe™n)/b, Int[((e*x)"(m - n)*(c + d*x"n)"q)/(a + b*x"n), x], x] /; Free
Ql{a, b, ¢, d, e, m, q}, x] && NeQ[b*c - a*d, 0] && IGtQ[n, 0] && LeQ[n, m,
2*xn - 1] && IntBinomialQ[a, b, ¢, d, e, m, n, -1, q, x]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*x(x_)1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_I)*xx 01" (@))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
£f72xx72), x], x, (cxTanl[e + fxx])/ff], x]] /; FreeQ[{a, b, ¢, d, e, f, m, n
, p}, x] & (IGtQlp, O] || EqQ[n, 2] || EqQn, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rubi steps
the 2
f coth™) dx = Subst [ f ” * = dx, x, coth(x)]
\/a+bcoth2(x) (1—x ) Va + bx
Sbt(f L th())+5btf L dx, x, coth(x)
= —>ubs —ax, X, coth(x ubs X, X, coth(x
Va + bx? (1—x2) Va + bx?

coth(x) coth

1 1
= —Subst f — dx,x, + Subst f 5 dx, x,
1-bx \/a+bcoth2(x) 1=(a+b)x \a+bc

tanh_l ( Vb coth(x) ) tanh_l ( Va+b coth(x) )

\Ja+bcoth?(x) . \Ja+bcoth?(x)
\/E Va+b

Mathematica [B] time = 0.25, size = 134, normalized size = 2.23

sinh(x) (\/E tanh ™’ ( V2 Vath cosh(x) ) —Va+btanh™! ( V2 Vb cosht) )) \/ cschz(x)((a + b) cosh(2x) — a +

v(a+b) cosh(2x)—a+b V(a+b) cosh(2x)—a+b

VbVa+b+/(a+Db)coshx) —a+b

Antiderivative was successfully verified.

[In] Integrate[Coth[x]~2/Sqrtl[a + b*Coth[x]~2],x]
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[Out] ((-(Sqrt[a + bl*ArcTanh[(Sqrt[2]*Sqrt[b]*Cosh[x])/Sqrt[-a + b + (a + b)*Cos
h[2*x]]1]) + Sqrt[bl*ArcTanh[(Sqrt[2]*Sqrt[a + b]*Cosh[x])/Sqrt[-a + b + (a

+ b)*Cosh[2*x]]])*Sqrt[(-a + b + (a + b)*Cosh[2#x])*Csch[x]~2]*Sinh[x])/(Sq
rt[b]*Sqrtla + b]*Sqrt[-a + b + (a + b)*Cosh[2*x]])

fricas [B] time = 0.65, size = 3513, normalized size = 58.55

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)~2/(atb*coth(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/4x(sqrt(a + b)*bxlog(((a*b”2 + b~3)*cosh(x)~8 + 8*(a*b”2 + b~3)*cosh(x)*
sinh(x)~7 + (a*xb™2 + b~3)*sinh(x)~8 + 2x(a*b”™2 + 2xb~3)*cosh(x)~6 + 2*(axb”
2 + 2%b73 + 14*x(a*b”2 + b~3)*cosh(x) "2)*sinh(x)~6 + 4*x(14*(a*b”2 + b~3)*cos
h(x)~3 + 3*(a*b™2 + 2*b~3)*cosh(x))*sinh(x)~5 + (2”3 - a™2xb + 4*a*xb~2 + 6%
b~3)*cosh(x)~4 + (70*(a*b”™2 + b~3)*cosh(x)”4 + a”3 - a™2*%b + 4*axb~2 + 6%b~
3 + 30*(a*b”2 + 2xb~3)*cosh(x) "2)*sinh(x)~4 + 4x(14*(a*b”2 + b~3)*cosh(x)~5
+ 10*%(a*xb™2 + 2%b~3)*cosh(x)”"3 + (a3 - a™2*b + 4*a*b~2 + 6*b~3)*cosh(x))*
sinh(x)73 + a3 + 3*a"2*b + 3*axb”2 + b”3 - 2*(a”3 - 3*%a*xb”2 - 2xb~3)*cosh(
x)72 + 2x(14x(a*¥b”2 + b~3)*cosh(x)"6 + 15%(a*b”2 + 2*b~3)*cosh(x)"4 - a~3 +
3*xa*xb”2 + 2*xb"3 + 3x(a”3 - a”"2*b + 4*axb”2 + 6%b~3)*cosh(x) "2)*sinh(x)”"2 +
sqrt (2)* (b~ 2*cosh(x) "6 + 6*b~2xcosh(x)*sinh(x)~5 + b~2*sinh(x)~6 + 3*b~2x*c
osh(x)"4 + 3*(5*xb"2*cosh(x)"2 + b~2)*sinh(x)"4 + 4% (5%b"2*cosh(x)~3 + 3*b~2
*cosh(x))*sinh(x)~3 - (a”2 - 2*axb - 3%b~2)*cosh(x)"2 + (15%b~2*cosh(x)"4 +
18+%b~2xcosh(x) "2 - a”2 + 2*a*xb + 3*b”"2)*sinh(x)”"2 + a”2 + 2*a*xb + b~2 + 2%
(3*%b~2*cosh(x) "5 + 6*b"2*xcosh(x)~3 - (a2 - 2*a*b - 3*b~2)*cosh(x))*sinh(x)
)*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)
"2 - 2%cosh(x)*sinh(x) + sinh(x)"2)) + 4*x(2*x(a*b”2 + b~3)*cosh(x)”7 + 3*(ax
b"2 + 2xb~3)*cosh(x)"5 + (2”3 - a”2*b + 4*a*xb~2 + 6*b~3)*cosh(x)”"3 - (a”3 -
3*axb”2 - 2*b~3)*cosh(x))*sinh(x))/(cosh(x)~6 + 6*cosh(x) b*sinh(x) + 15*c
osh(x) "4*sinh(x)~2 + 20*cosh(x) "3*sinh(x)~3 + 15xcosh(x) "2*sinh(x)~4 + 6*co
sh(x)*sinh(x)~5 + sinh(x)76)) + 2x(a + b)*sqrt(b)*log(-((a + 2*b)*cosh(x) 4
+ 4*x(a + 2*b)*cosh(x)*sinh(x)”"3 + (a + 2*b)*sinh(x)"4 - 2*x(a - 2*b)*cosh(x
)72 + 2x(3%x(a + 2*%b)*cosh(x)”2 - a + 2*b)*sinh(x)"2 - 2*sqrt(2)*(cosh(x) "2
+ 2%cosh(x)*sinh(x) + sinh(x)"2 + 1)*sqrt(b)*sqrt(((a + b)*cosh(x)"2 + (a +
b)*sinh(x)"2 - a + b)/(cosh(x)”"2 - 2xcosh(x)*sinh(x) + sinh(x)~2)) + 4x((a
+ 2*b)*cosh(x)~3 - (a - 2%b)*cosh(x))*sinh(x) + a + 2%b)/(cosh(x)”4 + 4xco
sh(x)*sinh(x) "3 + sinh(x)~4 + 2%(3*cosh(x)”"2 - 1)*sinh(x)"2 - 2*cosh(x)"2 +
4x(cosh(x) "3 - cosh(x))*sinh(x) + 1)) + sqrt(a + b)*bxlog(-((a + b)*cosh(x
)74 + 4x(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)~4 - 2*a*cosh(x)”2 + 2x*(
3x(a + b)*cosh(x)"2 - a)*sinh(x)~2 + sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x)
+ sinh(x)"2 - 1)*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 -
a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)72)) + 4*((a + b)*cosh(x)"3
- a*cosh(x))*sinh(x) + a + b)/(cosh(x)"2 + 2*cosh(x)*sinh(x) + sinh(x)~2))
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)/(a*xb + b72), 1/4%x(4*(a + b)*sqrt(-b)*arctan(sqrt(2)*(cosh(x)~2 + 2*cosh(x
)*sinh(x) + sinh(x)72 + 1)xsqrt(-b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(
x)72 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)
4 + 4x(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)~4 - 2x(a - b)*cosh(x)~2
+ 2% (3*(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4*((a + b)*cosh(x)"3 - (a - Db
)*cosh(x))*sinh(x) + a + b)) + sqrt(a + b)*b*xlog(((a*xb™2 + b~3)*cosh(x)~8 +
8*(a*b”™2 + b~3)*cosh(x)*sinh(x)"7 + (a*b”2 + b~3)*sinh(x)"8 + 2*x(a*xb™2 + 2
*b~3)*cosh(x)"6 + 2*(a*xb”2 + 2*b~3 + 14x(a*xb”™2 + b~3)*cosh(x)~2)*sinh(x) "6
+ 4x(14*x(a*b™2 + b~3)*cosh(x)~3 + 3*(axb”2 + 2*b~3)*cosh(x))*sinh(x)”"5 + (a
"3 - a”2*b + 4*xaxb”2 + 6xb~3)*cosh(x)"4 + (70x(a*xb”2 + b~3)*cosh(x)"4 + a~3
- a”2xb + 4*axb”2 + 6+%b~3 + 30*(a*b”2 + 2*xb~3)*cosh(x)"2)*sinh(x)~4 + 4x*(1
4% (a*xb”2 + b~3)*cosh(x)"5 + 10*(a*xb”2 + 2*b~3)*cosh(x)"3 + (2”3 - a™2%b + 4
*axb”2 + 6%b~3)*cosh(x))*sinh(x)”3 + a”3 + 3*a™2%b + 3*a*xb™2 + b~3 - 2*x(a”3
- 3xaxb”2 - 2%b~3)*cosh(x) "2 + 2*(14*(a*b”2 + b~3)*cosh(x)”"6 + 15x(a*xb”2 +
2%b~3)*cosh(x)"4 - a3 + 3*axb”2 + 2+%b~3 + 3*(a”~3 - a"2xb + 4*axb”2 + 6*b”
3)*cosh(x) "2) *sinh(x) "2 + sqrt(2)*(b~2*cosh(x)~6 + 6*b~2*cosh(x)*sinh(x)~5
+ b"2*sinh(x) "6 + 3*%b~2*cosh(x) 4 + 3*(5*b~2*xcosh(x)"2 + b"2)*sinh(x)"4 + 4
*(5%b~2*cosh(x) "3 + 3*b~2*cosh(x))*sinh(x)~3 - (a”2 - 2*axb - 3*b~2)*cosh(x
)72 + (15%b"2*cosh(x) "4 + 18*b~2*cosh(x)”2 - a™2 + 2*a*b + 3%b~2)*sinh(x) "2
+ a2 + 2%axb + b72 + 2*(3*%b"2*cosh(x)"5 + 6*%b"2xcosh(x)”3 - (a”2 - 2*ax*b
- 3*b~2)*cosh(x))*sinh(x))*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*si
nh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2)) + 4x(2*(a*b~2
+ b73)*cosh(x)”7 + 3*(a*b”2 + 2%¥b~3)*cosh(x)”5 + (a3 - a™2*xb + 4*xa*xb”~2 +
6*xb~3)*cosh(x) "3 - (a”3 - 3*a*b~2 - 2*b~3)*cosh(x))*sinh(x))/(cosh(x)”"6 + 6
*cosh(x) "5*sinh(x) + 15xcosh(x) "4*sinh(x)~2 + 20*cosh(x) "3*sinh(x)~3 + 15%c
osh(x) "2*sinh(x) "4 + 6*cosh(x)*sinh(x)~5 + sinh(x)76)) + sqrt(a + b)*bxlog(
-((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)"4 - 2*a
xcosh(x)72 + 2%(3x(a + b)*cosh(x)”2 - a)*sinh(x)~2 + sqrt(2)*(cosh(x)"2 + 2
xcosh(x)*sinh(x) + sinh(x)"2 - 1)*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a
+ b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)72)) + 4x((
a + b)*cosh(x)~3 - axcosh(x))*sinh(x) + a + b)/(cosh(x)~2 + 2*cosh(x)*sinh(
x) + sinh(x)72)))/(a*b + b~2), -1/2x(sqrt(-a - b)*b*arctan(sqrt(2)*(b*cosh(
X)72 + 2xb*cosh(x)*sinh(x) + b*sinh(x)"2 + a + b)*sqrt(-a - b)*sqrt(((a + b
)Y*¥cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)”"2 - 2*cosh(x)*sinh(x) + s
inh(x)~2))/((a*b + b~2)*cosh(x)"4 + 4*x(axb + b~2)*cosh(x)*sinh(x)~3 + (a*b
+ b"2)*sinh(x)"4 - (a”2 - a*b - 2*b~2)*cosh(x)"2 + (6*(a*b + b~2)*cosh(x)~2
- a”2 + a*xb + 2xb"2)*sinh(x)"2 + a”2 + 2xaxb + b2 + 2*x(2*x(axb + b~2)*cosh
(x)73 - (a”2 - a*b - 2xb~2)*cosh(x))*sinh(x))) + sqrt(-a - b)*b*arctan(sqrt
(2)*(cosh(x)~"2 + 2*cosh(x)*sinh(x) + sinh(x)~2 - 1)*sqrt(-a - b)*sqrt(((a +
b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)”"2 - 2*cosh(x)*sinh(x) +
sinh(x)~2))/((a + b)*cosh(x)~4 + 4*(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sin
h(x)"4 - 2x(a - b)*cosh(x)"2 + 2*x(3*(a + b)*cosh(x)”"2 - a + b)*sinh(x)"2 +
4x((a + b)*cosh(x)"3 - (a - b)*cosh(x))*sinh(x) + a + b)) - (a + b)*sqrt(b)
*xlog(-((a + 2*¥b)*cosh(x)"4 + 4x(a + 2xb)*cosh(x)*sinh(x)~3 + (a + 2xb)*sinh
(x)74 - 2x(a - 2*b)*cosh(x)”2 + 2%(3x(a + 2*b)*cosh(x)”2 - a + 2*b)*sinh(x)
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72 - 2xsqrt(2)*(cosh(x) "2 + 2*cosh(x)*sinh(x) + sinh(x)~2 + 1)*sqrt(b)*sqrt
(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sin
h(x) + sinh(x)72)) + 4*%((a + 2*b)*cosh(x)~3 - (a - 2*b)*cosh(x))*sinh(x) +
a + 2*b)/(cosh(x)"4 + 4*cosh(x)*sinh(x)~3 + sinh(x)~4 + 2*(3*cosh(x)"2 - 1)
*3inh(x) "2 - 2*cosh(x)~2 + 4*(cosh(x)”3 - cosh(x))*sinh(x) + 1)))/(axb + b~
2), -1/2*%(sqrt(-a - b)*b*arctan(sqrt(2)*(b*cosh(x)~2 + 2x*b*cosh(x)*sinh(x)
+ b*sinh(x)”"2 + a + b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(
x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a*b + b~2)*cos
h(x)~4 + 4x(a*b + b~2)*cosh(x)*sinh(x)~3 + (a*xb + b"2)*sinh(x)"4 - (a"2 - a
*b - 2*%b72)*cosh(x)"2 + (6%(a*xb + b™2)*cosh(x)"2 - a”2 + axb + 2*b~2)*sinh(
X)72 + a”2 + 2*xaxb + b2 + 2x(2*x(axb + b"2)*cosh(x)”"3 - (a2 - axb - 2xb~2)
xcosh(x))*sinh(x))) + sqrt(-a - b)*b*arctan(sqrt(2)*(cosh(x)~2 + 2*cosh(x)*
sinh(x) + sinh(x)72 - 1)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sin
h(x)"2 - a + b)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(
x)74 + 4x(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)"4 - 2*(a - b)*cosh(x)”
2 + 2%(3*%(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4x((a + b)*cosh(x)"3 - (a -
b)*cosh(x))*sinh(x) + a + b)) - 2*x(a + b)*sqrt(-b)*arctan(sqrt(2)*(cosh(x)
~2 + 2xcosh(x)*sinh(x) + sinh(x)"2 + 1)*sqrt(-b)*sqrt(((a + b)*cosh(x)~2 +
(a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a
+ b)*cosh(x)~4 + 4x(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)"4 - 2x(a -
b)*cosh(x)~2 + 2%(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4*x((a + b)*cosh(
x)"3 - (a - b)*cosh(x))*sinh(x) + a + b)))/(a*xb + b~2)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)~2/(atb*coth(x)~2)~(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(t_n
ostep-1)]Error: Bad Argument Type

maple [B] time = 0.12, size = 137, normalized size = 2.28

1 2a+2b+2(coth(x)-1)b+2Va+b \/(coth(x)—l)2b+2(coth(x)—1)b+a+b I 20+2b—
In (\/E coth(x) + \/ a+b (cothz(x)) ) n coth(x)-1 n

— + —

Vo 2Va+b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x) "2/ (a+b*xcoth(x)~2)"(1/2),x)
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[Out] -1n(b~(1/2)*coth(x)+(a+b*coth(x)"2)~(1/2))/b~(1/2)+1/2/(a+b)~(1/2)*1n((2*a+
2%b+2* (coth(x)-1) *b+2* (a+b) ~(1/2) *((coth(x)-1) "2xb+2* (coth(x) -1) *b+a+b) ~(1/
2))/(coth(x)-1))-1/2/(a+b)~(1/2)*1n((2*a+2xb-2% (1+coth(x) ) *b+2% (a+b) ~(1/2) *
((1+coth(x)) "2*b-2*(1+coth(x) ) *b+a+b) ~(1/2) )/ (1+coth(x)))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f coth(x)?

dx
vbcoth(x)? + a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)~2/(atb*coth(x)~2)~(1/2),x, algorithm="maxima")
[Out] integrate(coth(x)~2/sqrt(b*coth(x)"2 + a), x)
mupad [F] time = 0.00, size = -1, normalized size = -0.02

f coth(x)2
A/ coth(x)2 +a

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] int(coth(x)~2/(a + b*coth(x)~2)~(1/2),x)
[Out] int(coth(x)~2/(a + b*coth(x)~"2)"(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f coth? (x)
\a+b coth? (%)

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(coth(x)**2/(atb*xcoth(x)**2)**(1/2),x)

[Out] Integral(coth(x)**2/sqrt(a + b*coth(x)**2), x)
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coth(x)

3.34 dx

\/ a+b cothz(x)

Optimal. Leaf size=29

Va+b
Va+b

[Out] arctanh((a+bxcoth(x)~2)~(1/2)/(a+b)~(1/2))/(a+b)~(1/2)

AN
Sy

tanh_l ( \a+b cothz(x) ]

Rubi [A] time = 0.06, antiderivative size = 29, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 4, number of rules used = 4, integrand size = 15, ————— =

integrand size
0.267, Rules used = {3670, 444, 63, 208}
canh] \a+b coth?(x)
an ?
Va+b

_
Sy

Antiderivative was successfully verified.

[In] Int[Coth([x]/Sqrtl[a + b*Coth[x]~2],x]

[Out] ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrtl[a + b]]/Sqrtl[a + b]
Rule 63

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist([p/b, Subst[Int[x~(p*x(m + 1) - D *(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 444

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(0_))"(p_.)*((c_) + (d_)*x(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*(c + d*x)~q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] & NeQ[b*c - a*d, 0] && EqQ[m - n +
1, 0]
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Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)1)"(m_.)*x((a_) + (b_.)*x((c_.)*tan[(e_.) +
(f_)*xD1)" ()~ (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) mx(a + bx(ff*x)™n)"p)/(c”2 + £
f~2xx~2), x], x, (c*Tan[e + f*x])/ff]l, x]1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps
f coth(®) oo [ f : x  dx, X, coth(x)]
-+ beoth(o (1-22) Va+bx2
Sub t(f ! dx, x cothz(x)]
= — Dubs XX,
2 (1 - x)Va + bx

Subst [f % dx,x,+Ja+Db cothz(x)]

a
1+Z
b

—_ ( \Ja+b coth?(x) )

2
b

Va+b
Va+b

Mathematica [A] time = 0.01, size = 29, normalized size = 1.00

! a+b coth?(x)
an m

Va+b

Antiderivative was successfully verified.

[In] Integrate[Coth[x]/Sqrtla + b*Coth[x]~2],x]
[Out] ArcTanh[Sqrt[a + bxCoth[x]~2]/Sqrtla + b]]/Sqrtl[a + b]

fricas [B] time = 0.48, size = 1298, normalized size = 44.76

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(coth(x)/(at+b*xcoth(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/4*(sqrt(a + b)*log(-((a”3 + a™2xb)*cosh(x)~8 + 8%(a”3 + a"2xb)*cosh(x)*s
inh(x)~7 + (2”3 + a™2%b)*sinh(x) "8 - 2*(2*a”3 + a~2*b)*cosh(x)"6 - 2%(2xa”3
+ a”2*%b - 14*(a”~3 + a~2#*b)*cosh(x) "2)*sinh(x)~6 + 4%(14%(a”3 + a~2*b)*cosh
(x)73 - 3*%(2*%a"3 + a~2*xb)*cosh(x))*sinh(x)"5 + (6*a~3 + 4*a”2%b - a*b”™2 + b
~3)*cosh(x)"4 + (70x(a~3 + a~2*b)*cosh(x)”4 + 6*a~3 + 4*a~2%b - a*b”™2 + b~3
- 30*%(2*a”"3 + a~2*b)*cosh(x) "2)*sinh(x)~"4 + 4*x(14x(a~3 + a~2*b)*cosh(x)”5
- 10%(2*a”3 + a"2*b)*cosh(x)~3 + (6%a”3 + 4*a”2%b - a*b”™2 + b~3)*cosh(x))*s
inh(x)73 + a”3 + 3*a"2%b + 3*a*b™2 + b~3 - 2%(2*¥a~3 + 3*a"2%b - b~3)*cosh(x
)72 + 2% (14%(a”3 + a"2*b)*cosh(x)"6 - 15*%(2*a”3 + a~2*b)*cosh(x)"4 - 2*a”3
- 3*a”2*b + b~3 + 3*%(6*¥a”3 + 4*a”2%b - a*b”2 + b~3)*cosh(x)"2)*sinh(x)"2 +
sqrt (2)*(a~2*cosh(x) "6 + 6*a~2*cosh(x)*sinh(x)~5 + a”2*sinh(x)~6 - 3*a~2xco
sh(x)~4 + 3x(5*%a~2*cosh(x)”2 - a"2)*sinh(x)~4 + 4x(5*%a”~2*cosh(x)~3 - 3*a™2x%
cosh(x))*sinh(x)~3 + (3*a”~2 + 2xa*b - b~2)*cosh(x)~2 + (15xa~2*cosh(x)"4 -
18*a~2*cosh(x) 72 + 3*a™2 + 2*a*b — b"2)*sinh(x)"2 - a2 - 2*a*b - b~2 + 2x(
3*a”"2*cosh(x)"5 - 6%a"2*cosh(x)”3 + (3*a”~2 + 2*xa*b - b~2)*cosh(x))*sinh(x))
xsqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)”
2 - 2xcosh(x)*sinh(x) + sinh(x)72)) + 4*%(2*x(a”3 + a~2*b)*cosh(x)~7 - 3*(2*a
~3 + a”“2*b)*cosh(x)”5 + (6%a”3 + 4*a"2xb - a*b”2 + b~3)*cosh(x)~3 - (2*a”"3
+ 3*a”"2*b - b~3)*cosh(x))*sinh(x))/(cosh(x)"6 + 6*cosh(x) 5*sinh(x) + 15%co
sh(x) "4*sinh(x) "2 + 20*cosh(x) "3*sinh(x)~3 + 15*cosh(x) "2*sinh(x)~4 + 6*cos
h(x)*sinh(x)~5 + sinh(x)76)) + sqrt(a + b)*log(((a + b)*cosh(x)"4 + 4*x(a +
b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)~4 + 2*b*cosh(x)"2 + 2%(3*(a + b)*cos
h(x)~"2 + b)*sinh(x)”"2 + sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2
+ 1)xsqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh
(x)72 - 2%cosh(x)*sinh(x) + sinh(x)72)) + 4*((a + b)*cosh(x)~3 + b*cosh(x))
*sinh(x) + a + b)/(cosh(x)"2 + 2*cosh(x)*sinh(x) + sinh(x)"2)))/(a + b), -1
/2% (sqrt(-a - b)*arctan(sqrt(2)*(a*cosh(x)~2 + 2*a*cosh(x)*sinh(x) + a*sinh
(x)72 - a - b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a
+ b)/(cosh(x)”"2 - 2xcosh(x)*sinh(x) + sinh(x)~2))/((a"2 + a*b)*cosh(x)~4 +
4% (a2 + axb)*cosh(x)*sinh(x)”3 + (2”2 + axb)*sinh(x)"4 - (2*a”2 + a*xb - Db
~2)*cosh(x)"2 + (6x(a”2 + a*b)*cosh(x)”2 - 2*a"2 - a*b + b"2)*sinh(x)"2 + a
2 + 2*axb + b72 + 2*%(2x(a”2 + a*b)*cosh(x)”"3 - (2%¥a"2 + a*b - b~2)*cosh(x)
)*sinh(x))) + sqrt(-a - b)xarctan(sqrt(2)*sqrt(-a - b)*sqrt(((a + b)*cosh(x
)72 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2
))/((a + b)*cosh(x)"2 + 2x(a + b)*cosh(x)*sinh(x) + (a + b)*sinh(x)"2 + a +
b)))/(a + b)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)/(a+b*xcoth(x)~2)~(1/2),x, algorithm="giac")
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[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ;OUTPUT:Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(t_n
ostep-1)]Error: Bad Argument Type

maple [B] time = 0.10, size = 114, normalized size = 3.93

2a+2b+2(coth(x)-1)b+2Va+b \/(coth(x)—1)2b+2(coth(x)—1)b+a+b 1 2a+2b-2(1+coth(x))b+2Va+b \/(1+coth(x))2b—2(1+coth(x))b+1
coth(x)-1 n 1+coth(x)

+

2Va+b 2Va+b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)/(atb*coth(x)~2)"(1/2),x)

[Out] 1/2/(a+b)~(1/2)*1n((2*a+2*b+2*(coth(x)-1)*b+2*(a+b) ~(1/2)*((coth(x)-1) ~2*b+
2% (coth(x)-1)*b+a+b)~(1/2))/(coth(x)-1))+1/2/(a+b) " (1/2)*1n((2*a+2xb-2* (1+c
oth(x))*b+2%(a+b) ~(1/2)*((1+coth(x)) "2xb-2* (1+coth(x) ) *b+a+b) ~(1/2))/(1+cot
h(x)))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f coth(x)

v/b coth(x)? + a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)/(atb*coth(x)~2)~(1/2),x, algorithm="maxima"

[Out] integrate(coth(x)/sqrt(b*coth(x)"2 + a), x)

mupad [B] time = 1.74, size = 23, normalized size = 0.79

\Jbcoth(x)?+a
atanh| ——

Va+b
Va+b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)/(a + b*xcoth(x)~2)"(1/2),x)
[Out] atanh((a + b*coth(x)"2)~(1/2)/(a + b)~(1/2))/(a + b)~(1/2)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

coth (x)

f \Ja + beoth? (v)

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)/(atb*coth(x)**2)**(1/2),x)

[Out] Integral(coth(x)/sqrt(a + b*coth(x)**2), x)
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335 [ ————dx

\/a+b coth?(x)

Optimal. Leaf size=31
tanh_l( Va+b coth(x) ]

\a+b coth?(x)
Ya+b

[Out] arctanh(coth(x)*(a+b)~(1/2)/(at+b*coth(x)~2)~(1/2))/(a+b)~(1/2)

Rubi [A] time = 0.03, antiderivative size = 31, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 3, number of rules used = 3, integrand size = 12, — =

0.250, Rules used = {3661, 377, 206}

tanh™! ( Va+b coth(x) ]

\a+b cothz(x)
Va+b

integrand size

Antiderivative was successfully verified.

[In] Int[1/Sqrtla + b*Coth[x]"2],x]

[Out] ArcTanh[(Sqrt[a + b]l*Coth[x])/Sqrtla + b*Coth[x]~2]]/Sqrt[a + b]
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 01 |l LtQ[b, 01)

Rule 377

Int[((a_) + (b_)*x(x_)"(m_))~(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ffxx)"n)"p/(c”2 + ££72xx72), x], x, (cxTan[e + f*x])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)
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Rubi steps

1 1
dx = Subst f dx, x, Coth(x)]
a + b coth®(x) (1-22) Va + ba?

coth(x)

1
= Subst f 5 dx, x,
1-(a+b)x \Ja + beoth?(x)

tanh™? [ Va+b coth(x) )

\Ja+b cothz(x)
Va+b

Mathematica [B] time = 0.12, size = 77, normalized size = 2.48

5 (a+b) cothz(x)
b coth’ —
coth(x)4/ 220 | fanh ™ | X —
a [b cothz(x) 41

2
| EDcoth @) Ca"th © Ja + b coth?(x)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrtl[a + b*Coth[x]~2],x]

[Out] (ArcTanh[Sqrt[((a + b)*Coth[x]~2)/al/Sqrt[1 + (b*Coth[x]~2)/a]ll*Coth[x]*Sqr
t[1 + (b*Coth[x]~2)/al)/(Sqrt[((a + b)*Coth[x]~2)/a]l*Sqrt[a + b*Coth[x]"2])

fricas [B] time = 0.50, size = 1357, normalized size = 43.77

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*coth(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/4x(sqrt(a + b)*log(((a*xb”2 + b~3)*cosh(x)~8 + 8*(a*b™2 + b~3)*cosh(x)*si
nh(x)~7 + (a*b”2 + b~3)*sinh(x)~8 + 2x(axb~2 + 2*b~3)*cosh(x)”"6 + 2x(axb~2
+ 2%b73 + 14*x(a*xb”2 + b~3)*cosh(x)~2)*sinh(x)"6 + 4*(14*(a*b™2 + b~3)*cosh(
x)~3 + 3x(a*b”2 + 2*b~3)*cosh(x))*sinh(x)"5 + (a3 - a~2*b + 4*a*xb~2 + 6xb~
3)*cosh(x)”"4 + (70%(a*b”2 + b~3)*cosh(x)"4 + a~3 - a™2*b + 4*a*xb™2 + 6%b~3
+ 30*(a*xb”2 + 2*b~3)*cosh(x) "2)*sinh(x)~4 + 4% (14*(a*b™2 + b~3)*cosh(x)”"5 +
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10* (a*b”2 + 2*¥b~3)*cosh(x)”3 + (a”3 - a™2%b + 4*a*b™2 + 6*b~3)*cosh(x))*si
nh(x)~"3 + a3 + 3*a”2*b + 3*a*b”™2 + b~3 - 2%(a”3 - 3*axb”2 - 2*b~3)*cosh(x)
2 + 2*%(14*(axb”2 + b~3)*cosh(x)”6 + 15x(a*xb”™2 + 2xb~3)*cosh(x)"4 - a”3 + 3
*axb~2 + 2%b73 + 3*(a”3 - a"2*b + 4xaxb”2 + 6%b~3)*cosh(x)"2)*sinh(x)"2 + s
qrt (2)*(b"2*cosh(x) "6 + 6*%b~2*cosh(x)*sinh(x)”"5 + b~ 2*sinh(x)~6 + 3*b~2xcos
h(x)~4 + 3*x(5%b~2*cosh(x)”2 + b"2)*sinh(x)~4 + 4*(5xb"2*cosh(x)~3 + 3*b~2*c
osh(x))*sinh(x)~"3 - (a”2 - 2*a*b - 3*b"2)*cosh(x)"2 + (15%b"2*cosh(x)"4 + 1
8%b~2xcosh(x) "2 - a”2 + 2%axb + 3*b~2)*sinh(x)72 + a”2 + 2*a*b + b~2 + 2*(3
*b~2%cosh(x) "5 + 6*b~2xcosh(x)~3 - (a”2 - 2*axb - 3%b~2)*cosh(x))*sinh(x))x*
sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x) "2

- 2*%cosh(x)*sinh(x) + sinh(x)72)) + 4*x(2*x(a*b~2 + b~ 3)*cosh(x)~7 + 3*x(axb”
2 + 2%b"3)*cosh(x)”"5 + (a”3 - a™2*b + 4*a*xb™2 + 6*b~3)*cosh(x)"3 - (a”3 - 3
*a*xb~2 - 2*b~3)*cosh(x))*sinh(x))/(cosh(x)~6 + 6*xcosh(x) “5*sinh(x) + 15%*cos
h(x)“4*sinh(x)~2 + 20*cosh(x) “3*sinh(x)~3 + 15*cosh(x) " 2*sinh(x)~4 + 6%*cosh
(x)*sinh(x)~5 + sinh(x)76)) + sqrt(a + b)*log(-((a + b)*cosh(x)"4 + 4x(a +
b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)~4 - 2*a*cosh(x)”2 + 2*x(3x(a + b)*cos
h(x)"2 - a)*sinh(x)”2 + sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2
- 1)*sqrt(a + b)*sqrt(((a + b)*cosh(x)”"2 + (a + b)*sinh(x)"2 - a + b)/(cosh
(x)72 - 2%cosh(x)*sinh(x) + sinh(x)72)) + 4*%((a + b)*cosh(x)~3 - a*cosh(x))
*sinh(x) + a + b)/(cosh(x)”2 + 2*cosh(x)*sinh(x) + sinh(x)"2)))/(a + b), -1
/2% (sqrt(-a - b)*arctan(sqrt(2)*(b*cosh(x)~2 + 2*b*cosh(x)*sinh(x) + b*sinh
(x)72 + a + b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a

+ b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a*b + b"2)*cosh(x)"4 +

4x(axb + b~2)*cosh(x)*sinh(x)~3 + (a*xb + b~2)*sinh(x)"4 - (a”2 - a*xb - 2%Db
“2)*cosh(x)”2 + (6x(axb + b~2)*cosh(x)"2 - a”2 + ax*b + 2%¥b~2)*sinh(x)"2 + a
"2 + 2%axb + b72 + 2x(2x(a*b + b"2)*cosh(x)”"3 - (a”2 - a*b - 2*b~2)*cosh(x)
)*sinh(x))) + sqrt(-a - b)xarctan(sqrt(2)*(cosh(x)~2 + 2xcosh(x)*sinh(x) +
sinh(x)72 - 1)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a

+ b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)~4 + 4x*(
a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)~"4 - 2x(a - b)*cosh(x)™2 + 2% (3*(
a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4*x((a + b)*cosh(x)~3 - (a - b)*cosh(x
))*sinh(x) + a + b)))/(a + b)]

giac [B] time = 0.35, size = 196, normalized size = 6.32

log(|—( Va+b e@%) Ve ¥) 1he0) -2 0e@ ) 42 be@ ) +a+b )(a+b)+ Va+b (a—b)|) log(|— Va+b e@9) 4N ae® ) +be@)-2 36212 pe@¥) +a+b + .

Va+b Va+b
2sgn (e(zx) - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*coth(x)~2)~(1/2),x, algorithm="giac")

[Out] -1/2%(log(abs(-(sqrt(a + b)*e”~(2*x) - sqrt(axe”(4*x) + b*xe”(4xx) - 2xaxe” (2
*xx) + 2xb*xe”(2*x) + a + b))*(a + b) + sqrt(a + b)*(a - b)))/sqrt(a + b) - 1
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og(abs(-sqrt(a + b)*e”~ (2*x) + sqrt(axe”(4*x) + b*xe”(4xx) - 2xa*xe” (2*x) + 2%
bxe”~(2*x) + a + b) + sqrt(a + b)))/sqrt(a + b) + log(abs(-sqrt(a + b)*e~ (2%
x) + sqrt(axe”(4*x) + bxe” (4xx) - 2*xa*xe”(2*x) + 2xb*xe”(2*x) + a + b) - sqrt
(a + b)))/sqrt(a + b))/sgn(e™(2*x) - 1)

maple [B] time = 0.12, size = 114, normalized size = 3.68

20+2b+2(coth(x)-1)b+2Va+b \/(coth(x)—1)2b+2(coth(x)—1)b+a+b ) 2a+2b-2(1+coth(x))b+2Va+b \/(1+coth(x))2b—2(1+coth(x))b
coth(x)-1 n 1+coth(x)

2Va+b 2Va+b
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*xcoth(x)~2)"(1/2),x)

[Out] 1/2/(a+b)~(1/2)*1n((2*a+2*b+2* (coth(x)-1)*b+2*(a+b) ~(1/2)*((coth(x)-1) "2*b+
2% (coth(x)-1)*b+a+b)~(1/2))/(coth(x)-1))-1/2/(a+b) " (1/2)*1n((2*a+2xb-2* (1+c
oth(x))*b+2*(a+b) ~(1/2) *((1+coth(x)) ~2¥b-2* (1+coth(x) ) *b+a+b) ~(1/2))/(1+cot
h(x)))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

1
f dx
vbcoth(x)? + a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*coth(x)~2)~(1/2),x, algorithm="maxima"
[Out] integrate(1/sqrt(b*coth(x)”2 + a), x)

mupad [B] time = 1.48, size = 25, normalized size = 0.81

atanh coth(x) Va+b
\Jb coth(x)2+a
Va+b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + b*coth(x)"2)"(1/2),x)
[Out] atanh((coth(x)*(a + b)~(1/2))/(a + bxcoth(x)"2)"(1/2))/(a + b)~(1/2)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

1

f \Ja + beoth? (v)

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+bkcoth(x)**2)**(1/2),x)

[Out] Integral(1l/sqrt(a + bxcoth(x)**2), x)
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3.36 O

\/ a+b cothz(x)

Optimal. Leaf size=56

Va+b Va
Va+b \/E
[Out] -arctanh((a+b*coth(x)~2)~(1/2)/a~(1/2))/a"(1/2)+arctanh((a+b*xcoth(x)~2)~(1/
2)/(a+b)~(1/2))/(a+b)~(1/2)

Rubi [A] time =0.11, antiderivative size = 56, normalized size of antiderivative = 1.00,
number of rules

can! (w/a+bcoth2(x) ] can! (w/a+bc0th2(x) ]

number of steps used = 7, number of rules used = 5, integrand size = 15,
0.333, Rules used = {3670, 446, 86, 63, 208}

_1 [ Va+bcoth®(x) _1 [ Varbcoth®(x)
tanh ( T ] tanh ( T

Va+b ) Va

Antiderivative was successfully verified.

integrand size

[In] Int[Tanh[x]/Sqrtla + bxCoth[x]~2],x]

[Out] -(ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrtl[all/Sqrt[al) + ArcTanh[Sqrt[a + b*Coth
[x]~2]/Sqrt[a + bl]l/Sqrtla + b]

Rule 63

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist([p/b, Subst[Int[x"(p*x(m + 1) - D *(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 86

Int[(Ce_.) + (£_)*(x_))"(p)/(((a_.) + (b_.)*x(x_))*((c_.) + (d_.)*(x_))),
x_Symbol] :> Dist[b/(b*c - axd), Int[(e + f*x)“p/(a + bxx), x], x] - Distl[d
/(b*xc - a*d), Int[(e + f*x)"p/(c + d*x), x], x] /; FreeQ[{a, b, c, d, e, f,
p}, x] && !IntegerQ[p]

Rule 208
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 446

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_ )" (p_.)*((c) + (d_)*x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
x(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*xd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670

Int[((d_.)*tan[(e_.) + (f£_.)*(x_)1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*xD1)" ()" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) mx(a + bx(ff*x)™n)"p)/(c”2 + £
f~2xx~2), x], x, (cxTanl[e + f*x])/ff]l, x]1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps
tanh 1
f anh(x) dx = Subst [ f - ; dx, x, coth(x)
\Ja + beoth?(x) x(1-22) Va+ bx
1 1 2
= — Subst f dx, x, coth”(x)
2 ( (1 - x)xVa + bx

1
Sub
2 " St(f(l—x)\/a+bx

Subst [ [~ dx,x,\Ja+b cothz(x)] Subst ( [—=
N -+

1 1
dx, x, cothz(x)] + = Subst ( f _
2 xvVa + bx

dx, x, coth? (x))

dx,x,AJa+Db cothz(x) ]

_ T N s
b b
; h_l \Ja+b cothz(x) ; h_l \Ja+b cothz(x)

= - +

Va Va+b
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Mathematica [A] time = 0.05, size = 56, normalized size = 1.00

tanh_l ( a+b cothz(x) ] tanh_l ( \a+b cothz(x) ]

Va+b Va
Va+b \/E

Antiderivative was successfully verified.

[In] Integrate[Tanh[x]/Sqrtla + b*Coth[x]~2],x]

[Out] -(ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrtl[all/Sqrt[a]) + ArcTanh[Sqrt[a + b*Coth
[x]~2]/Sqrt[a + bl]l/Sqrtla + b]

fricas [B] time = 0.64, size = 3397, normalized size = 60.66

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(a+b*coth(x)"2)~(1/2),x, algorithm="fricas")

[Out] [1/4x(sqrt(a + b)*axlog(-((a”3 + a~2*b)*cosh(x)~8 + 8*(a”3 + a~2%b)*cosh(x)
*3inh(x)”7 + (273 + a”2%b)*sinh(x) "8 - 2*(2*a~3 + a~2*b)*cosh(x) "6 - 2*x(2*a
"3 + a™2*%b - 14*(a”3 + a~2*b)*cosh(x) "2)*sinh(x)"6 + 4*(14*%(a”3 + a”2*b)*co
sh(x)~3 - 3*(2*a”3 + a~2xb)*cosh(x))*sinh(x)”"5 + (6%xa~3 + 4*a~2%b - a*b™2 +
b~3)*cosh(x)"4 + (70%(a”3 + a~2*b)*cosh(x)"4 + 6*a”~3 + 4*a"2*xb - a*b™2 + b
~3 - 30*%(2*a”3 + a"2xb)*cosh(x) "2)*sinh(x)~4 + 4x(14*(a”3 + a~2*b)*cosh(x)”
5 - 10%(2*a”3 + a"2*xb)*cosh(x)~3 + (6*%a”3 + 4*a~2*xb - a*b™2 + b~3)*cosh(x))
*3inh(x)~3 + a”3 + 3*a”2%b + 3*a*b”2 + b~3 - 2*(2%¥a~3 + 3*a”"2%b - b~3)*cosh
(x)72 + 2%(14*(a"3 + a"2xb)*cosh(x)"6 - 15%(2*a~3 + a~2*b)*cosh(x)"4 - 2x*a”
3 - 3*xa"2*%b + b~3 + 3*%(6*%a”3 + 4*a”2*b - a*b”2 + b~3)*cosh(x)"2)*sinh(x) "2
+ sqrt(2)*(a"2xcosh(x) "6 + 6*%a~2*cosh(x)*sinh(x)”"5 + a”2*sinh(x)~6 - 3*a~2x
cosh(x)~4 + 3*(5*a"2*cosh(x)"2 - a”2)*sinh(x) 4 + 4*x(5*xa~2*cosh(x)~3 - 3*a”
2%cosh(x))*sinh(x)~3 + (3*a”2 + 2*a*b - b"2)*cosh(x)"2 + (15*a"2*cosh(x)"4
- 18*a”2*cosh(x)”"2 + 3*a”2 + 2*a*b - b"2)*sinh(x)"2 - a2 - 2*axb - b™2 + 2
*(3*a"2*cosh(x) "5 - 6*xa~2*cosh(x)~3 + (3*a~2 + 2xaxb - b~2)*cosh(x))*sinh(x
))*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)7"2 - a + b)/(cosh(x
)72 - 2%cosh(x)*sinh(x) + sinh(x)72)) + 4*%(2*(a”~3 + a~2*b)*cosh(x)”7 - 3*(2
*a~3 + a”"2*b)*cosh(x)"5 + (6*a”3 + 4*a”2*b - a*b”2 + b~ 3)*cosh(x)”"3 - (2*a~
3 + 3*a"2*b - b~3)*cosh(x))*sinh(x))/(cosh(x)"6 + 6*cosh(x) 5*sinh(x) + 15%
cosh(x) “4*sinh(x) "2 + 20*cosh(x)~3*sinh(x)~3 + 15*cosh(x) "2*sinh(x)~4 + 6%*c
osh(x)*sinh(x)”5 + sinh(x)"6)) + 2x(a + b)*sqrt(a)*log(-((2*a + b)*cosh(x)”
4 + 4x(2*a + b)*cosh(x)*sinh(x)~3 + (2*a + b)*sinh(x)"4 - 2*x(2*a - b)*cosh(
X)72 + 2x(3*(2%a + b)*cosh(x)”2 - 2%a + b)*sinh(x)~2 - 2*sqrt(2)*(cosh(x) "2
+ 2*cosh(x)*sinh(x) + sinh(x)72 - 1)*sqrt(a)*sqrt(((a + b)*cosh(x)"2 + (a
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+ b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 4x*((
2%a + b)*cosh(x)"3 - (2*a - b)*cosh(x))*sinh(x) + 2*a + b)/(cosh(x)”4 + 4x*c
osh(x)*sinh(x)~3 + sinh(x)~4 + 2*(3*cosh(x)~2 + 1)*sinh(x)~2 + 2*cosh(x)~2
+ 4x(cosh(x)~3 + cosh(x))*sinh(x) + 1)) + sqrt(a + b)*axlog(((a + b)*cosh(x
)74 + 4x(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)~4 + 2xbxcosh(x) "2 + 2x*(
3x(a + b)*cosh(x)"2 + b)*sinh(x)~2 + sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x)
+ sinh(x)"2 + 1)*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 -
a + b)/(cosh(x)”"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 4x((a + b)*cosh(x)~3
+ b*cosh(x))*sinh(x) + a + b)/(cosh(x)"2 + 2*cosh(x)*sinh(x) + sinh(x)~2))
)/ (a2 + axb), 1/4*(4*sqrt(-a)*(a + b)*arctan(sqrt(2)*(cosh(x)~2 + 2*cosh(x
)*sinh(x) + sinh(x)72 - 1)xsqrt(-a)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(
x)"2 — a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)
“4 + 4%x(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)"4 - 2%¥(a - b)*cosh(x)~2
+ 2% (3*%(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4%x((a + b)*cosh(x)"3 - (a - Db
)*cosh(x))*sinh(x) + a + b)) + sqrt(a + b)*axlog(-((a”3 + a~2*b)*cosh(x)"8
+ 8%(a”3 + a"2xb)*cosh(x)*sinh(x)~7 + (a”3 + a~2%b)*sinh(x)”"8 - 2*x(2*xa~3 +
a~2xb)*cosh(x)"6 — 2*x(2*xa~3 + a~2*b - 14*x(a”~3 + a~2*b)*cosh(x) "2)*sinh(x)~6
+ 4x(14x(a~3 + a~2*b)*cosh(x)~3 - 3*(2*xa”~3 + a~2xb)*cosh(x))*sinh(x)~5 + (
6xa~3 + 4*a"2xb - a*b”2 + b~3)*cosh(x)"4 + (70%(a”3 + a~2*b)*cosh(x)”"4 + 6%
a3 + 4*a”2*%b - a*b”2 + b~3 - 30*%(2*a”3 + a"2*b)*cosh(x)"2)*sinh(x) 4 + 4x*(
14%x(a~3 + a~2*b)*cosh(x)”5 - 10*x(2*xa~3 + a~2*b)*cosh(x)”3 + (6*a~3 + 4*xa~2%
b - a*b”2 + b~3)*cosh(x))*sinh(x)~3 + a3 + 3*a"2*%b + 3*axb”2 + b~3 - 2% (2%
a3 + 3*a"2*b - b"3)*cosh(x)"2 + 2*%(14*x(a"3 + a~2*b)*cosh(x)"6 - 156*x(2*a”3
+ a”2#b)*cosh(x)"4 - 2%a”3 - 3*a"2xb + b™3 + 3*%(6%a”3 + 4*a"2*%b - a*b”2 + b
~3)*cosh(x)"2)*sinh(x) "2 + sqrt(2)*(a”2*cosh(x)”~6 + 6%a”~2*cosh(x)*sinh(x)~5
+ a”"2*sinh(x)”6 - 3*a~2*cosh(x)”4 + 3*(5*xa"2*cosh(x)"2 - a~2)*sinh(x)"4 +
4x (5xa~2xcosh(x)~3 - 3*a”2*cosh(x))*sinh(x)~3 + (3*a”™2 + 2*a*b — b~2)*cosh(
x)72 + (15%a~2*cosh(x)"4 - 18*a”~2*cosh(x)"2 + 3*a”2 + 2*a*b - b~2)*sinh(x)”
2 - a”2 - 2xaxb - b"2 + 2%(3*a"2*cosh(x)”5 - 6*a"2*cosh(x)”3 + (3*a™2 + 2x*a
*b - b~2)*cosh(x))*sinh(x))*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*s
inh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)72)) + 4%(2x(a"3
+ a”2*b)*cosh(x)”~7 - 3*%(2*¥a”3 + a”"2*b)*cosh(x)"5 + (6*a”3 + 4*a”2*b - a*xb~2
+ b"3)*cosh(x)~3 - (2*¥a~3 + 3*a”2*b - b~3)*cosh(x))*sinh(x))/(cosh(x)"6 +
6*cosh(x) "5*sinh(x) + 15%cosh(x) 4*sinh(x)~2 + 20*cosh(x) " 3*sinh(x)~3 + 15%
cosh(x) "2*sinh(x) "4 + 6*cosh(x)*sinh(x)~5 + sinh(x)76)) + sqrt(a + b)*axlog
(((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)~"3 + (a + b)*sinh(x)"4 + 2*b
xcosh(x)~2 + 2x(3x(a + b)*cosh(x)"2 + b)*sinh(x)~2 + sqrt(2)*(cosh(x)"2 + 2
xcosh(x)*sinh(x) + sinh(x)72 + 1)*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a
+ b)*sinh(x)"2 - a + b)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 4x*((
a + b)*cosh(x)~3 + bxcosh(x))*sinh(x) + a + b)/(cosh(x)~2 + 2*cosh(x)*sinh(
x) + sinh(x)72)))/(a"2 + a*b), -1/2x(a*sqrt(-a - b)*arctan(sqrt(2)*(a*xcosh(
X)72 + 2xa*xcosh(x)*sinh(x) + a*sinh(x)"2 - a - b)*sqrt(-a - b)*sqrt(((a + b
Y*xcosh(x)”2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*xcosh(x)*sinh(x) + s
inh(x)"2))/((a"2 + ax*b)*cosh(x)"4 + 4*x(a”2 + ax*b)*cosh(x)*sinh(x)"3 + (a"2
+ a*b)*sinh(x)~4 - (2%a”2 + a*b - b~2)*cosh(x)"2 + (6%(a”2 + a*b)*cosh(x)~2
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- 2*%a”2 - axb + b72)*sinh(x)72 + a”2 + 2*axb + b~2 + 2x(2%(a”2 + axb)*cosh
(x)73 - (2*a”2 + a*b - b~2)*cosh(x))*sinh(x))) + a*sqrt(-a - b)*arctan(sqrt
(2)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)~"2 + (a + b)*sinh(x)”"2 - a + b)/(cosh
(x)72 - 2%cosh(x)*sinh(x) + sinh(x)72))/((a + b)*cosh(x)~2 + 2*(a + b)*cosh
(x)*sinh(x) + (a + b)*sinh(x)"2 + a + b)) - (a + b)*sqrt(a)*log(-((2*a + b)
*cosh(x) "4 + 4*x(2*a + b)*cosh(x)*sinh(x)~3 + (2*a + b)*sinh(x)"4 - 2x(2*a -

b)*cosh(x)~2 + 2x(3*(2*%a + b)*cosh(x)~2 - 2%a + b)*sinh(x)~2 - 2*sqrt(2)*(
cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2 - 1)*sqrt(a)*sqrt(((a + b)*cosh(x
)72 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)”2 - 2*cosh(x)*sinh(x) + sinh(x)~2
)) + 4x((2*a + b)*cosh(x)~3 - (2*a - b)*cosh(x))*sinh(x) + 2*a + b)/(cosh(x
)74 + 4xcosh(x)*sinh(x)”3 + sinh(x)"4 + 2*%(3*cosh(x)”2 + 1)*sinh(x)"2 + 2x*c
osh(x)~2 + 4x(cosh(x)”3 + cosh(x))*sinh(x) + 1)))/(a”2 + a*b), 1/2*(2xsqrt(
-a)*(a + b)*arctan(sqrt(2)*(cosh(x) "2 + 2*cosh(x)*sinh(x) + sinh(x)"2 - 1)x*
sqrt(-a)*sqrt (((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 -
2%cosh(x)*sinh(x) + sinh(x)72))/((a + b)*cosh(x)~4 + 4*(a + b)*cosh(x)*sinh

(x)73 + (a + b)*sinh(x)~"4 - 2x(a - b)*cosh(x)"2 + 2*x(3*(a + b)*cosh(x)"2 -
a + b)*sinh(x)"2 + 4*x((a + b)*cosh(x)”"3 - (a - b)*cosh(x))*sinh(x) + a + b)
) - axsqrt(-a - b)*arctan(sqrt(2)*(axcosh(x)”2 + 2*a*cosh(x)*sinh(x) + ax*si
nh(x)"2 - a - b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 -

a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a"2 + ax*b)*cosh(x) "4

+ 4*%(a”2 + axb)*cosh(x)*sinh(x)”3 + (a"2 + ax*b)*sinh(x)"4 - (2*a”2 + axb -

b~2)*cosh(x)"2 + (6%(a”"2 + a*b)*cosh(x)"2 - 2*%a”™2 - a*b + b~2)*sinh(x)"2 +

a~2 + 2xa*xb + b72 + 2% (2*(a”2 + axb)*cosh(x)"3 - (2*a”2 + axb - b~2)*cosh(
x))*sinh(x))) - a*sqrt(-a - b)*arctan(sqrt(2)*sqrt(-a - b)*sqrt(((a + b)*co
sh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)”2 - 2*cosh(x)*sinh(x) + sinh(
x)72))/((a + b)*cosh(x)"2 + 2*x(a + b)*cosh(x)*sinh(x) + (a + b)*sinh(x)"2 +

a + b)))/(@a"2 + axb)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(atb*coth(x)~2)~(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ; OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(t_n
ostep-1)]Error: Bad Argument Type

maple [F] time = 0.50, size = 0, normalized size = 0.00

f tanh(x i
J

a+b coth (x))




Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)/(a+b*coth(x)~2)"(1/2),x)
[Out] int(tanh(x)/(a+b*coth(x)~2)"(1/2),x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f tanh(x)
\/b coth(x)? + a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(atb*coth(x)~2)7(1/2),x, algorithm="maxima")

[Out] integrate(tanh(x)/sqrt(b*coth(x)"2 + a), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.02

tanh(x)

f \/D coth(x)? +a

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)/(a + b*xcoth(x)~2)"(1/2),x)
[Out] int(tanh(x)/(a + b*coth(x)~2)~(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

tanh (x)

f \a+ b coth? (%)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(atb*coth(x)**2)**(1/2),x)

[Out] Integral(tanh(x)/sqrt(a + b*coth(x)**2), x)
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tanh?(x)

3.37 dx

\/ a+b coth?(x)

Optimal. Leaf size=51

tanh™? ( Va+b coth(x)

Ja+b coth?(x) ] tanh(x)y/a + b cothz(x)

Va+b a

[Out] arctanh(coth(x)*(a+b)~(1/2)/(a+bxcoth(x)~2)~(1/2))/(a+b)~(1/2)-(a+b*coth(x)
~2)"(1/2)*tanh(x)/a

Rubi [A] time = 0.10, antiderivative size = 51, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 5, number of rules used = 5, integrand size = 17, e e

0.294, Rules used = {3670, 480, 12, 377, 206}

integrand size

tanh™! ( Va+b coth(x)

[e+h coth?(o) ] tanh(x)~/a + b coth?(x)

Va+b a

Antiderivative was successfully verified.

[In] Int[Tanh[x]~2/Sqrtl[a + b*Coth[x]~2],x]

[Out] ArcTanh[(Sqrt[a + b]*Coth[x])/Sqrtla + b*Coth[x]~2]]/Sqrtla + b] - (Sqrtla
+ bxCoth[x] 2] *Tanh([x])/a

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 377

Int[((a_) + (b_)*x(x )" (D))" (p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, Db
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]
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Rule 480

Int[(Ce_)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)
)7(q_), x_Symbol] :> Simp[((exx)~(m + 1)*(a + b*x™n)~(p + 1)*(c + d*x"n)"(q
+ 1)) /(axcxex(m + 1)), x] - Dist[1/(a*c*e™nx(m + 1)), Int[(e*x) " (m + n)*(a
+ b*x"n) "p*x(c + d*x"n) g*Simp[(b*c + axd)*(m + n + 1) + nx(b*cxp + axdx*q)
+ bxd*(m + nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, p, q
}, x] && NeQ[b*c - axd, 0] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b

, ¢, d, e, m, n, p, q, xJ

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(x)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_D)*xD1)" ()" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) mx(a + bx(ff*x)™n)"p)/(c”2 + £
£72%x72), x], x, (c*Tan[e + fx*x])/ff], x]] /; FreeQ[{a, b, c, d, e, f, m, n
, pr, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps
tanh® 1
f anh () dx = Subst [ f > . - dx, x, coth(x))
\Ja + beoth?(x) x2 (1 -2) Va + bx

a+b COthz(x) tanh(x) SUbSt (f O—JCZ)—HW dx, X, COth(X))
=~ +

p a
a + bcoth®(x) tanh(x) Sub ! d h(x)
__ + Subst f X, x, coth(x
a (1 B xz) Va+ b

\a+b cothz(x) tanh(x) coth(x)

1
S + Subst f—dxx
_ 2 V4 v
4 1-(a+bp \Ja + beoth?(x)
tanh_l ( Va+b coth(x)

[a+bcoth?(r) ] \Ja + both?(x) tanh(x)

Va+b a
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Mathematica [C] time = 1.46, size = 132, normalized size = 2.59

2
3a(a+2b coth?(v)) sin_l( w ]
+ 1)

a \/ (a+b) sinh2(x) cosh2<x)(a+b cothz(x))

2
beoth () +2(a + b) coth?(x)((a + b) cosh(2x) — a + b)

sinhz(x) tanh(x) (

a2
3a2+/a + b coth®(x)

Warning: Unable to verify antiderivative.

[In] Integrate[Tanh[x]~2/Sqrtl[a + b*Coth[x]~2],x]

[Out] ((1 + (b*Coth[x]~2)/a)*Sinh[x] 2x(2%(a + b)*(-a + b + (a + b)*Cosh[2*xx])*Co
th[x] "2#Hypergeometric2F1[2, 2, 5/2, ((a + b)*Cosh[x]~2)/al + (3*a*ArcSin[S
grt[((a + b)*Cosh[x]~2)/al]l*(a + 2xb*Coth[x]~2))/Sqrt[-(((a + b)*Cosh[x] 2%

(a + bxCoth[x]~2)*Sinh([x]~2)/a"2)])*Tanh[x])/(3*a~2*Sqrt[a + b*Coth[x]~2])

fricas [B] time = 0.53, size = 1621, normalized size = 31.78

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)~2/(atb*coth(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/4*((axcosh(x)~2 + 2*a*cosh(x)*sinh(x) + a*sinh(x)~2 + a)*sqrt(a + b)*log
(((a*b™2 + b"3)*cosh(x)~"8 + 8*x(a*b”2 + b~3)*cosh(x)*sinh(x)~7 + (a*b”2 + b~
3)*sinh(x) "8 + 2x(a*xb”™2 + 2%b~3)*cosh(x)"6 + 2*x(a*b”2 + 2*xb~3 + 14x(axb™2 +
b~3) *cosh(x)~2)*sinh(x) "6 + 4*(14x(a*b”™2 + b~3)*cosh(x)~3 + 3*x(a*b™2 + 2*b
~3)*cosh(x))*sinh(x)"5 + (a3 - a™2*b + 4*a*xb~2 + 6%b~3)*cosh(x)"4 + (70*x(a
*b~2 + b~3)*cosh(x)”4 + a”3 - a”2%b + 4*xa*xb”2 + 6%b~3 + 30*(a*xb”2 + 2*%b~3)*
cosh(x)"2)*sinh(x) "4 + 4*x(14x(a*b”2 + b~3)*cosh(x)”"5 + 10x(a*b™2 + 2*b~3)*c
osh(x)73 + (a3 - a™2*b + 4*a*xb”2 + 6%b~3)*cosh(x))*sinh(x)”"3 + a”3 + 3*a~2
*b + 3*a*b”2 + b73 - 2%(a”3 - 3*a*b”2 - 2*b”"3)*cosh(x)”"2 + 2% (14x(a*b”2 + Db
~3)*cosh(x)”6 + 15x(a*xb”2 + 2%¥b~3)*cosh(x)™4 - a~3 + 3*a*xb™2 + 2*b~3 + 3*(a
73 - a"2*b + 4*xaxb”2 + 6%b~3)*cosh(x)"2)*sinh(x)"2 + sqrt(2)*(b~2*cosh(x) "6
+ 6*b"2*cosh(x)*sinh(x)”5 + b™2*sinh(x)"6 + 3*b"2*cosh(x) "4 + 3*(5%b~2*cos
h(x)"2 + b~2)*sinh(x)~4 + 4*x(5%b~2*cosh(x)~3 + 3*b~2*cosh(x))*sinh(x)~3 - (
a2 - 2*a*xb - 3*b"2)*xcosh(x)”2 + (15*b"2*cosh(x)~4 + 18%b~2*cosh(x)”"2 - a~2
+ 2*axb + 3*b"2)*sinh(x)72 + a2 + 2*axb + b~2 + 2% (3*%b~2*cosh(x)”5 + 6%b~
2xcosh(x) "3 - (a”2 - 2*axb - 3xb~2)*cosh(x))*sinh(x))*sqrt(a + b)*sqrt(((a
+ b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x)
+ sinh(x)72)) + 4x(2*x(a*b”2 + b~3)*cosh(x)~7 + 3*(a*b”2 + 2*b~3)*cosh(x)”5
+ (a”3 - a”2#b + 4*xa*xb”2 + 6%xb~3)*cosh(x)”3 - (a™3 - 3*a*xb”™2 - 2xb~3)*cosh(
x))*sinh(x))/(cosh(x) "6 + 6*xcosh(x) 5*sinh(x) + 15*cosh(x) “4*sinh(x)~2 + 20
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*cosh(x) "3*sinh(x) "3 + 15%cosh(x) "2*sinh(x)~4 + 6*cosh(x)*sinh(x)”5 + sinh(
x)76)) + (axcosh(x)”2 + 2*a*cosh(x)*sinh(x) + a*sinh(x)~2 + a)*sqrt(a + b)*
log(-((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)"4 -
2xa*xcosh(x) ™2 + 2x(3x(a + b)*cosh(x)"2 - a)*sinh(x)”2 + sqrt(2)*(cosh(x)"2
+ 2%cosh(x)*sinh(x) + sinh(x)~2 - 1)*sqrt(a + b)*sqrt(((a + b)*cosh(x)~2 +
(a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2)) +
4% ((a + b)*cosh(x)"3 - a*cosh(x))*sinh(x) + a + b)/(cosh(x)”"2 + 2xcosh(x)*s
inh(x) + sinh(x)72)) - 4x*sqrt(2)*(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*
sinh(x)"2 - a + b)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)"2)))/((a"2 + ax
b)*cosh(x)~2 + 2%x(a”2 + a*b)*cosh(x)*sinh(x) + (a2 + a*b)*sinh(x)"2 + a~2
+ axb), -1/2*x((a*cosh(x)~2 + 2%a*xcosh(x)*sinh(x) + a*sinh(x)~2 + a)*sqrt(-a
- b)*arctan(sqrt(2)*(b*cosh(x) "2 + 2%b*cosh(x)*sinh(x) + b*sinh(x)"2 + a +
b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)”"2 + (a + b)*sinh(x)"2 - a + b)/(cosh
(x)72 - 2xcosh(x)*sinh(x) + sinh(x)"2))/((a*b + b"2)*cosh(x)"4 + 4*x(axb + b
~2)*cosh(x)*sinh(x)~3 + (a*b + b™2)*sinh(x)”"4 - (a”2 - a*b - 2*b~2)*cosh(x)
"2 + (6%(axb + b"2)*cosh(x)72 - a2 + a*xb + 2*xb"2)*sinh(x)"2 + a™2 + 2*ax*b
+ b72 + 2x(2x(axb + b"2)*cosh(x)”"3 - (a”2 - a*b - 2%b"2)*cosh(x))*sinh(x)))
+ (axcosh(x)~2 + 2*axcosh(x)*sinh(x) + a*sinh(x)~2 + a)*sqrt(-a - b)*arcta
n(sqrt(2)*(cosh(x)~2 + 2xcosh(x)*sinh(x) + sinh(x)"2 - 1)*sqrt(-a - b)*sqrt
(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)~2 - 2*cosh(x)*sin
h(x) + sinh(x)72))/((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)~3 + (a +
b)*sinh(x)~4 - 2*(a - b)*cosh(x)"2 + 2*x(3*(a + b)*cosh(x)"2 - a + b)*sinh(x
)72 + 4x((a + b)*cosh(x)"3 - (a - b)*cosh(x))*sinh(x) + a + b)) + 2*xsqrt(2)
*x(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 -
2xcosh(x)*sinh(x) + sinh(x)~2)))/((a”2 + axb)*cosh(x)"2 + 2*(a”2 + axb)*cos
h(x)*sinh(x) + (a2 + a*b)*sinh(x)~2 + a”2 + axb)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)~2/(atb*coth(x)~2)~(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ; OUTPUT:Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(t_n
ostep-1)]Error: Bad Argument Type

maple [F] time = 0.51, size = 0, normalized size = 0.00

f tanh? (%) I
J

a+ b cothz(x))

Verification of antiderivative is not currently implemented for this CAS.



[In] int(tanh(x)~2/(a+b*xcoth(x)~2)"(1/2),x)
[Out] int(tanh(x)~2/(at+b*coth(x)~2)"(1/2),x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f tanh(x)?
/b coth(x)? + a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)~2/(atb*coth(x)~2)~(1/2),x, algorithm="maxima"

[Out] integrate(tanh(x)~2/sqrt(b*coth(x)"2 + a), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.02

tanh(x)2

f \/D coth(x)? +a

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)~2/(a + b*coth(x)~2)~(1/2),x)
[Out] int(tanh(x)~2/(a + b*coth(x)~2)~(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

tanh? (%)

f \Ja + beoth? (%)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)**2/(atb*coth(x)**2)**(1/2),x)

[Out] Integral(tanh(x)**2/sqrt(a + b*coth(x)**2), x)

229
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3
coth™(x)
(a+b coth®(x))
Optimal. Leaf size=52
_1 [ Va+bcoth®(x)
. tanh [T]

+
b(a + b)rja + both?(x) (a + by

[Out] arctanh((a+b*coth(x)~2)~(1/2)/(a+b)~(1/2))/(a+b)~(3/2)+a/b/(a+b)/(a+bxcoth(
x)72)7(1/2)

Rubi [A] time = 0.12, antiderivative size = 52, normalized size of antiderivative = 1.00,

. ) number of rules
number of steps used = 5, number of rules used = 5, integrand size = 17, ————— =

0.294, Rules used = {3670, 446, 78, 63, 208}

integrand size

¢ h_l a+b cothz(x)

+
b(a + b)rJa + b coth®(x) (a+b)2

Antiderivative was successfully verified.

[In] Int[Coth[x]~3/(a + b*Coth[x]"2)~(3/2),x]

[Out] ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrtla + b]]l/(a + b)~(3/2) + a/(b*(a + b)*Sqr
t[a + b*Coth[x]~2])

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 78

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(n_.)x*((e_.) + (£_)*x(x_))"(p
_.), x_Symbol] :> -Simp[((b*e - axf)*(c + d*x)"(n + 1)*x(e + f*xx)"(p + 1))/(
fx(p + 1)*(cxf - d*xe)), x] - Dist[(a*xd*fx(n + p + 2) - b*(d*ex(n + 1) + cx*f
x(p + 1))/ (£x(p + 1)*(cxf - dxe)), Int[(c + d*x)"nx(e + £*xx)"(p + 1), x],

x] /; FreeQ[{a, b, c, d, e, f, n}, x] && LtQlp, -1] && ( 'LtQ[n, -1] || Int
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egerQ[p] Il !(IntegerQ[n] || !(EqQle, O] Il !(EqQlc, O] Il LtQlp, nl))))

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 446

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_.)*((c_) + (d_.)*x(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
x(c + d*x)°q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*xd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)])"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*& DD~ (@ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*(a + b*x(ff*x)"n) p)/(c™2 + f
£72%x72), x], x, (c*Tan[e + fx*x])/ff], x]] /; FreeQ[{a, b, ¢, d, e, f, m, n
, PY, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps



232

3 3
f coth”(x) - dx = Subst f X s dx, x, coth(x)
2
(a + b coth (x)) (1 - xz) (a + bxz)
1 X 2
1 h
g Subst (f (1 - x)(a + bx)32 o, cot (x))

1 2
Subst ( [ i v coth (x))

a
= +
b(a + b)~Ja + b coth®(x) 2a+b)
Subst ( [——dx,x,\Ja+b cothz(x)]
a 1+2-=
— + b b
b(a + b)rJa + bcothz(x) bla+10)
_1 [ Varbcoth®(x)
tanh [ — ) )

= +

(a+b)"2 b(a + b)Ja + b coth®(x)

Mathematica [A] time = 0.13, size = 52, normalized size = 1.00

tanh_l [\/a+b cothz(x) ]

a ' a+b

+
b(a + b)~Ja + b coth®(x) (a + by

Antiderivative was successfully verified.

[In] Integrate[Coth[x]~3/(a + bxCoth[x]~2)~(3/2),x]

[Out] ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrtla + b]]/(a + b)~(3/2) + a/(b*(a + b)*Sqr
t[a + b*Coth[x]~2])

fricas [B] time = 0.59, size = 2541, normalized size = 48.87

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)~3/(atb*coth(x)~2)~(3/2),x, algorithm="fricas")

[Out] [1/4*(((a*b + b~2)*cosh(x)"4 + 4x(axb + b~2)*cosh(x)*sinh(x)~3 + (a*xb + b~2
Y*sinh(x)~4 - 2%(a*xb - b~2)*cosh(x)"2 + 2%(3*x(a*b + b~2)*cosh(x)"2 - axb +
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b"2)*sinh(x)"2 + a*b + b™2 + 4*x((a*xb + b~2)*cosh(x)"3 - (a*b - b~2)*cosh(x)
)*sinh(x))*sqrt(a + b)*log(-((a~3 + a"2xb)*cosh(x)~8 + 8x(a”3 + a~2*b)*cosh
(x)*sinh(x)"7 + (2”3 + a”™2%b)*sinh(x)”"8 - 2*(2*¥a”3 + a~2*b)*cosh(x)~6 — 2x*(
2%a~3 + a”2*%b - 14*(a”3 + a~2%b)*cosh(x) "2)*sinh(x)"6 + 4%(14x(a”3 + a”2x*b)
*cosh(x) 73 - 3*(2*a~3 + a~2*b)*cosh(x))*sinh(x)"5 + (6*a”3 + 4*a”2*xb - axb”
2 + b"3)*cosh(x)"4 + (70%x(a”3 + a~2*b)*cosh(x)"4 + 6%a~3 + 4*a”2*b - a*b™2
+ b73 - 30*x(2*a~3 + a~2*b)*cosh(x)"2)*sinh(x)"4 + 4%(14*x(a”~3 + a~2*b)*cosh(
x)75 - 10%x(2*a”~3 + a~2*b)*cosh(x)~3 + (6*%a”3 + 4*a~2*b - a*b™2 + b~3)*cosh(
x))*sinh(x)~3 + a”3 + 3*a”2*b + 3*a*xb”2 + b3 - 2x(2*%a”3 + 3*xa”"2%b - b~3)*c
osh(x)"2 + 2x(14*(a~3 + a~2*b)*cosh(x)”"6 - 15%x(2*xa~3 + a~2*b)*cosh(x)"4 - 2
*a"3 - 3*a"2%b + b73 + 3%(6%a”3 + 4*xa"2xb - a*b”2 + b~3)*cosh(x)~2)*sinh(x)
~2 + sqrt(2)*(a”2xcosh(x) "6 + 6*a~2*cosh(x)*sinh(x)~5 + a”2*sinh(x)~6 - 3*a
“2*%cosh(x) "4 + 3*(5*a"2*cosh(x)"2 - a~2)*sinh(x)~4 + 4*x(5%a"2*cosh(x)"3 - 3
*a~2%cosh(x))*sinh(x)~3 + (3%a”2 + 2*a*b - b~2)*cosh(x)~2 + (15*a”2*cosh(x)
~4 - 18*a”2*cosh(x)”"2 + 3%a”2 + 2*a*b - b"2)*sinh(x)"2 - a2 - 2*a*xb - b2
+ 2*%(3*a"2*cosh(x)~5 - 6*a”2*cosh(x)”"3 + (3*a”2 + 2*a*b - b~2)*cosh(x))*sin
h(x))*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cos
h(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)7"2)) + 4%(2%(a”"3 + a~2*b)*cosh(x)"7 - 3
*(2*xa”3 + a"2xb)*cosh(x)~5 + (6*a”3 + 4*a”2*b - a*b”2 + b~3)*cosh(x)~3 - (2
*a~3 + 3*a”"2*b - b~3)*cosh(x))*sinh(x))/(cosh(x)~6 + 6*cosh(x) 5*sinh(x) +
15%cosh(x) “4*sinh(x) "2 + 20*cosh(x)~3*sinh(x)~3 + 15*cosh(x) " 2*sinh(x)~4 +
6*cosh(x)*sinh(x)”5 + sinh(x)76)) + ((a*b + b~2)*cosh(x)"4 + 4*x(axb + b~2)x*
cosh(x)*sinh(x)"3 + (a*b + b~2)*sinh(x)"4 - 2*(a*b - b~2)*cosh(x) "2 + 2*x(3x*
(axb + b~"2)*cosh(x)”2 - a*xb + b™2)*sinh(x)72 + a*b + b™2 + 4x((axb + b~2)*c
osh(x)”3 - (a*b - b~2)*cosh(x))*sinh(x))*sqrt(a + b)*xlog(((a + b)*cosh(x)~4
+ 4*(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)~4 + 2%b*cosh(x)”2 + 2*x(3*(
a + b)*cosh(x)”2 + b)*sinh(x)"2 + sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x) +
sinh(x)~"2 + 1)*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a
+ b)/(cosh(x)”2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 4*x((a + b)*cosh(x)"3 +
b*cosh(x))*sinh(x) + a + b)/(cosh(x)”2 + 2*cosh(x)*sinh(x) + sinh(x)72)) +
4xsqrt(2)*((a”2 + axb)*cosh(x)~2 + 2*x(a”2 + axb)*cosh(x)*sinh(x) + (2”2 + a
*b)*sinh(x)”"2 - a”2 - axb)*sqrt(((a + b)*cosh(x)”2 + (a + b)*sinh(x)"2 - a
+ b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)))/((a"3%b + 3*a"2*xb"2 + 3%
a*b~3 + b~4)*cosh(x)"4 + 4%(a”3%b + 3*a"2*b"2 + 3*xaxb~3 + b~4)*cosh(x)*sinh
(x)73 + (a”3*b + 3*a”2%b"2 + 3*a*b”3 + b74)*sinh(x)"4 + a~3%b + 3*a”"2*b"2 +
3*a*b”™3 + b74 - 2x(a"3%b + a"2*%b”2 - a*b”3 - b"4)*cosh(x)"2 - 2x(a"3*b + a
“2xb72 - a*b”3 - b74 - 3*x(a"3*b + 3*a"2xb"2 + 3*a*xb~3 + b~4)*cosh(x)”2)*sin
h(x)~"2 + 4x((a"3*b + 3*a"2*b~2 + 3xa*b”3 + b~4)*cosh(x)~3 - (a"3*b + a~2*b~
2 - axb”3 - b~4)*cosh(x))*sinh(x)), -1/2*(((a*xb + b~2)*cosh(x)~4 + 4x(axb +
b~2)*cosh(x)*sinh(x)~3 + (a*b + b~2)*sinh(x)~4 - 2*x(a*xb - b~2)*cosh(x)~2 +
2x (3% (axb + b72)*cosh(x)”2 - a*b + b~2)*sinh(x)"2 + axb + b™2 + 4*x((axb +
b~2)*cosh(x)”"3 - (a*b - b~2)*cosh(x))*sinh(x))*sqrt(-a - b)*arctan(sqrt(2)*
(a*xcosh(x) "2 + 2xa*cosh(x)*sinh(x) + a*sinh(x)"2 - a - b)*sqrt(-a - b)*sqrt
(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sin
h(x) + sinh(x)72))/((a"2 + ax*b)*cosh(x)~4 + 4*x(a”2 + axb)*cosh(x)*sinh(x)"3
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+ (a2 + axb)*sinh(x)"4 - (2*a”2 + a*b - b"2)*cosh(x)"2 + (6x(a”2 + axb)x*c
osh(x)72 - 2%¥a”2 - a*b + b72)*sinh(x)"2 + a2 + 2*axb + b™2 + 2x(2*x(a"2 + a
*b)*cosh(x)”3 - (2*xa”2 + a*b - b~2)*cosh(x))*sinh(x))) + ((a*b + b~2)*cosh(
x)74 + 4x(axb + b~2)*cosh(x)*sinh(x)~3 + (axb + b™2)*sinh(x)"4 - 2*x(axb - b
~2)*cosh(x) "2 + 2x(3*x(axb + b~ 2)*cosh(x)”"2 - a*b + b~2)*sinh(x)"2 + a*b + b
2 + 4x((axb + b~2)*cosh(x)”3 - (a*xb - b~2)*cosh(x))*sinh(x))*sqrt(-a - b)*
arctan(sqrt(2)*(cosh(x) "2 + 2*cosh(x)*sinh(x) + sinh(x)~2 + 1)*sqrt(-a - b)
xsqrt (((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x
)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)"3 +
(a + b)*sinh(x)"4 - 2*(a - b)*cosh(x)"2 + 2*(3*(a + b)*cosh(x)"2 - a + b)*s
inh(x)72 + 4x((a + b)*cosh(x)"3 - (a - b)*cosh(x))*sinh(x) + a + b)) - 2xsq
rt(2)*((a"2 + axb)*cosh(x)"2 + 2*(a”2 + a*b)*cosh(x)*sinh(x) + (2”2 + axb)x*
sinh(x)72 - a2 - a*b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)
/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)72)))/((a"3*b + 3*a~2%b~2 + 3*axb”
3 + b74)*cosh(x)"4 + 4%x(a"3*b + 3*a~2*b~2 + 3*a*b~3 + b~4)*cosh(x)*sinh(x)”
3 + (a”3*%b + 3*a"2*b”2 + 3*axb”3 + b"4)*sinh(x)"4 + a~3*b + 3*a"2%b"2 + 3*a
*b"3 + b"4 - 2%(a”3%b + a”2%b"2 - a*xb”3 - b"4)*cosh(x)”"2 - 2x(a~3*%b + a~2*b
"2 - a*b”3 - b74 - 3%(a”3%b + 3*¥a”"2%b"2 + 3*a*b~3 + b~4)*cosh(x)”2)*sinh(x)
"2 + 4x((a"3%b + 3*a”2%b"2 + 3*a*b”3 + b"4)*cosh(x)"3 - (a"3%b + a"2*b"2 -
a*xb~3 - b74)*cosh(x))*sinh(x))]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00
Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)~3/(atb*coth(x)~2)~(3/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP

UT:sage2:=int (sage0,x) : ;OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(t_n
ostep-1)]Warning, replacing O by ~ u”, a substitution variable should perha
ps be purged.Warning, replacing O by ~ u’, a substitution variable should p
erhaps be purged.Warning, replacing O by ~ u”, a substitution variable shou
1d perhaps be purged.Error: Bad Argument Type

maple [B] time = 0.09, size = 287, normalized size = 5.52

1 1

b (2 (coth(x

— +

b\/a +b(coth®(x)) 2(a+b) \/(coth(x) ~1b+2(coth(x) ~1)b+a+b (a+b)(4b(a+b) - 4b2) y/(coth(

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(coth(x)~3/(a+b*xcoth(x)~2)"(3/2),x)

[Out] 1/b/(a+b*coth(x)~2)~(1/2)-1/2/(a+b)/((coth(x)-1)"2xb+2*(coth(x)-1)*b+a+b) " (
1/2)+b/ (a+b) * (2% (coth(x)-1) *b+2*b) / (4*b* (a+b) -4*b~2) / ((coth(x)-1) "2*b+2x (co
th(x)-1)*b+a+b) ~(1/2)+1/2/(a+b) ~(3/2) *1n((2*a+2*xb+2* (coth(x)-1) *b+2* (a+b) ~ (
1/2)*((coth(x)-1) "2*b+2*(coth(x)-1)*b+a+b) ~(1/2))/(coth(x)-1))-1/2/(a+b) / ((
1+coth(x)) "2%b-2* (1+coth(x))*b+a+b) ~(1/2)-b/ (a+b) * (2x (1+coth(x) ) *b-2%b) / (4%
b*(a+b)-4*b~2) / ((1+coth(x)) "2*b-2* (1+coth(x) ) *b+a+b) ~(1/2)+1/2/ (a+b) "~ (3/2) *
In((2*a+2*b-2* (1+coth(x) ) *b+2* (a+b) ~(1/2) *((1+coth(x) ) “2%b-2* (1+coth(x) ) *b+

a+b) ~(1/2))/(1+coth(x)))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

th(x)?
coth(x) I

NIl W

(b coth(x)? + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)~3/(atb*coth(x)~2)~(3/2),x, algorithm="maxima"
[Out] integrate(coth(x)~3/(b*coth(x)~2 + a)~(3/2), x)

mupad [B] time = 2.00, size = 45, normalized size = 0.87

\Jbcoth(x)>+a
atanh| ——

Va+b

a

3/2
(@+b) (82 + ab) \Jbcoth(x)? +a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)~3/(a + b*coth(x)~2)~(3/2),x)

[Out] atanh((a + b*coth(x)"2)~(1/2)/(a + b)~(1/2))/(a + b)~(3/2) + a/((axb + b~2)
*(a + b*coth(x)~2)~(1/2))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

th’
coth” (x) I

(a+ beoth? (x))g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)**3/(atb*xcoth(x)**2)**(3/2),x)

[Out] Integral(coth(x)**3/(a + b*coth(x)**2)*x(3/2), x)
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coth?(x)

3.39 dx

(a+b cothz(x))g/ 2

Optimal. Leaf size=53

tanh™ ( Va+b coth(x) ]

\Ja+b coth?(x) coth(x)
3/2 B
(a+b) (a+b)Ja+ bcothz(x)

[Out] arctanh(coth(x)*(a+b)~(1/2)/(a+bxcoth(x)~2)~(1/2))/(a+b)~(3/2)-coth(x)/(a+b
)/ (a+bxcoth(x)~2)~(1/2)

Rubi [A] time = 0.10, antiderivative size = 53, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 4, number of rules used = 4, integrand size =17, ————— =

integrand size
0.235, Rules used = {3670, 471, 377, 206}

tanh™! ( Va+b coth(x) ]

\a+b coth? () coth(x)
3/2 -
(a+0) (@ + b)rJa + beoth?(x)

Antiderivative was successfully verified.

[In] Int[Coth[x]~2/(a + b*Coth[x]~2)~(3/2),x]

[Out] ArcTanh[(Sqrt[a + b]*Coth[x])/Sqrtla + b*Coth[x]~2]]/(a + b)~(3/2) - Cothl[x
1/((a + b)*Sqrt[a + b*Coth[x]~2])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 377

Int[((a_) + (b_)*x(x_)"(m_ D))" (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, Db
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 471

Int[((e_.)*(x_))"(m_.)*((a_) + (b_)*(x_)"(_ )~ (p_)*((c_) + (d_.)*(x_)"(n_
))~(q_), x_Symbol] :> Simp[(e”(n - 1)*(exx)"(m - n + 1)*(a + b*xx™n) " (p + 1)
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x(c + d*x™n)"(q + 1))/ (nx(bxc - axd)*(p + 1)), x] - Dist[e"n/(n*(b*c - a*xd)
*(p + 1)), Int[(exx)"(m - n)*(a + bxx™n) " (p + 1)*(c + d*x"n) g*Simp[cx(m -
n+1) +dt(m + nx(p + q + 1) + D*x"n, x], x], x] /; FreeQ[{a, b, c, d, e,
qt, x] &% NeQ[b*c - axd, 0] && IGtQ[n, 0] && LtQ[p, -1] && GeQ[n, m - n +
1] && GtQ[m - n + 1, O] && IntBinomialQ[a, b, ¢, d, e, m, n, p, q, X]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(xD1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +

(f_I*xx 01" (D))" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
f72xx72), x], x, (c*Tan[e + f*xx])/ff]l, x1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQn, 4] || (IntegerQ[p] &% Ration
alQ[nl))

Rubi steps

2

coth®(x) X
f (a+0 COch(x))3/2 e f (1-x2)(a+ bx2)3/2 e COth(x)]

1
coth(x) bt (f (e th(x))

- 2 - a+b
(a + b)+Ja + bcoth™(x)

1 coth(x)
Subst dx, x,
coth(x) [f 1-(a+bye? \Ja+bcoth?(x) J

= - +

(@ + b)AJa + b coth?(x) a+b

Va+b coth(x) ]

\Ja+b coth?(x) coth(x)
3/2 a
(a+b) (a+b)rja+ bcothz(x)

Mathematica [B] time = 1.00, size = 109, normalized size = 2.06

5 [ (a+b) coth(x)
esch(x)sech(x)((a+b) cosh(2x)—a+b)y LR pop | X —
e [beoth®(x) "
2 —2(a + b) coth(x)
hcothz(x)
— 11

2(a + b)2+/a + bcoth?(x)

tanh ™ (
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Antiderivative was successfully verified.

[In] Integrate[Coth[x]~2/(a + b*Coth[x]~2)~(3/2),x]

[Out] (-2*(a + b)*Coth[x] + (ArcTanh[Sqrt[((a + b)*Coth[x]~2)/al/Sqrt[1 + (b*Coth
[x]~2)/al]l*(-a + b + (a + b)*Cosh[2*x])*Sqrt[((a + b)*Coth[x]~2)/a]*Csch[x]
xSech[x])/Sqrt[1 + (b*Coth([x]~2)/al)/(2%(a + b)~2+Sqrt[a + bxCoth[x]~2])

fricas [B] time = 0.61, size = 2279, normalized size = 43.00

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)~2/(atb*coth(x)~2)~(3/2),x, algorithm="fricas")

[Out] [1/4*(((a + b)*cosh(x)"4 + 4*x(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)"4
- 2%(a - b)*cosh(x)"2 + 2%(3*%(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4*x((a +
b)*cosh(x)"3 - (a - b)*cosh(x))*sinh(x) + a + b)*sqrt(a + b)*log(((a*xb™2 +
b~3)*cosh(x)~8 + 8*(a*b”™2 + b~ 3)*cosh(x)*sinh(x)~7 + (a*b™2 + b~3)*sinh(x)
~8 + 2x(axb”2 + 2xb~3)*cosh(x)"6 + 2x(a*xb”™2 + 2*b~3 + 14x(a*xb™2 + b~3)*cosh
(x)72)*sinh(x) "6 + 4*x(14*x(a*b”2 + b~ 3)*cosh(x) 3 + 3*(a*xb”2 + 2*¥b~3)*cosh(x
))*sinh(x)~5 + (a3 - a”2*b + 4*a*xb”2 + 6*b~3)*cosh(x)”4 + (70x(a*b™2 + b~3
)Y*cosh(x)74 + a~3 - a~2%b + 4*a*xb™2 + 6%b~3 + 30*(a*b™2 + 2%b~3)*cosh(x)”2)
*3inh(x) "4 + 4*x(14*x(a*b~2 + b~ 3)*cosh(x)”5 + 10*x(a*xb~2 + 2%¥b~3)*cosh(x)~3 +
(a”3 - a™2%b + 4*a*xb”2 + 6*b~3)*cosh(x))*sinh(x)”3 + a~3 + 3*a~2%b + 3*ax*b
"2 + b73 - 2%(a”3 - 3*axb”2 - 2*b~3)*cosh(x)”2 + 2% (14*x(a*b”2 + b~3)*cosh(x
)76 + 15%(a*b”2 + 2%b~"3)*cosh(x)”4 - a”3 + 3*axb”™2 + 2*%b~3 + 3*(a”3 - a~2*b
+ 4%a*xb~2 + 6%b”3)*cosh(x)"2)*sinh(x) "2 + sqrt(2)*(b"2*cosh(x)~6 + 6%b~2x*c
osh(x)*sinh(x)~5 + b™2*sinh(x)~6 + 3*b~2*xcosh(x) "4 + 3*(5*b~2*cosh(x)”2 + Db
“2)*sinh(x) "4 + 4*(5%b~2*cosh(x) 3 + 3*b~2*cosh(x))*sinh(x)~3 - (a”2 - 2*ax
b - 3*b"2)*cosh(x) "2 + (15*b"2*cosh(x)~4 + 18%b~2*cosh(x)”"2 - a~2 + 2xaxb +
3*%b~2)*sinh(x) "2 + a2 + 2%axb + b”™2 + 2x(3*b”"2*cosh(x)”~5 + 6*¥b~2*xcosh(x)”
3 - (@72 - 2%axb - 3*b72)*cosh(x))*sinh(x))*sqrt(a + b)*sqrt(((a + b)*cosh(
x)72 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~
2)) + 4x(2x(a*b”™2 + b~3)*cosh(x)”7 + 3*(a*b™2 + 2xb~3)*cosh(x)”"5 + (a”3 - a
~2%b + 4*axb”2 + 6*xb"3)*cosh(x)”3 - (a”3 - 3*axb”2 - 2%b~3)*cosh(x))*sinh(x
))/(cosh(x)"6 + 6*cosh(x) 5*sinh(x) + 15*cosh(x) " 4*sinh(x)~2 + 20*cosh(x)~3
*sinh(x) "3 + 15*cosh(x)"2*sinh(x) "4 + 6*cosh(x)*sinh(x)~5 + sinh(x)"6)) + (
(a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)"4 - 2*(a
- b)*cosh(x)~2 + 2*x(3*x(a + b)*cosh(x)”"2 - a + b)*sinh(x)~2 + 4*x((a + b)*cos
h(x)~3 - (a - b)*cosh(x))*sinh(x) + a + b)*sqrt(a + b)*log(-((a + b)*cosh(x
)74 + 4x(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)~4 - 2xaxcosh(x)"2 + 2x*(
3x(a + b)*cosh(x)"2 - a)*sinh(x)~2 + sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x)
+ sinh(x)72 - 1)*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 -
a + b)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)"2)) + 4*x((a + b)*cosh(x)"3



239

- a*cosh(x))*sinh(x) + a + b)/(cosh(x)”2 + 2*cosh(x)*sinh(x) + sinh(x)~2))
- 4xsqrt(2)*((a + b)*cosh(x)”"2 + 2x(a + b)*cosh(x)*sinh(x) + (a + b)*sinh(
x)72 + a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)
2 - 2*xcosh(x)*sinh(x) + sinh(x)72)))/((a"3 + 3*a"2xb + 3*a*b”2 + b~3)*cosh
(x)74 + 4%(a”3 + 3*a”"2*b + 3*a*b”2 + b~3)*cosh(x)*sinh(x)~3 + (a3 + 3*a™2x*
b + 3*a*b”2 + b~3)*sinh(x)"4 + a~3 + 3*a"2%b + 3*a*b”2 + b~3 - 2*%(a”3 + a”2
*b - a*b”2 - b"3)*cosh(x)"2 - 2%(a”3 + a™2xb - a*xb”™2 - b~3 - 3x(a”"3 + 3*a”2
*b + 3*a*b”2 + b~3)*cosh(x)"2)*sinh(x)”2 + 4*x((a~3 + 3*a"2*b + 3*a*xb™2 + b~
3)*cosh(x)”"3 - (a”3 + a™2%b - a*b”™2 - b~3)*cosh(x))*sinh(x)), -1/2*x(((a + b
Yxcosh(x)"4 + 4*x(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)"4 - 2*%(a - b)*c
osh(x)"2 + 2x(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4*((a + b)*cosh(x)"3
- (a - b)*cosh(x))*sinh(x) + a + b)*sqrt(-a - b)*arctan(sqrt(2)*(b*cosh(x)
~2 + 2xb*cosh(x)*sinh(x) + b*sinh(x)~2 + a + b)*sqrt(-a - b)*sqrt(((a + b)*
cosh(x)”2 + (a + b)*sinh(x)”"2 - a + b)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sin
h(x)~2))/((a*xb + b"2)*cosh(x)”4 + 4*x(axb + b~2)*cosh(x)*sinh(x)~3 + (a*xb +
b"2)*sinh(x)"4 - (a2 - a*b - 2*b"2)*cosh(x)"2 + (6*x(a*b + b~2)*cosh(x)"2 -
a2 + axb + 2%b72)*sinh(x)"2 + a2 + 2%axb + b"2 + 2x(2x(a*b + b~2)*cosh(x
)73 - (a”2 - a*b - 2*b"2)*cosh(x))*sinh(x))) + ((a + b)*cosh(x)"4 + 4x(a +
b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)~4 - 2%(a - b)*cosh(x)~"2 + 2x(3x(a +
b)*cosh(x)"2 - a + b)*sinh(x)”2 + 4*x((a + b)*cosh(x)”"3 - (a - b)*cosh(x))*s
inh(x) + a + b)*sqrt(-a - b)*arctan(sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x)
+ sinh(x)72 - 1)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 -
a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2))/((a + b)*cosh(x)"4 + 4
*(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)~"4 - 2x(a - b)*cosh(x)~2 + 2*(3
*(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4*x((a + b)*cosh(x)~"3 - (a - b)*cosh
(x))*sinh(x) + a + b)) + 2xsqrt(2)*((a + b)*cosh(x)”2 + 2x(a + b)*cosh(x)*s
inh(x) + (a + b)*sinh(x)72 + a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(
x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)))/((a”3 + 3*a"2*b
+ 3xa*xb”2 + b~3)*cosh(x)”4 + 4*x(a”3 + 3xa"2*b + 3*axb”2 + b~3)*cosh(x)*sin
h(x)"3 + (a”3 + 3*a™2*b + 3*a*b”2 + b~3)*sinh(x)"4 + a~3 + 3*a”™2*b + 3xaxb”
2 + b3 - 2%(a”3 + a”2xb - a*b”2 - b"3)*cosh(x)"2 - 2*¥(a”3 + a"2*b - a*xb”2
- b73 - 3*x(a”3 + 3*a"2%b + 3*a*b”2 + b~ 3)*cosh(x) "2)*sinh(x)"2 + 4*x((a"3 +
3*%a”"2*%b + 3*a*xb”2 + b~3)*cosh(x)”"3 - (a”3 + a”2*b - a*b™2 - b"3)*cosh(x))*s
inh(x))]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)~2/(atb*coth(x)~2)~(3/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ; OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(t_n
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ostep-1)]Warning, replacing O by ~ u”, a substitution variable should perha
ps be purged.Warning, replacing O by ™ u’, a substitution variable should p
erhaps be purged.Warning, replacing O by ~ u”, a substitution variable shou
1d perhaps be purged.Error: Bad Argument Type

maple [B] time = 0.10, size = 289, normalized size = 5.45

coth(x) 1 N b (2 (coth

a\/a +b(coth*(x))  2(a+b) \/(coth(x) ~1)*b+2(coth(x) ~1)b+a+b (a+b)(4b(a+Db)-4b?) y/(coth

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x) 2/ (a+b*xcoth(x)~2)~(3/2),x)

[Out] -coth(x)/a/(atbxcoth(x)~2)"(1/2)-1/2/(a+b)/((coth(x)-1)"2%b+2*(coth(x)-1)*b
+a+b) " (1/2)+b/ (a+b) * (2% (coth(x) -1) *b+2*b) / (4*b* (a+b)-4*b~2) / ((coth(x)-1) ~2%

b+2* (coth(x)-1)*b+a+b) ~(1/2)+1/2/(a+b) " (3/2) *1n((2*a+2*b+2* (coth (x)-1) *b+2*

(a+b) " (1/2)*((coth(x)-1) "2xb+2* (coth(x)-1) *b+a+b) ~(1/2)) /(coth(x)-1))+1/2/(

a+b)/ ((1+coth(x)) "2*¥b-2* (1+coth(x) ) *b+a+b) ~(1/2)+b/ (a+b) * (2*x (1+coth(x) ) *b-2

*b) / (4*b* (a+b) -4*xb~2) / ((1+coth(x)) "2*b-2* (1+coth(x) ) *b+a+b) ~(1/2)-1/2/ (a+b)
~(3/2) *1n((2*a+2xb—2* (1+coth(x) ) *b+2* (a+b) ~(1/2) * ((1+coth(x)) "2*b-2*(1+coth
(x))*b+a+b) ~(1/2))/(1+coth(x)))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

coth(x)?

dx
(b coth(x)? + a);

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)~2/(atb*coth(x)~2)~(3/2),x, algorithm="maxima")
[Out] integrate(coth(x)~2/(b*coth(x)~2 + a)~(3/2), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.02

2
f( coth(x) - i

b c:o’ch(x)2 + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)~2/(a + b*coth(x)~2)~(3/2),x)



[Out] int(coth(x)~2/(a + b*coth(x)~2)~(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

coth? (x)

dx

w

(a+ beoth? (x))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)**2/(atb*coth(x)**2)**(3/2),x)
[Out] Integral(coth(x)**2/(a + b*coth(x)**2)**(3/2), x)
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coth(x)

3.40 dx

(a+bcoth?(r)”

Optimal. Leaf size=49

tanh_l ( \a+b cothz(x) ]

Vi )
(a+ )2 (@ + b)rJa + both?(x)

[Out] arctanh((a+b*xcoth(x)~2)~(1/2)/(a+b)~(1/2))/(a+b)~(3/2)-1/(a+b)/(a+b*coth(x)
~2)°(1/2)

Rubi [A] time = 0.09, antiderivative size = 49, normalized size of antiderivative = 1.00,
number of rules

number of steps used = 5, number of rules used = 5, integrand size = 15,
0.333, Rules used = {3670, 444, 51, 63, 208}

tanh_l ( \a+b cothz(x) ]

Va+b 1
3/2 h
(a+b) (a+b)Ja+ bcothz(x)

Antiderivative was successfully verified.

integrand size

[In] Int[Coth[x]/(a + b*Coth[x]~2)~(3/2),x]

[Out] ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrtla + bl]l/(a + b)7(3/2) - 1/((a + b)*Sqrtl
a + bxCoth[x]"2])

Rule 51

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + bxx)"(m + D*(c + d*x)"(n + 1))/ ((bxc - axd)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - axd)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], x
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[nl]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + b*x)~(1/p)], x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
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ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 444

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_.)*((c_) + (d_.)*x(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*x(c + d*x)~q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] & NeQ[b*c - a*d, 0] && EqQ[m - n +
1, 0]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)])"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*& DD~ (@ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*(a + b*x(ff*x)"n) p)/(c™2 + f
f~2xx72), x], x, (c*Tan[e + f*x])/ff], x]] /; FreeQ[{a, b, ¢, d, e, f, m, n
, PY, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps
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f ( coth(x) )3/2 dx = Subst [ f ad )3 7 A%, %, coth(x)J

a + bcoth?(x) (1 - xz) (a + bx?

1
= Subst( dx, x, cothz(x))

1
f (1 - x)(a + bx)32
1

2
B . ) Subst ( [ i v coth (x))

(a+b)rja+ bcothz(x) 2a+b)
Subst ( f ;2 dx,x,AJa+Db cothz(x)J
1 E

142
= — —+ b

(a+b)yJa+b cothz(x) ba+10)
canh! [ \Ja+bcoth?(x) )

Va+b 1

(a+b)"2 (@ + b)\Ja + beoth?(x)

Mathematica [C] time = 0.04, size = 41, normalized size = 0.84

1.1 bcothz(x)+a
L S e

(a + b)r/a + bcoth?(x)

Antiderivative was successfully verified.

[In] Integrate[Coth[x]/(a + b*Coth[x]~2)~(3/2),x]

[Out] -(Hypergeometric2F1[-1/2, 1, 1/2, (a + b*Coth[x]"2)/(a + b)]/((a + b)*Sqrt[
a + bxCoth[x]"2]))

fricas [B] time = 0.59, size = 2299, normalized size = 46.92

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)/(atb*coth(x)~2)~(3/2),x, algorithm="fricas")

[Out] [1/4*x(((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)”"3 + (a + b)*sinh(x)"4
- 2%x(a - b)*cosh(x)"2 + 2%(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4x((a +
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b)*xcosh(x)~3 - (a - b)*cosh(x))*sinh(x) + a + b)*sqrt(a + b)*log(-((a”3 +
a~2%b)*cosh(x) "8 + 8x(a~3 + a~2*b)*cosh(x)*sinh(x)"7 + (a3 + a”2*b)*sinh(x
)78 - 2%(2%a"3 + a"2*b)*cosh(x)"6 - 2%(2*a”3 + a"2xb - 14x(a”3 + a~2*b)*cos
h(x)~"2)*sinh(x)"6 + 4*(14*(a”~3 + a~2*b)*cosh(x)~3 - 3*(2*a”~3 + a~2xb)*cosh(
x))*sinh(x)~5 + (6*a”3 + 4*a”2*b - a*b”2 + b~ 3)*cosh(x)"4 + (70x(a~3 + a~2%
b)*cosh(x)~4 + 6*a”3 + 4*a”2*%b — a*b”2 + b~3 - 30*%(2*a”~3 + a~2*b)*cosh(x) "2
Yxsinh(x)"4 + 4*%(14*x(a”~3 + a~2*b)*cosh(x)”5 - 10*(2*a~3 + a~2*b)*cosh(x) "3
+ (6%xa”3 + 4%a"2xb - a*b”2 + b~3)*cosh(x))*sinh(x)~3 + a~3 + 3*a"2xb + 3*ax
b"2 + b~3 - 2x(2*%a”3 + 3*a”2xb - b~3)*cosh(x)"2 + 2*x(14x(a"3 + a~2*b)*cosh(
X)76 — 15%x(2*a~3 + a~2*b)*cosh(x)"4 - 2*a~3 - 3*a”2*b + b~3 + 3% (6%xa~3 + 4%
a"2xb - a*b”2 + b~3)*cosh(x)"2)*sinh(x) "2 + sqrt(2)*(a”2*cosh(x)”~6 + 6xa~2x
cosh(x)*sinh(x)"5 + a"2*sinh(x)~6 - 3*a"2*cosh(x)”4 + 3*(5*xa~2*cosh(x)"2 -
a~2)*sinh(x)~4 + 4x(5*a~2*cosh(x)~3 - 3*a”"2xcosh(x))*sinh(x)”"3 + (3*a"2 + 2
*axb - b"2)*cosh(x)~2 + (15%a"2*cosh(x)”4 - 18*a~2*cosh(x)~2 + 3*a~2 + 2xax
b - b™2)*sinh(x)"2 - a2 - 2*a*b - b~2 + 2% (3*a"2*cosh(x)”~5 - 6*xa~2*cosh(x)
3 + (3%a”2 + 2%axb - b~2)*cosh(x))*sinh(x))*sqrt(a + b)*sqrt(((a + b)*cosh
(x)72 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)
~2)) + 4x(2x(a”3 + a"2*xb)*cosh(x)”7 - 3*(2*xa”~3 + a”2xb)*cosh(x)"5 + (6*a~3
+ 4*a”2*%b - a*xb”2 + b~3)*cosh(x)”"3 - (2*xa~3 + 3*a"2*b - b~ 3)*cosh(x))*sinh(
x))/(cosh(x)"6 + 6*cosh(x) " 5*sinh(x) + 15*cosh(x) "4*sinh(x)~2 + 20*cosh(x)”
3*sinh(x) "3 + 15xcosh(x) "2*sinh(x)~4 + 6*cosh(x)*sinh(x)”5 + sinh(x)76)) +
((a + b)*cosh(x)"4 + 4*x(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)"4 - 2*(a

- b)*cosh(x)"2 + 2*x(3*%(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4*x((a + b)*co
sh(x)"3 - (a - b)*cosh(x))*sinh(x) + a + b)*sqrt(a + b)*log(((a + b)*cosh(x
)74 + 4x(a + b)*cosh(x)*sinh(x)”"3 + (a + b)*sinh(x)~4 + 2*b*cosh(x)~2 + 2x*(
3x(a + b)*cosh(x)~2 + b)*sinh(x)~2 + sqrt(2)*(cosh(x) "2 + 2*cosh(x)*sinh(x)

+ sinh(x)72 + 1)*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 -

a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2)) + 4*((a + b)*cosh(x)"3

+ b*cosh(x))*sinh(x) + a + b)/(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2))

- 4xsqrt(2)*((a + b)*cosh(x)”"2 + 2x(a + b)*cosh(x)*sinh(x) + (a + b)*sinh(
x)72 - a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)
"2 - 2*cosh(x)*sinh(x) + sinh(x)"2)))/((a"3 + 3*a~2xb + 3*a*b”2 + b~3)*cosh
(x)74 + 4%(a”3 + 3*a"2*%b + 3*a*xb”2 + b~3)*cosh(x)*sinh(x)~3 + (2”3 + 3*a~2x%
b + 3*axb”2 + b~3)*sinh(x)”4 + a”3 + 3*a”2%b + 3*a*xb”2 + b73 - 2%(a”3 + a”2
*b - a*b”2 - b~3)*cosh(x)"2 - 2*(a”™3 + a”2*b - a*b”2 - b"3 - 3x(a”3 + 3*a"2
*b + 3*a*b”2 + b~3)*cosh(x)"2)*sinh(x)~2 + 4*x((a~3 + 3*a"2*b + 3*a*xb™2 + b~
3)*xcosh(x)~3 - (a”3 + a™2%b - a*b”™2 - b"3)*cosh(x))*sinh(x)), -1/2*x(((a + b
Y*xcosh(x)"4 + 4*x(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)"4 - 2%(a - b)*c
osh(x)"2 + 2%(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4x((a + b)*cosh(x)~3

- (a - b)*cosh(x))*sinh(x) + a + b)*sqrt(-a - b)*arctan(sqrt(2)*(a*cosh(x)
72 + 2xaxcosh(x)*sinh(x) + a*sinh(x)"2 - a - b)*sqrt(-a - b)*sqrt(((a + b)x*
cosh(x)72 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sin
h(x)~2))/((a"2 + a*b)*cosh(x)"4 + 4*x(a"2 + ax*b)*cosh(x)*sinh(x)"3 + (a"2 +
axb)*sinh(x)~"4 - (2*a”2 + a*b - b"2)*cosh(x)"2 + (6%(a”2 + a*b)*cosh(x)"2 -

2%¥a”2 - a*b + b72)*sinh(x)"2 + a”2 + 2%axb + b72 + 2x(2*(a”2 + axb)*cosh(x
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)73 - (2%¥a”2 + axb - b"2)*cosh(x))*sinh(x))) + ((a + b)*cosh(x)"4 + 4x(a +

b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)"4 - 2*(a - b)*cosh(x)"2 + 2*x(3x(a +

b)*cosh(x)"2 - a + b)*sinh(x)~2 + 4x((a + b)*cosh(x)~"3 - (a - b)*cosh(x))*s
inh(x) + a + b)*sqrt(-a - b)*arctan(sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x)

+ sinh(x)~2 + 1)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 -
a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2))/((a + b)*cosh(x)"4 + 4
*(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)"4 - 2*x(a - b)*cosh(x)"2 + 2*(3
*(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4*x((a + b)*cosh(x)"3 - (a - b)*cosh
(x))*sinh(x) + a + b)) + 2xsqrt(2)*((a + b)*cosh(x)~2 + 2x(a + b)*cosh(x)*s
inh(x) + (a + b)*sinh(x)72 - a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(
x)72 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)))/((a"3 + 3*a~2*b
+ 3*xa*b”2 + b~3)*cosh(x)”4 + 4*x(a”3 + 3*xa"2*b + 3*axb”2 + b~3)*cosh(x)*sin
h(x)~3 + (2”3 + 3*a"2*b + 3*a*b”2 + b~3)*sinh(x)"4 + a~3 + 3*a”™2*b + 3xaxb”
2 + b"3 - 2%(a”3 + a”2xb - a*b”2 - b"3)*cosh(x)"2 - 2%(a”3 + a”"2*b - a*xb”2

- b™3 - 3*(a”3 + 3*a"2xb + 3*axb”2 + b~3)*cosh(x)"2)*sinh(x)"2 + 4*x((a~3 +

3*%a”"2*%b + 3*axb”2 + b~3)*cosh(x)”"3 - (2”3 + a"2%b - a*b”2 - b~3)*cosh(x))*s
inh(x))]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)/(atb*coth(x)~2)~(3/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(t_n
ostep-1)]Warning, replacing O by ~ u”, a substitution variable should perha

ps be purged.Warning, replacing O by ™ u’, a substitution variable should p
erhaps be purged.Warning, replacing O by ~ u”, a substitution variable shou

1d perhaps be purged.Error: Bad Argument Type

maple [B] time = 0.08, size = 273, normalized size = 5.57

B 1 N b (2 (coth(x) —1) b + 2b)

2(a+Db) \/(coth(x) ~1)*b+2(coth(x) ~1)b+a+b (a+b)(4b(a+Db) - 4b?) \/(coth(x) ~1)%b + 2 (coth(x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)/(a+b*coth(x)~2)"(3/2),x)

[Out] -1/2/(a+b)/((coth(x)-1) " 2xb+2*(coth(x)-1)*b+a+b) "~ (1/2)+b/(a+b) *(2*(coth(x)-
1)*b+2%b) / (4xb*x (a+b) -4%b~2) / ((coth(x) -1) "2%b+2* (coth(x)-1) *b+a+b) ~(1/2)+1/2
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/ (a+b) " (3/2) *1n ((2*a+2xb+2* (coth(x) -1) *b+2* (a+b) ~(1/2) * ((coth (x) -1) ~2*xb+2x*(
coth(x)-1)*b+a+b) " (1/2))/(coth(x)-1))-1/2/(a+b)/((1+coth(x)) "2*xb-2* (1+coth(
x))*b+a+b) ~(1/2)-b/ (a+b) * (2% (1+coth(x) ) *b-2%b) / (4*b* (a+b)-4*b~2) / ((1+coth(x
)) "2*xb-2% (1+coth(x) ) *b+a+b) ~(1/2)+1/2/(a+b) " (3/2) *1In((2*a+2*¥b-2* (1+coth(x))
*b+2% (a+b) ~(1/2) *((1+coth(x)) "2x¥b-2* (1+coth(x) ) *b+a+b) ~(1/2)) / (1+coth(x)))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

coth(x)

dx

W

(bcoth(x)? + a)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)/(atb*coth(x)~2)~(3/2),x, algorithm="maxima")
[Out] integrate(coth(x)/(b*coth(x)~"2 + a)~(3/2), x)

mupad [B] time = 1.94, size = 41, normalized size = 0.84

\Jb coth(x)®+a
atanh| ———

Vet )
: -
(a+b)" (a+0b) /b coth(x)? +a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)/(a + b*coth(x)~2)~(3/2),x)

[Out] atanh((a + b*coth(x)"2)"(1/2)/(a + b)~(1/2))/(a + b)~(3/2) - 1/((a + b)*(a
+ bxcoth(x)~2)~(1/2))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

coth (x) i

3
2

(a + b coth? (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)/(atb*xcoth(x)**2)**(3/2),x)
[Out] Integral(coth(x)/(a + b*coth(x)**2)*x(3/2), x)
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tanh(x)

3.41 dx

(a+bcoth?(r)”

Optimal. Leaf size=78

tanh_l ( \a+b cothz(x) ]

Varb
(a+ Dby~

\/E

— +
2312

b

tanh_l ( \a+b cothz(x) ]

a(a + b)rJa + bcoth?(x)

[Out] -arctanh((atb*coth(x)~2)~(1/2)/a~(1/2))/a~(3/2)+arctanh((atb*coth(x)~2)~(1/
2)/(a+b)~(1/2))/(a+b)~(3/2)+b/a/(a+b) /(a+b*coth(x)"2) " (1/2)
Rubi [A] time = 0.15, antiderivative size = 78, normalized size of antiderivative = 1.00,

. ) number of rules
number of steps used = 8, number of rules used = 6, integrand size = 15, ————— =

0.400, Rules used = {3670, 446, 85, 156, 63, 208}

tanh_l ( \a+b Cothz(x) ]

integrand size

Va+b
(a + b)3?

Va b

tanh_l ( \a+b Cothz(x) ]

+

7312 >
a(a + b)y/a + bcoth®(x)

Antiderivative was successfully verified.
[In] Int[Tanh[x]/(a + b*xCoth[x]~2)~(3/2),x]

[Out] -(ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrtlall/a~(3/2)) + ArcTanh[Sqrt[a + b*Coth
[x]~2]/Sqrt[a + bl]l/(a + b)~(3/2) + b/(ax(a + b)*Sqrt[a + b*Coth[x]~2])

Rule 63

Int[(Ca_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - D*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 85

Int[(Ce_.) + (£_)*(x_))"(p)/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))),
x_Symbol] :> Simp[(f*(e + f*xx)~(p + 1))/((p + 1)*(b*xe - axf)*(d*e - c*xf)),
x] + Dist[1/((b*xe - a*f)*(d*e - c*xf)), Int[((b*d*e - bkcxf — axdxf - bxd*f*
x)x(e + £xx)"(p + 1))/((a + bxx)*(c + d*x)), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] && LtQlp, -1]
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Rule 156

Int[((Ce_.) + (£_D)*xx D))" (p)*((g_.) + (_.)*(x_)))/(((a_.) + (b_.)*(x_))x*
((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[(b*g - axh)/(b*c - axd), Int[(e +
fxx)"p/(a + b*x), x], x] - Dist[(d*g - c*h)/(b*c - axd), Int[(e + fx*x)7p/(c
+ d*x), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 446

Int [(x_)"(m_.)*((a_) + (b_.)*(x_)"(m_)) " (p_.)*x((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)/n] - 1)*x(a + b*x)7p
x(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*xd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*x(x_)1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*& DD~ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*(a + b*x(ff*x)"n)"p)/(c”2 + £
£f72*xx"2), x], x, (cxTan[e + fx*xx])/ff], x]1] /; FreeQ[{a, b, c, d, e, f, m, n
, Py, x] && (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rubi steps
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tanh(x) 1
dx = Subst dx, x, coth(x)
f (a + beoth’(v) ™ o [f x(1-22) (a+bx2)" © ]

1 1 ’
= > Subst ( Il o e o coth (x))
—a—-b+bx 2
_ b B Subst (f (1—x)x—um dx, X, coth (X))
a(a + b)yja + bcothz(x) 2a(a +b)
1 2 1
_ b . Subst ( f T dx, x, coth (x)) . Subst ( f v

a(a + b)rJa + b coth?(x) 2a

b +5
_ n b b "

Subst [f al " dx,x,/a+b cothz(x) J Subst( 1

2(a + 1

a
1+E'

a(a + b)yJa + bcoth®(x) ab
canh-! (\/a+b coth?(x) J canh-! (\/a+b coth?(x) J
an _— an —_—

Va Va+b b
= — + +

3/2 3/2
¢ (a+0) a(a + b)+Ja + bcothz(x)

Mathematica [C] time = 0.06, size = 70, normalized size = 0.90

1.1 beoth’() 1 . 1 beoth’(x)+a
(a+b),F; (—5,1, > +1) —a,F; (—5,1, E,T)

a(a + b)rJa + bcoth?(x)

Antiderivative was successfully verified.

[In] Integrate[Tanh[x]/(a + b*Coth[x]~2)~(3/2),x]

[Out] (-(axHypergeometric2F1[-1/2, 1, 1/2, (a + b*Coth[x]"2)/(a + b)]) + (a + b)*
Hypergeometric2F1[-1/2, 1, 1/2, 1 + (b*Coth[x]"2)/a])/(a*x(a + b)*Sqrt[a + b
*Coth[x]~2])

fricas [B] time = 0.89, size = 6991, normalized size = 89.63

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(tanh(x)/(a+b*xcoth(x)~2)~(3/2),x, algorithm="fricas")

[Out] [1/4*x(((a"3 + a~2*b)*cosh(x)"4 + 4*x(a"3 + a~2*b)*cosh(x)*sinh(x)”"3 + (a~3 +
a"2*b)*sinh(x)"4 + a~3 + a”2*b - 2*(a”3 - a"2xb)*cosh(x)"2 - 2*(a"3 - a™2x
b - 3*(a”3 + a~2%b)*cosh(x)"2)*sinh(x)"2 + 4%x((a"3 + a”"2*b)*cosh(x)~3 - (a~
3 - a"2xb)*cosh(x))*sinh(x))*sqrt(a + b)*log(-((a”3 + a~2#b)*cosh(x)~8 + 8%
(a”3 + a"2#b)*cosh(x)*sinh(x)"7 + (a3 + a”2*b)*sinh(x)~8 - 2*(2*¥a”3 + a™2%
b)*cosh(x)"6 - 2%(2*%a”3 + a"2*b - 14x(a~3 + a~2*b)*cosh(x)"2)*sinh(x)"6 + 4
*(14%(a"3 + a"2*b)*cosh(x)~3 - 3*(2*a”3 + a~2*b)*cosh(x))*sinh(x)~5 + (6*a”
3 + 4xa”2*b - a*b”2 + b~3)*cosh(x)”"4 + (70%x(a"3 + a~2%b)*cosh(x)”4 + 6*a”3
+ 4*a”2*%b - a*xb”2 + b3 - 30*%(2*a”"3 + a~2xb)*cosh(x) "2)*sinh(x)~4 + 4x(14x(
a3 + a"2*b)*cosh(x)"5 - 10%(2*¥a”3 + a”2*b)*cosh(x)~3 + (6*a”3 + 4*a~2*%b -
a*b”™2 + b~3)*cosh(x))*sinh(x)"3 + a™3 + 3*a”"2*b + 3*a*b”2 + b3 - 2%(2*a”~3
+ 3*%a"2*b - b~3)*cosh(x)"2 + 2x(14*(a”3 + a~2*b)*cosh(x)"6 - 15%(2*xa"3 + a~
2xb)*cosh(x) "4 - 2*a”~3 - 3*a”2*b + b~3 + 3*(6*a”3 + 4*a”2*b - a*xb”2 + b~3)x*
cosh(x)~2)*sinh(x) "2 + sqrt(2)*(a”2*cosh(x)”~6 + 6*a~2*xcosh(x)*sinh(x)"5 + a
~2%sinh(x) "6 - 3*a"2xcosh(x)~4 + 3*(5xa"2*cosh(x)"2 - a~2)*sinh(x)"4 + 4x(5
*a"2*cosh(x) "3 - 3*a~2xcosh(x))*sinh(x)~3 + (3*a~2 + 2*a*b - b~2)*cosh(x)~2
+ (15%a”2*cosh(x)~4 - 18*a”2*cosh(x)~2 + 3*a”2 + 2%a*b - b~2)*sinh(x)"2 -
a~2 - 2*axb - b72 + 2%(3*a"2*cosh(x)~5 - 6*a"2*cosh(x)”3 + (3*¥a”2 + 2*axb -
b~2) *cosh(x))*sinh(x))*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(
x)72 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 4*x(2x(a”3 + a”
2xb)*cosh(x)~7 - 3*(2xa”~3 + a~2xb)*cosh(x)~5 + (6*a”3 + 4%a”2%b - a*b™2 + b
~3)*cosh(x)~3 - (2*¥a”3 + 3*a”2*b - b~3)*cosh(x))*sinh(x))/(cosh(x)~6 + 6*co
sh(x) “5*sinh(x) + 15*cosh(x)  4*sinh(x)~2 + 20*cosh(x) " 3*sinh(x)~3 + 15%cosh
(x)"2*sinh(x) "4 + 6*cosh(x)*sinh(x)~5 + sinh(x)76)) + 2x((a”3 + 3*a™2*b + 3
*a*xb”2 + b73)*cosh(x)"4 + 4%x(a”3 + 3*a"2*b + 3*a*xb~2 + b~ 3)*cosh(x)*sinh(x)
“3 + (a3 + 3*a"2*b + 3*axb”2 + b"3)*sinh(x)"4 + a~3 + 3*a"2%b + 3*xaxb”2 +
b"3 - 2*x(a”3 + a"2%b - a*b”2 - b"3)*cosh(x)"2 - 2%(a”"3 + a"2*b - a*b”2 - b~
3 - 3%x(a”3 + 3*¥a"2xb + 3*a*b”2 + b~3)*cosh(x)”2)*sinh(x)”"2 + 4%((a”3 + 3*a”
2%b + 3*a*b”2 + b~3)*cosh(x)”3 - (a™3 + a"2*b - a*b”2 - b~3)*cosh(x))*sinh(
x))*sqrt(a)*log(-((2*a + b)*cosh(x)"4 + 4x(2%a + b)*cosh(x)*sinh(x)~3 + (2%
a + b)*sinh(x)"4 - 2*x(2*xa - b)*cosh(x) 2 + 2*x(3*x(2*a + b)*cosh(x)"2 - 2*a +
b)*sinh(x) "2 - 2*sqrt(2)*(cosh(x)”2 + 2xcosh(x)*sinh(x) + sinh(x)"2 - 1)*s
grt(a)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2%
cosh(x)*sinh(x) + sinh(x)~2)) + 4%((2*a + b)*cosh(x)~3 - (2*xa - b)*cosh(x))
*sinh(x) + 2*a + b)/(cosh(x)”4 + 4*cosh(x)*sinh(x)~3 + sinh(x)~4 + 2*(3*cos
h(x)"2 + 1)*sinh(x) "2 + 2*cosh(x)"2 + 4x(cosh(x)~3 + cosh(x))*sinh(x) + 1))
+ ((a”3 + a"2*xb)*cosh(x)"4 + 4*%(a"3 + a~2*b)*cosh(x)*sinh(x)"3 + (2”3 + a~
2*%b)*sinh(x)"4 + a~3 + a™2*%b - 2*¥(a”3 - a"2xb)*cosh(x)”"2 - 2*x(a”3 - a™2*b -
3*(a”3 + a"2*b)*cosh(x)"2)*sinh(x)~2 + 4*((a~3 + a~2*b)*cosh(x)”"3 - (a~3 -
a~2%b) *cosh(x))*sinh(x))*sqrt(a + b)*log(((a + b)*cosh(x)~4 + 4x(a + b)*co
sh(x)*sinh(x)~"3 + (a + b)*sinh(x)"4 + 2*b*cosh(x)"2 + 2%(3*(a + b)*cosh(x)~
2 + b)*sinh(x)”2 + sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)72 + 1)%*
sqrt(a + b)*sqrt(((a + b)*cosh(x)”2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)~2
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- 2*%cosh(x)*sinh(x) + sinh(x)"2)) + 4*x((a + b)*cosh(x)~3 + b*cosh(x))*sinh
(x) + a + b)/(cosh(x)”2 + 2*cosh(x)*sinh(x) + sinh(x)72)) - 4*sqrt(2)*(a~2%
b + a*xb™2 - (a"2%b + a*b”2)*cosh(x)"2 - 2x(a"2*b + a*b~2)*cosh(x)*sinh(x) -

(a”2%b + axb~2)*sinh(x)"2)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a

+ b)/(cosh(x)”"2 - 2xcosh(x)*sinh(x) + sinh(x)~2)))/(a”5 + 3*a"4x*b + 3*a~ 3%
b"2 + a”2*b”3 + (a”5 + 3*a"4xb + 3*a”"3*%b"2 + a"2*b"3)*cosh(x)"4 + 4x(a”5 +
3*¥a~4xb + 3*a~3%b"2 + a"2%b~3)*cosh(x)*sinh(x)~3 + (a”5 + 3*a"4xb + 3*a”3x*b
"2 + a"2*b"3)*sinh(x)"4 - 2*(a”5 + a~4%b - a~3*b"2 - a"2%b"3)*cosh(x)"2 - 2
x(a”b + a”4xb - a”3*%b"2 - a"2*%b"3 - 3x(a”5 + 3*a"4*b + 3*a"3*b"2 + a~2*b~3)
*cosh(x) "2)*sinh(x)~"2 + 4%((a”5 + 3*a"4*b + 3*a~3*b~2 + a~2%b~3)*cosh(x)~3
- (2”5 + a”4%b - a~3*%b"2 - a"2*b"3)*cosh(x))*sinh(x)), 1/4%x(4x((a"3 + 3*a"2
*b + 3*a*b”2 + b~3)*cosh(x)"4 + 4*x(a”3 + 3*a"2%b + 3*a*b”2 + b~3)*cosh(x)*s
inh(x)~3 + (a3 + 3*a™2*b + 3*a*xb”2 + b~3)*sinh(x)"4 + a~3 + 3*a"2%b + 3*ax
b™2 + b73 - 2%(a”3 + a"2*b - a*b”2 - b"3)*cosh(x)”"2 - 2%x(a”3 + a”2*b - axb”
2 - b™3 - 3*(a”3 + 3*a"2%b + 3*a*b”2 + b~3)*cosh(x) 2)*sinh(x) "2 + 4*x((a~3
+ 3*%a”"2*%b + 3*a*xb”2 + b~3)*cosh(x)"3 - (a”3 + a”2*b - a*b”2 - b~3)*cosh(x))
xsinh(x))*sqrt(-a)*arctan(sqrt(2)*(cosh(x) "2 + 2*cosh(x)*sinh(x) + sinh(x)~
2 - 1)x*sqrt(-a)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(
x) 72 - 2xcosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)~4 + 4*x(a + b)*cosh(
x)*sinh(x)"3 + (a + b)*sinh(x)~"4 - 2*x(a - b)*cosh(x)~2 + 2*x(3*(a + b)*cosh(
X)72 - a + b)*sinh(x)"2 + 4*x((a + b)*cosh(x)”3 - (a - b)*cosh(x))*sinh(x) +

a+ b)) + ((a”3 + a~2%b)*cosh(x)"4 + 4*x(a”~3 + a~2*b)*cosh(x)*sinh(x)~3 + (
a3 + a”"2*b)*sinh(x)"4 + a~3 + a"2*%b - 2*(a”3 - a~2*b)*cosh(x)"2 - 2*x(a”~3 -

a"2*%b - 3*(a”3 + a"2xb)*cosh(x) "2)*sinh(x)”"2 + 4x((a”3 + a~2*b)*cosh(x)~3
- (2”3 - a"2xb)*cosh(x))*sinh(x))*sqrt(a + b)*log(-((a~3 + a~2*b)*cosh(x)~8

+ 8%(a”3 + a"2*b)*cosh(x)*sinh(x)~7 + (a”3 + a~2%b)*sinh(x)~8 - 2x(2*xa”~3 +

a~2*b)*cosh(x)"6 - 2%x(2*¥a”3 + a”2*b - 14*(a~3 + a~2*b)*cosh(x) "2)*sinh(x)”~
6 + 4%(14*(a"3 + a"2*b)*cosh(x)"3 - 3*(2*a"3 + a~2*b)*cosh(x))*sinh(x)"5 +

(6*xa”3 + 4xa”2*b - a*b”2 + b~3)*cosh(x)"4 + (70%x(a”3 + a~2*b)*cosh(x)"4 + 6
*a”3 + 4*a”2*%b - a*b”2 + b~3 - 30*%(2*¥a”3 + a”2xb)*cosh(x)"2)*sinh(x)~4 + 4%
(14%(a”3 + a~2*b)*cosh(x)"5 - 10*(2*¥a”3 + a”2*b)*cosh(x)~3 + (6*a”3 + 4*a”2
*b - a*b”2 + b~3)*cosh(x))*sinh(x)~3 + a~3 + 3*a"2xb + 3*a*b”2 + b~3 - 2x(2
*a"3 + 3*%a”"2*b - b~3)*cosh(x)"2 + 2*%(14*x(a"3 + a~2*b)*cosh(x)"6 - 15%x(2*a”3

+ a”2*b)*cosh(x)"4 - 2%a~3 - 3*a”2*b + b~3 + 3*x(6%a~3 + 4*a”2*b - a*b”2 +
b~3)*cosh(x) "2)*sinh(x) "2 + sqrt(2)*(a"2*cosh(x) 6 + 6*a~2*cosh(x)*sinh(x)~
5 + a"2*sinh(x)~6 - 3*a~2xcosh(x)~4 + 3*(5xa"2*cosh(x)"2 - a"2)*sinh(x)"4 +

4*(5xa~2*xcosh(x)~3 - 3*a”2*cosh(x))*sinh(x)~3 + (3*a”2 + 2*a*b - b~2)*cosh

(x)72 + (15*%a"2*cosh(x)”4 - 18*a"2*cosh(x)"2 + 3*a”"2 + 2*axb - b~2)*sinh(x)
"2 - a2 - 2*%axb - b72 + 2%(3*a"2*cosh(x)”"5 - 6*xa~2*cosh(x)”3 + (3*a"2 + 2x
a*b - b~2)*cosh(x))*sinh(x))*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*
sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)72)) + 4*x(2x(a~3

+ a”2*b)*cosh(x)~7 - 3*%(2*¥a”3 + a”2*b)*cosh(x)~5 + (6*a”3 + 4*a”2*b - axb”
2 + b"3)*cosh(x)”"3 - (2*xa~3 + 3*a"2*b - b~3)*cosh(x))*sinh(x))/(cosh(x)"6 +

6*cosh(x) "5*sinh(x) + 15%cosh(x) "4*sinh(x)~2 + 20*cosh(x) "3*sinh(x)~3 + 15
*cosh(x) "2*sinh(x) "4 + 6*cosh(x)*sinh(x)”5 + sinh(x)76)) + ((a”3 + a~2*b)x*c
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osh(x)"4 + 4*x(a”"3 + a~2*b)*cosh(x)*sinh(x)”"3 + (a”3 + a"2*b)*sinh(x)"4 + a~
3 + a"2xb - 2x(a”3 - a"2*b)*cosh(x)”"2 - 2*x(a”3 - a~2*b - 3*(a”3 + a~2*b)*co
sh(x)~"2)*sinh(x)~2 + 4x((a”3 + a~2*b)*cosh(x)~3 - (a”3 - a"2*b)*cosh(x))*si
nh(x))*sqrt(a + b)*log(((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)~3 + (
a + b)*sinh(x)~4 + 2*xbxcosh(x)~2 + 2*(3*(a + b)*cosh(x)"2 + b)*sinh(x)"2 +
sqrt(2)*(cosh(x) "2 + 2*cosh(x)*sinh(x) + sinh(x)~2 + 1)*sqrt(a + b)*sqrt(((
a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x
) + sinh(x)"2)) + 4x((a + b)*cosh(x)”3 + b*cosh(x))*sinh(x) + a + b)/(cosh(
X)72 + 2xcosh(x)*sinh(x) + sinh(x)~2)) - 4*sqrt(2)*(a”2*b + a*xb™2 - (a”2*b
+ a*b”2)*cosh(x)"2 - 2*x(a”2*b + a*b~2)*cosh(x)*sinh(x) - (a"2*b + a*xb~2)*si
nh(x)~2)*sqrt(((a + b)*cosh(x)”"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 -
2*¥cosh(x)*sinh(x) + sinh(x)72)))/(a"5 + 3*a~4*b + 3*a~3*b"2 + a"2*b"3 + (a~
5 + 3*%a”4%b + 3*a”3*b"2 + a"2*b~3)*cosh(x)”"4 + 4x(a”5 + 3*a"4xb + 3*%a~3%b"2
+ a”2*b~3) *cosh(x)*sinh(x)~3 + (a5 + 3*a"4*b + 3*a~3*b”"2 + a~2%b~3)*sinh(
xX)74 - 2x(a”h + a"4*b - a”3*b"2 - a"2xb"3)*cosh(x)"2 - 2*x(a”5 + a”4%b - a”3
*b72 - a"2*b”3 - 3*(a”5 + 3*a"4xb + 3*a"3*b"2 + a~2xb~3)*cosh(x) "2)*sinh(x)
"2 + 4x((a”hb + 3*a”4*b + 3*a"3*b”2 + a"2*b”"3)*cosh(x)"3 - (a”5 + a"4*b - a”
3*b"2 - a"2*b"3)*cosh(x))*sinh(x)), -1/2*x(((a”3 + a~2*b)*cosh(x)”"4 + 4*x(a"3
+ a”2*b)*cosh(x)*sinh(x)~3 + (a3 + a"2*b)*sinh(x)74 + a3 + a~2*b - 2x(a”
3 - a"2*b)*cosh(x)"2 - 2%(a”™3 - a™2*b - 3*(a~3 + a~2*b)*cosh(x) "2)*sinh(x)”~
2 + 4x((a”3 + a"2xb)*cosh(x)~3 - (2”3 - a”"2xb)*cosh(x))*sinh(x))*sqrt(-a -
b)*arctan(sqrt(2)*(a*cosh(x) "2 + 2%a*cosh(x)*sinh(x) + a*sinh(x)"2 - a - b)
xsqrt(-a - b)*sqrt(((a + b)*cosh(x)”"2 + (a + b)*sinh(x)”2 - a + b)/(cosh(x)
~2 - 2*xcosh(x)*sinh(x) + sinh(x)72))/((a"2 + a*b)*cosh(x)”4 + 4x(a”~2 + axb)
*cosh(x)*sinh(x)~3 + (a”2 + a*b)*sinh(x)"4 - (2*a~2 + a*b - b~2)*cosh(x)"2
+ (6%(a”2 + axb)*cosh(x)”2 - 2*a”™2 - a*b + b72)*sinh(x)"2 + a2 + 2*axb + Db
~2 + 2%(2%(a”2 + axb)*cosh(x)"3 - (2*a”2 + a*b - b~2)*cosh(x))*sinh(x))) +
((a™3 + a"2*b)*cosh(x)"4 + 4x(a~3 + a~2*b)*cosh(x)*sinh(x)"3 + (a"3 + a"2*b
)*¥sinh(x)"4 + a”3 + a™2*b - 2*(a”3 - a~2*b)*cosh(x)"2 - 2x(a™3 - a™2*%b - 3x*
(a”3 + a"2#b)*cosh(x)~2)*sinh(x)"2 + 4*((a”3 + a~2*b)*cosh(x)"3 - (a”3 - a~
2*b)*cosh(x))*sinh(x))*sqrt(-a - b)*arctan(sqrt(2)*(cosh(x)~2 + 2*cosh(x)*s
inh(x) + sinh(x)72 + 1)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)”"2 + (a + b)*sinh
(x)72 - a + b)/(cosh(x)"2 - 2*xcosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x
)74 + 4x(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)~4 - 2x(a - b)*cosh(x)"2
+ 2*%(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)~2 + 4x((a + b)*cosh(x)"3 - (a -
b)*cosh(x))*sinh(x) + a + b)) - ((a”3 + 3*a"2%b + 3*a*b”™2 + b~3)*cosh(x)"4
+ 4x(a”3 + 3*a"2xb + 3*a*b”2 + b~3)*cosh(x)*sinh(x)~3 + (a”3 + 3*a~2xb + 3%
a*b”™2 + b~3)*sinh(x)"4 + a”3 + 3*a”2xb + 3*a*b”2 + b”3 - 2*x(a”3 + a”2*b - a
*b~2 - b~3)*cosh(x)72 - 2x(a”3 + a™2%b - a*b”™2 - b~3 - 3*(a”"3 + 3*xa"2*b + 3
*axb”2 + b~3)*cosh(x)"2)*sinh(x)~2 + 4x((a”3 + 3*a"2*b + 3*a*b~2 + b~3)*cos
h(x)"3 - (a3 + a™2*%b - a*b™2 - b~3)*cosh(x))*sinh(x))*sqrt(a)*log(-((2*a +
b)*cosh(x)~4 + 4%(2*a + b)*cosh(x)*sinh(x)~3 + (2*a + b)*sinh(x)~4 - 2*(2%
a - b)*cosh(x)7"2 + 2x(3x(2%a + b)*cosh(x)”2 - 2%a + b)*sinh(x)"2 - 2*sqrt(2
)*(cosh(x)”2 + 2xcosh(x)*sinh(x) + sinh(x)~2 - 1)xsqrt(a)*sqrt(((a + b)*cos
h(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x
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)72)) + 4x((2*%a + b)*cosh(x)"3 - (2*¥a - b)*cosh(x))*sinh(x) + 2*a + b)/(cos
h(x)"4 + 4xcosh(x)*sinh(x)~3 + sinh(x)~4 + 2%(3*cosh(x)”2 + 1)*sinh(x)"2 +
2xcosh(x) "2 + 4x(cosh(x)~3 + cosh(x))*sinh(x) + 1)) + 2*sqrt(2)*(a”2xb + ax
b~2 - (a"2xb + a*b”2)*cosh(x)”2 - 2*x(a”2%b + a*b~2)*cosh(x)*sinh(x) - (a™2%
b + a*b”2)*sinh(x)~2)*sqrt(((a + b)*cosh(x)”"2 + (a + b)*sinh(x)"2 - a + b)/
(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2)))/(a"5 + 3*a~4xb + 3*a~3*b"2 +
a~2*%b~3 + (2”5 + 3*a~4*xb + 3*a~3*b”2 + a"2xb”"3)*cosh(x) "4 + 4x(a”5 + 3*ka~4x
b + 3*%a”3*b”2 + a"2xb"3)*cosh(x)*sinh(x)~3 + (a”5 + 3*a"4xb + 3*a~3%b"2 + a
“2%b~3)*sinh(x) "4 - 2x(a”5 + a"4*b - a”3*b"2 - a"2*b"3)*cosh(x)"2 - 2*x(a”5
+ a”4*xb - a"3*b"2 - a”2%b"3 - 3*(a”5 + 3*xa~4xb + 3*a"3*b”2 + a~2*xb~3)*cosh(
x)"2)*sinh(x)"2 + 4*%((a”5 + 3*a~4*xb + 3*a~3*%b"2 + a"2*b”"3)*cosh(x)"3 - (a”5
+ a”4*b - a"3*b"2 - a~2%b"3)*cosh(x))*sinh(x)), 1/2*(2%((a"3 + 3*a"2*b + 3
*a*xb~2 + b~3)*cosh(x)"4 + 4x(a”3 + 3*a"2*b + 3*a*xb”2 + b~3)*cosh(x)*sinh(x)
"3 + (a3 + 3*xa"2*b + 3*axb”2 + b~3)*sinh(x)”"4 + a~3 + 3*a”2%b + 3*axb”2 +
b™3 - 2*x(a”3 + a"2*«b - a*b”2 - b"3)*cosh(x)"2 - 2%(a"3 + a"2*b - axb”2 - b~
3 - 3*(a”3 + 3*a"2xb + 3*a*b”2 + b~3)*cosh(x)"2)*sinh(x) "2 + 4*x((a”~3 + 3*a~
2%b + 3*a*xb”2 + b"3)*cosh(x)"3 - (a™3 + a™2*b - a*b”2 - b~3)*cosh(x))*sinh(
x))*sqrt(-a)*arctan(sqrt(2) *(cosh(x) "2 + 2*cosh(x)*sinh(x) + sinh(x)"2 - 1)
*xsqrt (-a)*sqrt (((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 -
2*cosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)~4 + 4x(a + b)*cosh(x)*sin
h(x)"3 + (a + b)*sinh(x)"4 - 2*(a - b)*cosh(x)"2 + 2*(3*(a + b)*cosh(x)"2 -
a + b)*sinh(x)”"2 + 4%((a + b)*cosh(x)"3 - (a - b)*cosh(x))*sinh(x) + a + b
)) - ((a”3 + a”2*b)*cosh(x)"4 + 4%(a”3 + a~2*b)*cosh(x)*sinh(x)"3 + (a3 +
a~2%b)*sinh(x)”"4 + a~3 + a”2%b - 2*%(a”3 - a"2*b)*cosh(x)"2 - 2%(a”3 - a"2*b
- 3*%(a”3 + a"2*b)*cosh(x)"2)*sinh(x)~2 + 4x((a~3 + a~2*b)*cosh(x)"3 - (a~3
- a”2*b)*cosh(x))*sinh(x))*sqrt(-a - b)*arctan(sqrt(2)*(axcosh(x)~2 + 2*ax
cosh(x)*sinh(x) + a*sinh(x)7"2 - a - b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)~2
+ (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2))/
((a™2 + ax*b)*cosh(x)"4 + 4%x(a”"2 + ax*b)*cosh(x)*sinh(x)”"3 + (a”2 + a*b)*sinh
(x)74 - (2*%a”2 + a*b - b™2)*xcosh(x)"2 + (6%(a”2 + axb)*cosh(x)"2 - 2*a”2 -
axb + b"2)*sinh(x)72 + a”2 + 2*a*b + b72 + 2*x(2x(a”2 + a*b)*cosh(x)”"3 - (2%
a2 + a*xb - b"2)*cosh(x))*sinh(x))) - ((a”3 + a~2xb)*cosh(x)"4 + 4*x(a"3 + a
~2%b) *cosh(x)*sinh(x)~3 + (a”3 + a”2*b)*sinh(x)"4 + a~3 + a™2*«b - 2*x(a"3 -
a~2*xb)*cosh(x)"2 - 2%(a”3 - a"2%b - 3%(a”3 + a~2*b)*cosh(x)~2)*sinh(x)"2 +
4% ((a”™3 + a”2xb)*cosh(x)”3 - (a”3 - a”2xb)*cosh(x))*sinh(x))*sqrt(-a - b)*a
rctan(sqrt(2)*(cosh(x) "2 + 2*xcosh(x)*sinh(x) + sinh(x)~2 + 1)*sqrt(-a - b)*
sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)”"2 - a + b)/(cosh(x)"2 - 2xcosh(x)
*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)"4 + 4*x(a + b)*cosh(x)*sinh(x)~3 + (
a + b)*sinh(x)"4 - 2*(a - b)*cosh(x)"2 + 2*(3*(a + b)*cosh(x)"2 - a + b)*si
nh(x)~2 + 4%((a + b)*cosh(x)"3 - (a - b)*cosh(x))*sinh(x) + a + b)) - 2*sqr
t(2)*(a"2xb + a*b”2 - (a”2*b + a*b"2)*cosh(x)"2 - 2*(a"2*b + a*b~2)*cosh(x)
xsinh(x) - (a”2*b + a*b~2)*sinh(x)~2)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sin
h(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)))/(a"5 + 3*a~4x*
b + 3*a”3*b”2 + a”2*xb”3 + (a”5 + 3*xa"4xb + 3*xa”3%b"2 + a~2%b~3)*cosh(x)"4 +
4% (a”b + 3*a~4%b + 3*a”~3*b"2 + a~2*b~3)*cosh(x)*sinh(x)~3 + (a5 + 3*a~4x*b
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+ 3%a"3%b"2 + a"2%b"3)*sinh(x)"4 - 2%(a”5 + a"4xb - a~3*%b"2 - a"2*xb~3)*cos
h(x)"2 - 2x(a”5 + a"4%b - a"3*b"2 - a~2*b"3 - 3*x(a”™5 + 3*a~4*b + 3*a~3*%b"2
+ a”2*b”3)*cosh(x)"2)*sinh(x) "2 + 4*x((a”5 + 3*a~4%*b + 3*a~3*b™2 + a~2*xb~3)x*
cosh(x)~3 - (a”b + a™4*b - a™3*b"2 - a~2%b~3)*cosh(x))*sinh(x))]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(at+b*coth(x)~2)~(3/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(t_n
ostep-1)]Error: Bad Argument Type

maple [F] time = 0.46, size = 0, normalized size = 0.00

tanh(x) i

w

(a+b(coth?(x)))?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)/(a+b*coth(x)~2)~(3/2),x)
[Out] int(tanh(x)/(a+b*coth(x)~2)~(3/2),x)
maxima [F] time = 0.00, size = 0, normalized size = 0.00

tanh(x)

dx

W

(b coth(x)? + a) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(atb*coth(x)~2)7(3/2),x, algorithm="maxima"
[Out] integrate(tanh(x)/(b*coth(x)~2 + a)~(3/2), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f tanh(x) i
(b co’ch(x)2 + a)3/2

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(tanh(x)/(a + bxcoth(x)~2)"(3/2),x)
[Out] int(tanh(x)/(a + b*coth(x)~2)"(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

tanh (x)

dx

W

(a+ beoth? (x))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(atb*coth(x)**2)**(3/2),x)

[Out] Integral(tanh(x)/(a + b*coth(x)**2)**(3/2), x)
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2
tanh”(x)
3.42 55 dx
(a+b coth®(x))
Optimal. Leaf size=85
tanh_l Va+b coth(x)
(a + 2b) tanh(x)y/a + b coth?(x) Jotbeoth(x) b tanh(x)

4 +
a*(a +D) (a +b)*2 aa + b)m

[Out] arctanh(coth(x)*(a+b)~(1/2)/(a+b*coth(x)"2)~(1/2))/(a+b) "~ (3/2)+b*tanh(x)/a/
(a+b) /(atb*coth(x)~2) " (1/2)-(a+2*b) * (atb*coth(x) ~2) ~(1/2)*tanh(x)/a~2/ (a+b)

Rubi[A] time =0.16, antiderivative size = 85, normalized size of antiderivative = 1.00,
. . ber of rul
number of steps used = 6, number of rules used = 6, integrand size = 17, "> —

integrand size
0.353, Rules used = {3670, 472, 583, 12, 377, 206}

- Va+b coth(x)
tanh ! —
(a+2b)tanh(x)y/a + b coth?(x) [,/Hbcothz(x) ) btanh(x)

+ +
a%(a + ) (a +b)*2 aa + b)m

Antiderivative was successfully verified.

[In] Int[Tanh[x]~2/(a + b*Coth[x]~2)~(3/2),x]

[Out] ArcTanh[(Sqrt[a + b]*Coth[x])/Sqrtla + b*Coth[x]~2]]1/(a + b)~(3/2) + (b*Tan
h[x])/(ax(a + b)*Sqrt[a + b*Coth[x]~2]) - ((a + 2*b)*Sqrt[a + b*Coth[x]~2]*
Tanh([x])/(a"2*(a + b))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 || LtQ[b, 01)

Rule 377

Int[((a_) + (b_)*x(x_)"(m_ D))" (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, Db
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, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 472

Int[((e_)*(x_))"(m_.)*((a_) + (b_)*(x_)"(_)) " (p_)*((c_) + (d_.)*(x_)"(n_
))~(q_), x_Symbol] :> -Simp[(b*(exx)~(m + 1)*(a + b*x"n)~(p + 1)*(c + d*x"n
)7(q + 1)) /(axe*n*x(bxc - axd)*(p + 1)), x] + Dist[1/(a*n*x(b*xc - a*d)*(p + 1
)), Int[(exx)™m*x(a + b*x™n) " (p + 1)*(c + d*x"n) g*Simp[cxb*(m + 1) + n*(b*c
- axd)*x(p + 1) + dxb*(m + nx(p + q + 2) + L)*x"n, x], x], x] /; FreeQ[{a,
b, c, d, e, m, q}, x] & NeQ[b*c - axd, 0] && IGtQ[n, 0] && LtQ[p, -1] && I
ntBinomialQ[a, b, ¢, d, e, m, n, p, q, xJ

Rule 583

Int [((g_)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_)) " (p_.)*((c_) + (d_.)*(x_)"(n_
)7 (q_)*((e) + (£_)*x(x_)"(n_)), x_Symbol] :> Simp[(ex(g*x)~(m + 1)x(a +
b*x™n) ~(p + 1)*(c + d*x"n)"(q + 1))/(a*xc*xgx(m + 1)), x] + Dist[1/(a*xcxg™nx*(
m+ 1)), Int[(g*x)~(m + n)*(a + b*x"n) p*(c + d*x"n) g*Simp[a*xf*c*(m + 1) -
ex(b*c + axd)*(m + n + 1) - exn*x(b*c*p + axd*q) - b*exd*(m + n*x(p + q + 2)
+ 1)*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g, p, 9t, x] && IGtQ[n, O
] && LtQ[m, -1]

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)]1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +

(f_I)*x(x 01D~ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
£ 2xx72), x], x, (cxTanl[e + f*xx])/ff]l, x]1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, p}, x] & (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] &% Ration
alQ[nl))

Rubi steps
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tanh?
f ( anh’(x) 3 dx = Subst f

) 3 dx, x, coth(x)
a + b coth’(x))

x2 (1 - x2) (a + bxz)

2
b tanh(x) Subs (f (1) Varh x, x, coth(x)

a(a + b)ya + beoth?(x) a(a+b)
b tanh(x) B (a+ Zb)\/&Tothz(x) tanh(x) N Subst (f (1_x2)a\/;
aa + )y + beoth?(x) 2(a+D) per
1
b tanh(x) B (a+ 2b)m tanh(x) Subst (f (122) Var

- +
2
a(a + b)\Ja + b coth(x) a*(a +b) a+

1
Subst| | ———
b tanh(x) (a + 2b)y/a + b coth?(x) tanh(x) (f T=(@+b)?

= +
2
a(a + b)Ja + b coth?(x) a*(a+b) a-

t -1 [ Va+b coth(x) )
anh | —= 5
B \Ja+bcoth?(x) . b tanh(x) (a + 2b)4/a + b coth”(x) tanh
- 3/2 - 2
(a+0) a(a + b)rja + bcothz(x) a(a +b)

Mathematica [A] time = 6.01, size = 149, normalized size = 1.75

i - V2 Va+b cosh(x)
1 \/ h2 b h(2 , 2 Smh(X) tanh 1 (\/(a-l—b) CZSh(Zx)_a+b ) \/5 tanh(x) ((az +2ab + 2b2) (
5 csch”(x)((a + b) cosh(2x) —a + b) (a + b)3/2\/(a + b)cosh(2x) —a+1b - 22(a + b)((a + b) cosh(

Warning: Unable to verify antiderivative.

[In] Integrate[Tanh[x]~2/(a + b*Coth[x]~2)~(3/2),x]

[Out] (Sqgrt[(-a + b + (a + b)*Cosh[2+*x])*Csch[x] 2] *((2*ArcTanh[(Sqrt[2]*Sqrt[a +
bl*Cosh([x])/Sqrt[-a + b + (a + b)*Cosh[2*x]]]*Sinh[x])/((a + b)~(3/2)*Sqrt

[-a + b + (a + b)*Cosh[2*x]]) - (Sqrt[2]*(-a"2 + 2xb~2 + (2”2 + 2%a*b + 2xb
~2)*Cosh[2*x])*Tanh[x])/(a"2%(a + b)*(-a + b + (a + b)*Cosh[2*x]))))/2
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fricas [B] time = 0.82, size = 3931, normalized size = 46.25

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)~2/(atb*coth(x)~2)~(3/2),x, algorithm="fricas")

[Out] [1/4*(((a~3 + a~2*b)*cosh(x)”6 + 6*(a~3 + a~2xb)*cosh(x)*sinh(x)"5 + (a~3 +
a”~2*b)*sinh(x)”"6 - (a”3 - 3*a"2*b)*cosh(x)"4 - (a”3 - 3*a"2*b - 15%(a”3 +
a~2xb) *cosh(x) "2)*sinh(x)"4 + 4*(5%(a”"3 + a"2*b)*cosh(x)"3 - (a"3 - 3*a"2*b
)*cosh(x))*sinh(x)~3 + a”3 + a™2%b - (a~3 - 3*a"2*b)*cosh(x)”2 + (15%x(a~3 +
a~2*b)*cosh(x)"4 - a~3 + 3*%a"2*b - 6*x(a”3 - 3*a~2xb)*cosh(x) ~2)*sinh(x) "2
+ 2% (3*(a”3 + a~2xb)*cosh(x)”5 - 2*(a~3 - 3*a~2xb)*cosh(x)”"3 - (a”3 - 3*a~2
*xb)*cosh(x))*sinh(x))*sqrt(a + b)*log(((a*b”2 + b~3)*cosh(x)~8 + 8*(a*b”™2 +
b~3)*cosh(x)*sinh(x) "7 + (a*b”2 + b~3)*sinh(x)~8 + 2*x(a*b~2 + 2*b~3)*cosh(
X)76 + 2x(axb”2 + 2%b~3 + 14*x(a*b”2 + b~3)*cosh(x) "2)*sinh(x)~6 + 4x(14x*(a*
b"2 + b~3)*cosh(x)~3 + 3*(a*b™2 + 2*b~3)*cosh(x))*sinh(x)”"5 + (a~3 - a~2%b
+ 4xaxb”2 + 6%b~3)*cosh(x)”4 + (70*(a*b”2 + b~3)*cosh(x)"4 + a~3 - a”2*b +
4%a*xb~2 + 6%b~3 + 30*(a*b”2 + 2xb~3)*cosh(x)"2)*sinh(x) "4 + 4*(14*(axb”™2 +
b~3)*cosh(x)”5 + 10*x(a*b”™2 + 2%b~3)*cosh(x)~3 + (a”3 - a™2xb + 4*a*xb™2 + 6%
b~3)*cosh(x))*sinh(x)~"3 + a”3 + 3*a”~2*b + 3*a*b”™2 + b~3 - 2%(a”"3 - 3*axb”2
- 2xb~3)*cosh(x) "2 + 2% (14x(a*b™2 + b~3)*cosh(x)"6 + 15x(a*b”2 + 2*b~3)*cos
h(x)74 - a”3 + 3*a*xb”2 + 2*%b~3 + 3*(a”3 - a™2xb + 4*a*b”2 + 6*b~3)*cosh(x)”
2)*sinh(x) "2 + sqrt(2)*(b~2*cosh(x)~6 + 6*%b~2*cosh(x)*sinh(x)~5 + b~ 2*sinh(
X)76 + 3*b"2xcosh(x) "4 + 3*(5xb"2*cosh(x)"2 + b~2)*sinh(x)~4 + 4*x(5%b~2*cos
h(x)~3 + 3*b~2*cosh(x))*sinh(x)~3 - (a”2 - 2*a*b - 3*b"2)*cosh(x)"2 + (15%b
“2xcosh(x) "4 + 18*b~2*cosh(x)”2 - a”2 + 2*a*b + 3*b72)*sinh(x)"2 + a~2 + 2x
axb + b72 + 2x(3*b~2*cosh(x)~5 + 6%b~2xcosh(x)~3 - (a”2 - 2%axb - 3*b~2)*co
sh(x))*sinh(x))*sqrt(a + b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a
+ b)/(cosh(x)"2 - 2xcosh(x)*sinh(x) + sinh(x)72)) + 4*(2*x(a*b”™2 + b~3)*cos
h(x)~7 + 3*(a*b™2 + 2*b~3)*cosh(x)”"5 + (a3 - a"2*b + 4*axb”2 + 6%b~3)*cosh
(x)73 - (a3 - 3*a*b”2 - 2%b~3)*cosh(x))*sinh(x))/(cosh(x)"6 + 6xcosh(x) 5%
sinh(x) + 15%cosh(x) "4*sinh(x)~2 + 20*cosh(x) " 3*sinh(x)~3 + 15*cosh(x) "2x*si
nh(x)~4 + 6xcosh(x)*sinh(x)”5 + sinh(x)76)) + ((a"3 + a"2*b)*cosh(x)"6 + 6%
(a”3 + a"2#b)*cosh(x)*sinh(x)"5 + (a3 + a”2*b)*sinh(x)"6 - (a3 - 3*a~2x*b)
*cosh(x)"™4 - (a”3 - 3*a”2%b - 15%(a”3 + a"2*b)*cosh(x)"2)*sinh(x) "4 + 4*x(5x%
(a3 + a"2*b)*cosh(x)"3 - (a™3 - 3*a”2xb)*cosh(x))*sinh(x)~3 + a~3 + a~2*b
- (a3 - 3*a”"2*b)*cosh(x)"2 + (15*%(a”3 + a"2*b)*cosh(x)”4 - a3 + 3*a"2xb -
6*%(a”3 - 3*a~2*b)*cosh(x)~2)*sinh(x)~2 + 2*x(3*x(a”3 + a~2*b)*cosh(x)”"5 - 2x
(a™3 - 3*a”2#b)*cosh(x)"3 - (a”3 - 3*a”2xb)*cosh(x))*sinh(x))*sqrt(a + b)*1
og(-((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)"4 -
2*¥axcosh(x) "2 + 2x(3x(a + b)*cosh(x)~2 - a)*sinh(x)~2 + sqrt(2)*(cosh(x)~2
+ 2%cosh(x)*sinh(x) + sinh(x)~2 - 1)*sqrt(a + b)*sqrt(((a + b)*cosh(x)~2 +
(a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2)) + 4
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*((a + b)*cosh(x)"3 - axcosh(x))*sinh(x) + a + b)/(cosh(x)"2 + 2*cosh(x)*si
nh(x) + sinh(x)~2)) - 4xsqrt(2)*((a”3 + 3*a™2%b + 4*axb~2 + 2xb~3)*cosh(x)”
4 + 4x(a”3 + 3*a"2xb + 4*xa*b”2 + 2*xb~3)*cosh(x)*sinh(x)~3 + (2”3 + 3*xa~2*b
+ 4xaxb”2 + 2%b~3)*sinh(x)"4 + a3 + 3*¥a"2xb + 4*axb”2 + 2*b~3 - 2x(a”3 + a
“2xb - 2%axb”2 - 2*b~3)*cosh(x)”2 - 2x(a”3 + a"2%b - 2*a*b”2 - 2*xb”3 - 3x(a
3 + 3*a”2%b + 4*xaxb”2 + 2xb~3)*cosh(x)"2)*sinh(x)"2 + 4*x((a”3 + 3*a”2*b +
4xa*xb”2 + 2x¥b~3)*cosh(x)”3 - (a”3 + a~2xb - 2*a*xb™2 - 2*xb~3)*cosh(x))*sinh(
x))*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)~2 - 2xcos
h(x)*sinh(x) + sinh(x)72)))/((a”5 + 3*a"4xb + 3*a”3*b”2 + a~2xb~3)*cosh(x)"~
6 + 6%(a”b + 3*a~4*xb + 3*%a~3%b"2 + a"2*b”~3)*cosh(x)*sinh(x)”5 + (a~5 + 3*a”
4%b + 3*a”3*b”2 + a"2*xb”3)*sinh(x)”"6 + a~5 + 3*a”"4xb + 3*a"3*b”2 + a~2*b”3
- (2”5 - a”4xb - b*a"3*%b"2 - 3*xa"2*xb"3)*cosh(x)"4 - (2”5 - a"4xb - bxa~3*xb~
2 - 3*%a"2*%b"3 - 15%(a”5 + 3%a"4*b + 3*a”"3*b"2 + a~2xb~3)*cosh(x) "2)*sinh(x)
4 + 4x(5x(a”h + 3*a”4%b + 3*a”3*b"2 + a"2*b”3)*cosh(x)”"3 - (a”5 - a”4xb -
5%¥a~3%b"2 - 3*a"2*b~3)*cosh(x))*sinh(x)~3 - (a”5 - a”4*b - 5*a”~3*b”"2 - 3*a”
2%b~3)*cosh(x)"2 - (a5 - a"4*xb - 5*a~3%b"2 - 3*a"2%b"3 - 15%(a~5 + 3*xa~4x*b
+ 3*%a"3*b"2 + a”"2%b"3)*cosh(x)"4 + 6x(a”5 - a~4*b - 5*xa~3*b"2 - 3*a~2xb”3)
*cosh(x) "2)*sinh(x) "2 + 2x(3*(a”5 + 3*a~4*b + 3*a~3*b”"2 + a~2*b~3)*cosh(x)”
5 - 2%(a”b - a"4*b - 5xa~3%b"2 - 3*a"2*b”~3)*cosh(x)"3 - (a”b - a"4*b - 5xa”
3*xb"2 - 3%a"2%b"3)*cosh(x))*sinh(x)), -1/2%x(((a"3 + a"2*b)*cosh(x)"6 + 6%x(a
~3 + a”2*b)*cosh(x)*sinh(x)"5 + (a™3 + a"2*b)*sinh(x)"6 - (a”3 - 3*a~2*b)*c
osh(x)"4 - (a”3 - 3*a"2xb - 15%(a”3 + a”"2*b)*cosh(x)"2)*sinh(x) "4 + 4*x(5*(a
~3 + a"2*b)*cosh(x)"3 - (a”3 - 3*a”2*b)*cosh(x))*sinh(x)"3 + a”3 + a"2*b -
(a”3 - 3*a"2xb)*cosh(x)~2 + (15*%(a”3 + a~2*b)*cosh(x)"4 - a~3 + 3*a"2*b - 6
*(a”~3 - 3*a"2*b)*cosh(x) 2)*sinh(x) "2 + 2*(3*(a~3 + a~2*b)*cosh(x)”5 - 2x(a
73 - 3%a”2xb)*cosh(x)”3 - (a”3 - 3*a”2*b)*cosh(x))*sinh(x))*sqrt(-a - b)*ar
ctan(sqrt (2) *(b*cosh(x) "2 + 2xb*cosh(x)*sinh(x) + b*sinh(x)~2 + a + b)*sqrt
(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 -
2*%cosh(x)*sinh(x) + sinh(x)~2))/((a*b + b"2)*cosh(x)"4 + 4x(axb + b~2)*cosh
(x)*sinh(x)~"3 + (a*b + b™2)*sinh(x)"4 - (a"2 - axb - 2*b"2)*cosh(x)"2 + (6%
(a*b + b™2)*cosh(x)7"2 - a”2 + a*b + 2%¥b~2)*sinh(x)”"2 + a~2 + 2%a*xb + b™2 +
2% (2*(a*xb + b"2)*cosh(x)"3 - (a”2 - a*b - 2*b"2)*cosh(x))*sinh(x))) + ((a~3
+ a"2*b)*cosh(x)"6 + 6*%(a”3 + a"2*b)*cosh(x)*sinh(x)"5 + (a”3 + a~2*b)*sin
h(x)"6 - (a™3 - 3*a"2xb)*cosh(x)"4 - (a”3 - 3*a"2*b - 15*%(a~3 + a~2%*b)*cosh
(x)72)*sinh(x) "4 + 4*x(5%(a~3 + a~2%b)*cosh(x)”"3 - (a~3 - 3*a"2xb)*cosh(x))*
sinh(x)~3 + a”3 + a"2xb - (a3 - 3*a”2*b)*cosh(x)"2 + (15*%(a”3 + a~2*b)*cos
h(x)"4 - a~3 + 3*a™2*b - 6*x(a”3 - 3*a~2%b)*cosh(x) "2)*sinh(x)"2 + 2*(3*(a"3
+ a"2*b)*cosh(x)~5 - 2%(a”"3 - 3*a"2*b)*cosh(x)”3 - (a”3 - 3*a”~2*b)*cosh(x)
)*sinh(x))*sqrt(-a - b)*arctan(sqrt(2)*(cosh(x)”2 + 2*cosh(x)*sinh(x) + sin
h(x)72 - 1)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)72 - a +
b)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)"4 + 4x(a +
b)*cosh(x)*sinh(x)~"3 + (a + b)*sinh(x)74 - 2*(a - b)*cosh(x)"2 + 2*(3*(a +
b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4x((a + b)*cosh(x)”"3 - (a - b)*cosh(x))*
sinh(x) + a + b)) + 2*sqrt(2)*((a”3 + 3*a”2*b + 4*a*xb”2 + 2%b~3)*cosh(x) "4
+ 4x(a”3 + 3*a"2xb + 4*a*b”2 + 2*b~3)*cosh(x)*sinh(x)~3 + (2”3 + 3*a"2*b +
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4xa*xb"2 + 2x¥b~3)*sinh(x) "4 + a~3 + 3*a”2%b + 4*a*xb”2 + 2*%b"3 - 2*x(a”3 + a”2
*b - 2%a*xb”2 - 2*xb"3)*cosh(x)”2 - 2%(a”3 + a"2*xb - 2*xa*xb~2 - 2%b"3 - 3*(a”3
+ 3%a"2*b + 4*axb”2 + 2*¥b~3)*cosh(x)"2)*sinh(x)~2 + 4*x((a”3 + 3*a”2xb + 4x
a*b”2 + 2*b~3)*cosh(x)”"3 - (a”3 + a™2%b - 2*a*xb”2 - 2*b~3)*cosh(x))*sinh(x)
)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)~2 - 2x*cosh(
x)*sinh(x) + sinh(x)~2)))/((a”5 + 3*a"4*xb + 3*a~3*b"2 + a~2*xb~3)*cosh(x)~6

+ 6%(a”5 + 3*a~4xb + 3*%a"3*%b"2 + a"2*b"3)*cosh(x)*sinh(x)"5 + (2”5 + 3*a~4x
b + 3*a"3%b"2 + a"2*b"3)*sinh(x)”"6 + a”5 + 3*a~4xb + 3%a"3*b"2 + a"2%b”3 -

(a”b - a"4#b - 5*a”3*b"2 - 3*a"2*%b"3)*cosh(x)"4 - (a”5 - a™4xb - 5*a”3*b"2

- 3*a"2%b”"3 - 15%(a”5 + 3*a"4*xb + 3*a~3*%b”"2 + a"2*%b~3)*cosh(x)"2)*sinh(x) "4
+ 4% (5% (a5 + 3*a~4xb + 3*a"3*b"2 + a"2*xb"3)*cosh(x)”3 - (a”5 - a"4*xb - 5%
a"3%xb~2 - 3%a”2*b"3)*cosh(x))*sinh(x)~3 - (a5 - a~4*b - 5*%a~3%b"2 - 3*a 2%
b~3)*cosh(x)”"2 - (a”5 - a™4*b - 5*%a~3*b"2 - 3*a~2*%b~3 - 15%x(a”5 + 3*a~4x*b +
3*a"3*b"2 + a"2*b"3)*cosh(x) "4 + 6%(a”5 - a~4xb - 5%a”3%b"2 - 3*a"2xb”"3)*c
osh(x)"2)*sinh(x)~2 + 2*x(3*%(a”5 + 3*a~4*b + 3*a~3*b~2 + a~2*b~3)*cosh(x)”5

- 2x(a”b - a"4%b - 5*%a”3*%b"2 - 3*a"2*b"3)*cosh(x)"3 - (a”5 - a~4xb - 5*a”3x%
b~2 - 3*%a~2%b”~3)*cosh(x))*sinh(x))]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)~2/(atb*coth(x)~2)~(3/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ;OUTPUT:Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(t_n
ostep-1)]Evaluation time: 1.22Error: Bad Argument Type

maple [F] time = 0.48, size = 0, normalized size = 0.00

tanh? (%) i

3
2

(a +b (cothz(x)))
Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)~2/(a+b*xcoth(x)~2)~(3/2),x)
[Out] int(tanh(x)~2/(at+b*coth(x)~2)"(3/2),x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

tanh(x)?
anh(x) i

NI W

bcoth(x)? +a
( )
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)~2/(atb*coth(x)~2)7(3/2),x, algorithm="maxima")
[Out] integrate(tanh(x)~2/(b*coth(x)~2 + a)~(3/2), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f tanh(x)2 i
(b co’ch(x)2 + a)3/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)~2/(a + b*coth(x)~2)~(3/2),x)
[Out] int(tanh(x)~2/(a + b*coth(x)~2)~(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

tanh? (%) i

3
2

(a+beoth? (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)**2/(atb*coth(x)**2)**(3/2),x)
[Out] Integral(tanh(x)#**2/(a + b*coth(x)**2)*x(3/2), x)
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3
coth™(x
3.43 | dx
(a+b coth®(x))
Optimal. Leaf size=74
I \a+b coth?(x)
a 1 Va+b

- +
3b(a + b) (a +b co’chz(x))3/2 (a + b)? o+ coth?(x) (a +0b)2

[Out] arctanh((a+b*coth(x)~2)~(1/2)/(a+b)~(1/2))/(a+b)~(5/2)+1/3*a/b/(a+b)/(a+b*c
oth(x)~2)~(3/2)-1/(a+b) "2/ (atb*coth(x)~2)~(1/2)

Rubi [A] time = 0.15, antiderivative size = 74, normalized size of antiderivative = 1.00,

. ) number of rules
number of steps used = 6, number of rules used = 6, integrand size = 17, —————— =

0.353, Rules used = {3670, 446, 78, 51, 63, 208}

integrand size

can! [ \Ja+b coth?(x) J

a 1 Va+b
- +
3/2 5/2
3b(a+b) (a +beoth® (%)) (a+b2Ja+ beoth¥(x) @+b)

Antiderivative was successfully verified.

[In] Int[Coth[x]~3/(a + b*Coth[x]"2)~(5/2),x]

[Out] ArcTanh[Sqrt[a + bxCoth[x]~2]/Sqrtla + bll/(a + b)~(5/2) + a/(3*bx(a + b)*(
a + b*Coth[x]72)7(3/2)) - 1/((a + b)~2*xSqrtla + b*Coth[x]~2])

Rule 51

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*x)"(m + D*(c + d*x)"(n + 1))/ ((b*c - a*d)*(m + 1)), x] - Dist[(dx*(
m+n + 2))/((bxc - axd)*(m + 1)), Int[(a + b*x)"(m + 1)*x(c + d*x)"n, x], X
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[bxc - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQl[a, 0] || (NeQ[c, 0] &% LtQ[m - n, 0] && IntegerQ[nl))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[(Ca_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist([p/b, Subst[Int[x~(p*x(m + 1) - D *(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
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ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 78

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (f_.)*x(x_))"(p
_.), x_Symbol] :> -Simp[((b¥e - axf)*(c + d*x)~(n + 1)*x(e + f*x)"(p + 1))/(
fx(p + 1)*(cxf - d*e)), x] - Dist[(axd*f*x(n + p + 2) - b*x(d*ex(n + 1) + cx*f
x(p + 1))/ (£x(p + L)*(cxf - dxe)), Int[(c + d*x)"nx(e + £*xx)"(p + 1), x],

x] /; FreeQ[{a, b, c, d, e, f, n}, x] && LtQ[p, -1] && ( 'LtQ[n, -1] || Int
egerQ[p] || !'(IntegerQ[n] || !(EqQle, 0] Il '(EqQ[c, 01 || LtQlp, nl))))

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 446

Int[(x_)"(m_)*((a_) + (b_)*&x_D (@ ))"(p_.)*((c_) + (d_)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)/n] - 1)*x(a + b*x)"p
x(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670

Int[((d_.)*tan[(e_.) + (f£_.)*(x_)])"(m_.)*x((a_) + (b_.)*x((c_.)*tan[(e_.) +
(f_I)*xx)1)"(@))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n) p)/(c”2 + £
£72xx72), x1, x, (c*Tan[e + f*x])/ff], x1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rubi steps
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3

coth®(x) ~ X
T [f TEETRT COth(x)}

dx, x, cothz(x))

1 2
Subst (f W dx, X, coth (x))

7z 2a+h)

1 X
= o Subst (f A-0@+ "

a

* 3b(a+b) (a+ beoth?(x))]

1
a SUbSt (f F e dx, X

 3b(a+b) (a+ beoth(x)) a4 b)zw/a + beoth? (x) 2(a +by?

Subst[f " 5 dx, x, \/

a
a 1+z 7

- 2
3@+ ) (o +beoth?())” (a4 b)z,/a + beoth?(x) bla+0)
1 [ Va+bcoth®(x) )

tanh [ T ) )

N _
(a + b)>? 3b(a + b) (a +b Co’chz(JC))ew/2 (a+b)2y\Ja+b cothz(x)

Mathematica [C] time = 0.10, size = 63, normalized size = 0.85

2
a(a+Db) - 3b (a + bcothz(x)) oF; (_%,1; %; bc"t:%)

3b(a + b (a + beoth?(x)) "

Antiderivative was successfully verified.

[In] Integrate[Coth[x]~3/(a + bxCoth[x]~2)~(5/2),x]

[Out] (ax(a + b) - 3*bx(a + bxCoth[x] 2)*Hypergeometric2F1[-1/2,
oth[x]72)/(a + b)])/(3*b*(a + b)"2+(a + b*Coth[x]~2)"(3/2))

1, 1/2, (a + bxC

fricas [B] time = 1.00, size = 6560, normalized size = 88.65

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(coth(x)~3/(atb*coth(x)~2)~(5/2),x, algorithm="fricas")

[Out] [1/12%(3*((a"2*b + 2*a*b”2 + b~3)*cosh(x) 8 + 8*(a”"2*b + 2*xa*b”™2 + b~3)*cos
h(x)*sinh(x)"7 + (a”2*b + 2*a*b”2 + b"3)*sinh(x)”"8 - 4*(a"2*b - b~3)*cosh(x
)76 - 4x(a"2%b - b73 - 7x(a"2xb + 2*axb”2 + b~3)*cosh(x)"2)*sinh(x) "6 + 8*(
7*(a"2*%b + 2*xaxb~2 + b~3)*cosh(x)~3 - 3*(a"2%b - b~3)*cosh(x))*sinh(x)”~5 +
2% (3*a”2%b - 2*xa*xb”2 + 3%b~3)*cosh(x) "4 + 2*x(35%(a”2*b + 2*a*xb~2 + b~3)*cos
h(x)~4 + 3*a”2*b - 2*xa*b”™2 + 3%b~3 - 30*(a”2*b - b~3)*cosh(x)”2)*sinh(x)"4
+ 8% (7x(a”2%b + 2*xa*b”™2 + b~3)*cosh(x)”5 - 10*(a"2%b - b~3)*cosh(x)~3 + (3%
a~2xb - 2*a*b”2 + 3*b~3)*cosh(x))*sinh(x)~3 + a~2xb + 2*a*b”2 + b~3 - 4x(a”
2%b - b73)*cosh(x)"2 + 4% (7+*(a"2*b + 2*a*xb™2 + b~3)*cosh(x)”6 - 15x(a"2xb -
b~3)*cosh(x)"4 - a™2%b + b~3 + 3*(3*a”"2*b - 2*axb”2 + 3*b~3)*cosh(x) ~2)*si
nh(x)~"2 + 8x((a”2%b + 2*a*b”™2 + b~3)*cosh(x)”7 - 3*(a"2*b - b~3)*cosh(x)”5
+ (3*xa”2*%b - 2%axb”2 + 3*b~3)*cosh(x)”3 - (a”2*b - b~3)*cosh(x))*sinh(x))*s
grt(a + b)*log(-((a”3 + a"2%*b)*cosh(x)"8 + 8%(a”3 + a~2*b)*cosh(x)*sinh(x)"~
7 + (2”3 + a™2*b)*sinh(x) "8 - 2*(2*a”~3 + a~2*b)*cosh(x)”6 - 2*(2*a”~3 + a~2x
b - 14*x(a~3 + a~2*b)*cosh(x) "2)*sinh(x)"6 + 4*(14*%(a"3 + a~2*b)*cosh(x)"3 -
3*%(2*%a”3 + a"2*b)*cosh(x))*sinh(x)"5 + (6*a~3 + 4*a~2%b - a*b”™2 + b~3)*cos
h(x)"4 + (70%x(a”3 + a~2*b)*cosh(x)"4 + 6%xa~3 + 4*a"2*b - a*b™2 + b~3 - 30%(
2%a”~3 + a”"2xb)*cosh(x) "2)*sinh(x)~4 + 4*(14x(a”"3 + a~2*b)*cosh(x)”5 - 10*(2
*a~3 + a”"2*b)*cosh(x)~3 + (6*a”3 + 4*a”2*%b - a*b”2 + b~ 3)*cosh(x))*sinh(x)”~
3 + a”3 + 3*a"2%b + 3*a*b”2 + b~3 - 2%(2%¥a"3 + 3*a"2%b - b~3)*cosh(x)"2 + 2
*(14%(a"3 + a"2*b)*cosh(x)"6 - 15%(2*a”~3 + a~2*b)*cosh(x)"4 - 2*a~3 - 3*a”~2
*b + b3 + 3%(6*%a”3 + 4*a”"2%b - axb”2 + b~3)*cosh(x)"2)*sinh(x) "2 + sqrt(2)
*(a"2*cosh(x) "6 + 6*xa~2xcosh(x)*sinh(x)~5 + a"2*sinh(x)~6 - 3*a~2*cosh(x)~4
+ 3*(5*a"2*cosh(x)"2 - a”2)*sinh(x) "4 + 4*x(5*xa~2xcosh(x)~3 - 3*a~2*cosh(x)
Y*xsinh(x) 73 + (3*a”™2 + 2*axb - b~ 2)*cosh(x) "2 + (15*xa~2xcosh(x)”4 - 18*a™2x*
cosh(x)72 + 3*a”2 + 2*a*b — b"2)*sinh(x)"2 - a™2 - 2*axb - b™2 + 2% (3*a"2*c
osh(x)75 - 6%a”2*cosh(x)”3 + (3*a”2 + 2%a*b - b~2)*cosh(x))*sinh(x))*sqrt(a
+ b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*c
osh(x)*sinh(x) + sinh(x)72)) + 4*(2*(a”3 + a~2*b)*cosh(x)”7 - 3*(2*a~3 + a~
2%b)*cosh(x)”5 + (6*a~3 + 4*a~2%b - a*b”™2 + b~ 3)*cosh(x)”3 - (2*a”~3 + 3*a~2
*b - b~3)*cosh(x))*sinh(x))/(cosh(x)”6 + 6*cosh(x) 5*sinh(x) + 15*cosh(x)"4
*sinh(x) "2 + 20*cosh(x) ~3*sinh(x) "3 + 15*%cosh(x) "2*sinh(x)~4 + 6*cosh(x)*si
nh(x)~5 + sinh(x)76)) + 3*((a"2%b + 2*a*b”2 + b~3)*cosh(x)"8 + 8*(a™2xb + 2
*axb”2 + b~3)*cosh(x)*sinh(x)~7 + (a”2xb + 2*a*b”2 + b~3)*sinh(x)~8 - 4x(a”
2%b - b"3)*cosh(x)"6 - 4%x(a”2%b - b™3 - 7*x(a"2xb + 2*a*xb”2 + b~ 3)*cosh(x)~2
Y*xsinh(x) 76 + 8% (7x(a”2*b + 2*xaxb~2 + b~ 3)*cosh(x)”"3 - 3*(a"2*b - b~3)*cosh
(x))*sinh(x)~"5 + 2*(3*a"2xb - 2*a*b~2 + 3*b~3)*cosh(x)”4 + 2% (35x(a"2*b + 2
*a*xb”2 + b~3)*cosh(x)~4 + 3%a~2%b - 2*a*b”™2 + 3*b~3 - 30*%(a”2*b - b~3)*cosh
(x)7"2)*sinh(x) "4 + 8% (7*(a"2*b + 2%a*xb~2 + b~3)*cosh(x)”"5 - 10*x(a"2*b - b~3
Yxcosh(x)~3 + (3*a™2*%b - 2*xaxb~2 + 3%b~3)*cosh(x))*sinh(x)~3 + a™2*b + 2*ax
b™2 + b73 - 4*x(a”2%b - b73)*cosh(x)”2 + 4*x(7x(a”"2*b + 2*a*xb”2 + b~3)*cosh(x
)76 - 15%(a"2*b - b~3)*cosh(x)”4 - a"2*b + b~3 + 3*(3*a"2%b - 2*a*b™2 + 3*b
~3)*cosh(x)"2)*sinh(x) "2 + 8+((a"2*b + 2*a*xb™2 + b~ 3)*cosh(x)”7 - 3*(a~2*b
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- b"3)*cosh(x)”5 + (3*a~2%b - 2%a*xb™2 + 3*xb~3)*cosh(x)"3 - (a”2%b - b~3)*co
sh(x))*sinh(x))*sqrt(a + b)*log(((a + b)*cosh(x)~4 + 4*x(a + b)*cosh(x)*sinh
(x)"3 + (a + b)*sinh(x)"4 + 2xb*cosh(x)"2 + 2*x(3*(a + b)*cosh(x)"2 + b)*sin
h(x)"2 + sqrt(2)*(cosh(x)"2 + 2*cosh(x)*sinh(x) + sinh(x)"2 + 1)*sqrt(a + b
)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)~2 - 2x*cosh(
x)*sinh(x) + sinh(x)"2)) + 4x((a + b)*cosh(x)~3 + b*cosh(x))*sinh(x) + a +
b)/(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2)) + 4*xsqrt(2)*((a”3 - a~2*b -
5xa*b~2 - 3*b~3)*cosh(x)”6 + 6x(a”3 - a™2xb - b*xa*xb™2 - 3*b~3)*cosh(x)*sin
h(x)75 + (a3 - a™2*b - B5*a*b™2 - 3*b~3)*sinh(x)"6 - 3*(a"3 - a~2xb - a*xb™2
+ b~3)*cosh(x)”™4 - 3*(a”3 - a”2%b - a*xb”™2 + b"3 - 5%(a”3 - a"2x%b - 5xaxb”2
- 3%b~3)*cosh(x) "2)*sinh(x) "4 + 4x(5x(a”3 - a"™2*b - 5*%ax*b™2 — 3*b~3)*cosh(
x)"3 - 3x(a”™3 - a"2%b - a*b”2 + b~3)*cosh(x))*sinh(x)~3 - a~3 + a~2%b + bxa
*b72 + 3*%b"3 + 3*(a”3 - a"2*%b - a*b”2 + b~3)*cosh(x)"2 + 3*%(5x(a”~3 - a"2*b
- Bxa*xb”2 - 3*b"3)*cosh(x)"4 + a”3 - a"2*b - a*xb”2 + b"3 - 6*%(a”3 - a"2*b -
axb™2 + b~3)*cosh(x)"2)*sinh(x)"2 + 6%((a”3 - a"2%b - bxa*b™2 - 3*b~3)*cos
h(x)"5 - 2%(a”3 - a™2*%b - a*b™2 + b~3)*cosh(x)"3 + (a3 - a™2%b - a*xb”™2 + b
~3)*cosh(x))*sinh(x))*sqrt(((a + b)*cosh(x)~"2 + (a + b)*sinh(x)"2 - a + b)/
(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)))/((a"5xb + 5*xa~4*xb~2 + 10*a~3x*
b~3 + 10*a~2%b~4 + b*a*b”™5 + b76)*cosh(x)”8 + 8*(a"b*xb + 5*xa~4xb~2 + 10*a”3
*b~3 + 10*a"2*b"4 + 5*xaxb”5 + b~6)*cosh(x)*sinh(x)~7 + (a”b*b + 5*a~4*xb~2 +
10*%a~3*b~3 + 10%a"2*b~4 + bxaxb”™5 + b~6)*sinh(x)"8 - 4x(a”~bxb + 3*xa~4x*xb~2
+ 2*%a”3*%b"3 - 2*xa"2%b"4 - 3*a*b”5 - b"6)*cosh(x)"6 - 4*%(a”5*b + 3*xa~4*xb"2 +
2*%a~3%b”"3 - 2*%a"2%b"4 - 3*a*xb”5 - b"6 - 7x(a"5*b + 5*a~4%b”"2 + 10*a~3%b”3
+ 10*a”2*b~4 + 5xaxb~5 + b~6)*cosh(x)”"2)*sinh(x)"6 + a~b*b + 5*a~4*xb~2 + 10
*a"3%b"3 + 10*a”"2*b~4 + 5xaxb”5 + b76 + 8x(7x(a~bxb + 5*xa~4*b”2 + 10*a”~3*b”
3 + 10*a”2*b"4 + 5xa*xb”5 + b~6)*cosh(x)~3 - 3*x(a”b*b + 3*a"4*b”2 + 2%xa~3*b~
3 - 2*%a”"2*b"4 - 3*a*b”5 - b76)*cosh(x))*sinh(x)"5 + 2*%(3*a”~5b*xb + 7*a~4xb~2
+ 6*%a”3*b"3 + 6*xa"2%b"4 + T*a*xb”5 + 3*b"6)*cosh(x)"4 + 2*%(3*a”"5xb + 7*xa~4xb
"2 + 6%a”3*b"3 + 6%a"2*b"4 + 7xaxb”5 + 3*b"6 + 35x(a”5*b + 5*a~4%b”2 + 10*a
“3%b~3 + 10*a”"2*b"4 + 5xaxb”5 + b~6)*cosh(x)"4 - 30%(a”b*b + 3*a"4*xb"2 + 2x
a"3*b~3 - 2*xa"2*b~4 - 3*xaxb”5 - b"6)*cosh(x)"2)*sinh(x)~4 + 8x(7*(a"5%b + 5
*a~4%b"2 + 10%a”"3*b"3 + 10*a"2%b"4 + 5*xaxb”5 + b~6)*cosh(x)”5 - 10*(a”5*b +
3*a~4xb"2 + 2%a”~3%b"3 - 2*%a"2*xb"4 - 3*axb”5 - b~6)*cosh(x)”"3 + (3*xa~5xb +
T*a~4%b~2 + 6*a~3%b"3 + 6*a"2*%b"4 + T*axb~5 + 3*b~6)*cosh(x))*sinh(x)"3 - 4
*(a”b*b + 3*a"4*b"2 + 2xa~3%b~3 - 2*a”"2*b"4 - 3*xaxb”5 - b~"6)*cosh(x)”"2 + 4x
(7*(a"b*b + b*a~™4*b~2 + 10*a~3*b~3 + 10*a"2*b"4 + 5*xa*xb”5 + b~ 6)*cosh(x) 6
- a”bxb - 3*%a"4*b"2 - 2*%a~3*%b”"3 + 2*a~2%b"4 + 3*axb”5 + b"6 - 15%(a"bxb + 3
*a"4%b"2 + 2*%a"3*b"3 - 2*%a"2%b"4 - 3*axb”5 - b"6)*cosh(x)"4 + 3*(3*a"5*xb +
T*a~4%b~2 + 6*%a~3%b"3 + 6*a”"2*%b"4 + T*axb~5 + 3*b~6)*cosh(x)"2)*sinh(x)"2 +
8*%((a"b*b + 5*a~4xb~2 + 10*a"3*b~3 + 10*a~2*xb~4 + 5*a*b”5 + b~6)*cosh(x)”7
- 3%(a"b*b + 3*a~4%b”2 + 2*a~3%b"3 - 2*%a"2x%b"4 - 3*axb”5 - b~6)*cosh(x)”5
+ (3*a”b*xb + 7*a~4xb"2 + 6*a”3*b”3 + 6*xa"2*b"4 + Txaxb”5 + 3*b”~6)*cosh(x)”3
- (a"b*b + 3*a"4*b"2 + 2%a"3*%b"3 - 2*a"2*b"4 - 3*xa*xb”5 - b”6)*cosh(x))*sin
h(x)), -1/6%x(3*%((a"2%b + 2*a*b™2 + b~3)*cosh(x)"8 + 8*x(a"2*b + 2*xa*xb~2 + b~
3)*cosh(x)*sinh(x)~7 + (a™2%b + 2*a*b”™2 + b~ 3)*sinh(x)~8 - 4*(a"2*b - b~3)x*
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cosh(x)76 - 4*%(a”2*b - b~3 - 7x(a”2%b + 2*a*b”™2 + b~3)*cosh(x)~2)*sinh(x) "6
+ 8% (7x(a"2*b + 2*a*b~2 + b~3)*cosh(x)”"3 - 3*x(a"2*b - b~3)*cosh(x))*sinh(x
)75 + 2%(3%a”2*%b - 2%axb”2 + 3*b~3)*cosh(x)”4 + 2x(35%(a”2%b + 2*a*xb”2 + b~
3)*cosh(x)~™4 + 3*a”2%b - 2*a*b”2 + 3*b~3 - 30%(a”2*b - b~3)*cosh(x)~2)*sinh
(x)74 + 8+%(7*(a"2*%b + 2*xa*xb~2 + b~3)*cosh(x)”"5 - 10*x(a"2%b - b~3)*cosh(x)~3
+ (3%a~2xb - 2%axb”2 + 3*b~3)*cosh(x))*sinh(x)~3 + a™2%b + 2*a*b™2 + b~3 -
4% (a”2xb - b7"3)*cosh(x)”2 + 4% (7x(a"2*b + 2*xa*b”~2 + b~3)*cosh(x)”6 - 15*(a
“2%b - b"3)*cosh(x)"4 - a”2%b + b~3 + 3*(3*a"2*b - 2xa*xb~2 + 3*b~3)*cosh(x)
“2)*sinh(x) 2 + 8*((a~2xb + 2*a*b”2 + b~3)*cosh(x)~7 - 3*(a"2*b - b~3)*cosh
(x)75 + (3*a™2*b - 2*a*xb”2 + 3*b~3)*cosh(x)”3 - (a"2*b - b~3)*cosh(x))*sinh
(x))*sqrt(-a - b)*arctan(sqrt(2)*(a*xcosh(x)~2 + 2%a*cosh(x)*sinh(x) + a*sin
h(x)"2 - a - b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 -
a + b)/(cosh(x)”2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a"2 + a*b)*cosh(x)"4
+ 4*x(a”2 + axb)*cosh(x)*sinh(x)~3 + (a”2 + a*b)*sinh(x)"4 - (2*a~2 + axb -
b~2)*cosh(x)"2 + (6%(a”2 + a*b)*cosh(x)"2 - 2*¥a”2 - a*b + b™2)*sinh(x)"2 +
a2 + 2*axb + b72 + 2x(2x(a”2 + a*b)*cosh(x)”"3 - (2*a”2 + a*b - b"2)*cosh(x
))*sinh(x))) + 3*((a”2xb + 2*a*b”2 + b~3)*cosh(x)"8 + 8*(a”2xb + 2*a*xb~2 +
b~3) *cosh(x)*sinh(x)~7 + (a”2%b + 2*a*b”2 + b~3)*sinh(x)"8 - 4*(a”2*b - b~3
)*cosh(x)76 - 4*x(a”2%b - b™3 - 7*(a"2xb + 2*a*b~2 + b~3)*cosh(x)~2)*sinh(x)
"6 + 8%(7*x(a”2*%b + 2*xaxb”2 + b~3)*cosh(x)”~3 - 3*(a"2*b - b~3)*cosh(x))*sinh
(x)75 + 2% (3*xa”2*b - 2%axb~2 + 3*b~3)*cosh(x)”4 + 2x(35x(a”2%b + 2*a*b™2 +
b~3)*cosh(x)~4 + 3*a™2*b - 2*a*b”2 + 3*b~3 - 30*(a”2*b - b~3)*cosh(x)"2)*si
nh(x)~4 + 8x(7+*(a"2%b + 2*a*xb™2 + b~3)*cosh(x)”5 - 10*(a"2*b - b~3)*cosh(x)
~3 + (3*a"2%b - 2*a*b”2 + 3*b~3)*cosh(x))*sinh(x)~3 + a"2*b + 2xa*xb”2 + b~3
- 4*%(a”2*b - b~3)*cosh(x)"2 + 4*x(7*x(a”"2*b + 2*xa*xb~2 + b~3)*cosh(x)~6 - 15x%
(a™2%b - b~"3)*cosh(x)”"4 - a"2xb + b~3 + 3*(3*a"2%b — 2*xa*xb~2 + 3*b~3)*cosh(
x)"2)*sinh(x) "2 + 8*%((a”2*b + 2*a*b~2 + b~ 3)*cosh(x)”7 - 3*(a"2*xb - b~3)*co
sh(x)"5 + (3*a"2*b — 2*xa*b~2 + 3*b~3)*cosh(x)~3 - (a”2%b - b~3)*cosh(x))*si
nh(x))*sqrt(-a - b)*arctan(sqrt(2)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (
a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2))/((a
+ b)*cosh(x)~"2 + 2x(a + b)*cosh(x)*sinh(x) + (a + b)*sinh(x)"2 + a + b)) -
2xsqrt (2)*((a”3 - a”2*%b - 5*a*xb”™2 - 3*b~3)*cosh(x)"6 + 6%(a”~3 - a"2*b - bxa
*b~2 - 3*b73)*cosh(x)*sinh(x)"5 + (a”3 - a"2*b - 5%a*b™2 - 3*b~3)*sinh(x)”6
- 3*%(a”3 - a™2*b - a*b”2 + b~3)*cosh(x)”"4 - 3*(a”3 - a™2%b - a*¥b”2 + b"3 -
5%(a”3 - a"2*b - 5xaxb”2 - 3*b~3)*cosh(x)"2)*sinh(x)~4 + 4*x(5x(a~3 - a~2%Db
- B*axb”™2 - 3*b"3)*cosh(x)”3 - 3*(a”3 - a”2*b - a*b”2 + b~3)*cosh(x))*sinh
(x)73 - a3 + a"2*b + bxaxb”2 + 3*%b~3 + 3*(a”3 - a"2*b - ax*b”2 + b~3)*cosh(
x)"2 + 3x(5%(a”3 - a”2%b - b*a*b”2 - 3*xb~3)*cosh(x)"4 + a”3 - a"2xb - axb"2
+ b73 - 6x(a”3 - a"2*b - a*b”2 + b~3)*cosh(x)"2)*sinh(x)"2 + 6%((a"3 - a~2
*b - b*a*b”2 - 3*b”"3)*cosh(x)”5 - 2*¥(a”3 - a™2*b - a*b”2 + b~3)*cosh(x)"3 +
(a™3 - a™2*%b - a*b”2 + b~3)*cosh(x))*sinh(x))*sqrt(((a + b)*cosh(x)"2 + (a
+ b)*sinh(x)”"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2)))/((a~
5xb + 5*a~4%b"2 + 10*a~3%b"3 + 10*a"2xb~4 + 5*axb”5 + b~6)*cosh(x)”8 + 8x(a
“Bxb + 5*a”4%b"2 + 10*a”3%b"3 + 10*a"2*b"4 + 5*axb”5 + b76)*cosh(x)*sinh(x)
7 + (a”b*b + 5*a”4*b”2 + 10*a”3*b~3 + 10*a”2*b~4 + S*xa*b”5 + b~6)*sinh(x)”
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8 — 4x(a”bxb + 3*xa"4*b"2 + 2*%a~3*%b"3 - 2*%a~2%b"4 - 3*axb”5 - b~6)*cosh(x)”6
- 4x(a"5%b + 3*%a~4%b"2 + 2*a~3%b"3 - 2*%a"2xb"4 - 3*axb”5 - b~6 - 7x(a~5*b
+ B*a”4*b”2 + 10*%a~3%b~3 + 10*a”2*b”~4 + 5*axb”5 + b~6)*cosh(x)~2)*sinh(x)~6
+ a”b*b + 5*a~4*b"2 + 10%a"3*b”3 + 10*a"2*b"4 + 5*xaxb”5 + b"6 + 8x(7*x(a~bx
b + 5*a~4xb~2 + 10*a”3*b”3 + 10*a"2*b~4 + 5*a*b”5 + b~6)*cosh(x)~3 - 3*x(a”5
*b + 3*%a”4*b”2 + 2*xa"3%b"3 - 2*¥a"2*%b"4 - 3*axb”5 - b~6)*cosh(x))*sinh(x)”5
+ 2%(3*a”"bxb + 7*xa~4*b"2 + 6*%a”3*b"3 + 6*xa"2*b"4 + Txaxb”5 + 3*b”"6)*cosh(x)
~4 + 2x(3*xa"b5xb + 7*a"4*xb"2 + 6%a”"3*%b”"3 + 6*%a"2*b"4 + T*xaxb”5 + 3*b~6 + 3b%
(a”b*b + 5*a~4*b”2 + 10*a~3*b~3 + 10*a"2*b"4 + 5*a*xb”5 + b~ 6)*cosh(x)”™4 - 3
0*(a”5*b + 3*a~4xb~2 + 2%a”3*b”"3 - 2*a"2*b~4 - 3*ax*b”5 - b76)*cosh(x)"2)*si
nh(x)~4 + 8x(7+*(a"b*b + 5*a”4*b”"2 + 10*a~3*b~3 + 10*a”"2*b"4 + 5*xaxb”5 + b~6
)Y*cosh(x)”5 - 10*(a~5*b + 3*a~4*xb~2 + 2%a"3*xb~3 - 2*xa”2*xb~4 - 3*xa*xb”5 - b"6
)*cosh(x)~3 + (3*a™bxb + 7*a~4*b~2 + 6*xa~3*b~3 + 6*xa~2*b"4 + T*xaxb~5 + 3*b”~
6)*cosh(x))*sinh(x)~3 - 4%(a”b*b + 3*a"4*b”™2 + 2xa~3%b~3 - 2*a~2*b~4 - 3*ax
b™5 - b76)*xcosh(x)"2 + 4*x(7*(a"5*xb + 5*xa~4%b~2 + 10*a~3*b~3 + 10*a~2xb~4 +
5%axb”5 + b76)*cosh(x)"6 - a~b*b - 3*a4*b”"2 — 2*xa~3%b"3 + 2*a”2*b"4 + 3*xax
b~5 + b"6 - 15%(a"5*%b + 3*a~4xb”2 + 2*%a~3%b"3 - 2*%a"2*b"4 - 3*axb”5 - b76)*
cosh(x)"4 + 3*%(3*a"b*xb + 7*a~4*b~2 + 6*%a”3*b”3 + 6*xa~2*xb~4 + T*axb™5 + 3*b~
6)*cosh(x) "2)*sinh(x)~2 + 8*((a"b*b + 5*a™4*b~2 + 10*a~3%b~3 + 10*a~2*b~4 +
5*%a*xb”™5 + b76)*cosh(x)~7 - 3*(a”b*xb + 3*a~4*xb"2 + 2%a~3*b”3 - 2*a"2*xb"4 -
3*a*xb”5 - b76)*cosh(x)”5 + (3*a”b*xb + 7*a~4*xb~2 + 6%a”3*b"3 + 6*a"2xb™4 + 7
*a*xb”5 + 3*b"6)*cosh(x)~3 - (a”b*b + 3*a"4*xb"2 + 2%a~3*%b"3 - 2*a"2*b"4 - 3%

a*xb”5 - b76)*cosh(x))*sinh(x))]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)~3/(atb*coth(x)~2)~(5/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP

UT:sage2:=int (sage0,x) : ; OUTPUT :Warning, integration of abs or sign assumes

constant sign by intervals (correct if the argument is real):Check [abs(t_n
ostep-1)]Warning, replacing O by ~ u”, a substitution variable should perha
ps be purged.Warning, replacing O by ~ u’, a substitution variable should p

erhaps be purged.Warning, replacing O by ~ u”, a substitution variable shou
1d perhaps be purged.Evaluation time: 0.57Error: Bad Argument Type

maple [B] time = 0.10, size = 435, normalized size = 5.88

1 1

b coth(;

5= +
3b(a +b(coth’(x)))? 6(a+Db)((coth(x) =1)*b + 2 (coth(x) - 1) b +a +b)

NI

6(a+b)a ((coth(x) - 1)2 b+2
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)~3/(a+b*coth(x)~2)~(5/2),x)

[Out] 1/3/b/(at+b*coth(x)~2)~(3/2)-1/6/(a+b)/((coth(x)-1) " 2*b+2*(coth(x)-1) *b+a+b)
~(3/2)+1/6*b/(a+b)/a/((coth(x)-1) "2*b+2* (coth(x)-1)*b+a+b) ~(3/2) *coth(x)+1/
3*b/(a+b)/a"2/((coth(x)-1) "2*b+2*(coth(x)-1)*b+a+b) ~(1/2) *coth(x)-1/2/ (a+b)
"2/ ((coth(x)-1) "2*xb+2* (coth(x)-1) *b+a+b) ~(1/2)+1/2/(a+b) "2/a/((coth(x)-1)"2
*b+2* (coth(x)-1)*b+a+b) ~(1/2)*b*coth(x)+1/2/(a+b) ~(5/2) *1n((2*a+2xb+2* (coth
(x)-1)*b+2* (a+b) "~ (1/2) *((coth(x)-1) "2%b+2* (coth (x) -1) *b+a+b) ~(1/2)) /(coth(x
)-1))-1/6/(a+b)/ ((1+coth(x)) " 2*b-2* (1+coth(x) ) *b+a+b) ~(3/2)-1/6*b/(a+b) /a/(
(1+coth(x)) "2*b-2*(1+coth(x) ) *b+a+b) ~(3/2) *coth(x)-1/3*b/ (a+b)/a~2/((1+coth
(x))"2%b-2% (1+coth(x) ) *b+a+b) ~(1/2) *coth(x)-1/2/(a+b) "2/ ((1+coth(x)) ~2*xb-2*
(1+coth(x) ) *b+a+b) ~(1/2)-1/2/(a+b) "2/a/ ((1+coth(x)) "2xb-2% (1+coth(x) ) *b+a+b
)~ (1/2) ¥b*coth(x)+1/2/ (a+b) " (5/2) *1n ((2*a+2*b-2x (1+coth (x) ) *b+2* (a+b) ~(1/2)
*((1+coth(x)) " 2*xb-2* (1+coth(x) ) *b+a+b) ~(1/2))/(1+coth(x)))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

th(x)3
coth(x) i

5

(b coth(x)? + a) 2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)~3/(atb*coth(x)~2)~(5/2),x, algorithm="maxima"
[Out] integrate(coth(x)~3/(b*coth(x)~2 + a)~(5/2), x)
mupad [B] time = 3.34, size = 82, normalized size = 1.11
h \/b coth(x)2+a (2 2 +4ab+2 bz) . b(b coth(x)2+u)
2(11+b)5/2 . 3 (a+b) - (a+b)2

(a+b)"2 b (bcoth(x? +a)"”

atan

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)~3/(a + b*coth(x)~2)~(5/2),x)

[Out] atanh(((a + bxcoth(x)~2)~(1/2)*(4*xaxb + 2*xa~2 + 2xb~2))/(2x(a + b)~(5/2)))/
(a + b)~(5/2) + (a/(3*%(a + b)) - (bx(a + bxcoth(x)"2))/(a + b)"2)/(b*x(a + b
xcoth(x)~2)~(3/2))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

coth® (x)

de
2

(a + b coth? (x))
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)**3/(atbxcoth(x)**2)**(5/2),%)
[Out] Integral(coth(x)**3/(a + bkxcoth(x)**2)*x(5/2), x)



273

2
coth™(x
3.44 W dx
(a+b coth®(x))
Optimal. Leaf size=88
- Va+b coth(x)
tanh ™! |
(2a — b) coth(x) ~ coth(x) [\/a+b coth?(x) ]

+
Sa(a + bPJa + beoth?(x)  3(a+Db) (a-+booth’()) (a + D)2

[Out] arctanh(coth(x)*(a+b)~(1/2)/(a+b*coth(x)~2)~(1/2))/(a+b)~(5/2)-1/3*coth(x)/
(a+b)/(atb*xcoth(x)~2)~(3/2)-1/3*(2*a-b)*coth(x)/a/(a+b) "2/ (a+b*coth(x) ~2) ~(
1/2)

Rubi [A] time = 0.13, antiderivative size = 88, normalized size of antiderivative = 1.00,

. ) number of rules
number of steps used = 6, number of rules used = 6, integrand size = 17, ————— =

0.353, Rules used = {3670, 471, 527,12, 377, 206}

integrand size

tanh_l [ Va+b coth(x) ]
(2a — b) coth(x) coth(x)

N a+b coth?(x)
B 3/2 5/2
3a(a + b2+Ja + beoth?(x)  3(a +b) (a + beoth®(xv)) (a+b)

Antiderivative was successfully verified.

[In] Int[Coth[x]~"2/(a + b*Coth[x]"2)~(5/2),x]

[Out] ArcTanh[(Sqrt[a + bl*Coth[x])/Sqrt[a + b*Coth[x]~2]]1/(a + b)~(5/2) - Coth[x
1/(3x(a + b)*(a + bxCoth[x]"2)7(3/2)) - ((2*a - b)*Coth[x])/(3*ax(a + b) 2%
Sqrt[a + bxCoth[x]~2])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQl[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 377
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Int[((a_) + (b_)*x(x_)"(m_ D))" (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, Db
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 471

Int[((e_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_
))~(q_), x_Symbol] :> Simp[(e”(n - 1)*(exx)"(m - n + 1)*(a + b*x™n) " (p + 1)
x(c + d*x™n)"(q + 1))/ (n*x(bxc - axd)*(p + 1)), x] - Dist[e"n/(nx(b*c - axd)
x(p + 1)), Intl[(exx)"(m - n)*(a + b*x™n) " (p + 1)*(c + d*x"n) q*Simp[c*(m -
n+ 1) +d*(m + nx(p + q + 1) + D*x"n, x], x], x] /; FreeQ[{a, b, c, d, e,
qt, x] &% NeQ[b*c - axd, 0] && IGtQ[n, 0] && LtQ[p, -1] && GeQ[n, m - n +
1] && GtQ[m - n + 1, 0] && IntBinomialQ[a, b, ¢, d, e, m, n, p, q, X]

Rule 527

Int[((a_) + (b_.)*(x_)"(n_)) " (p_)*((c_) + (d_)*(x_)"(n_))"(q_.)*((e ) + (f
_)*(x )" (n))), x_Symbol] :> -Simp[((b*e - a*f)*x*x(a + b*xx™n) (p + L)*(c +
d*x"n)~(q + 1))/ (a*n*(bxc - axd)*(p + 1)), x] + Dist[1/(a*nx(b*c - a*xd)*(p
+ 1)), Int[(a + b*x™n) " (p + 1)*(c + d*x"n) g*Simp[cx(bxe - axf) + exn*(b*c
- axd)*(p + 1) + dx(bxe - axf)*x(nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ
[{a, b, ¢, d, e, f, n, g}, x] && LtQ[p, -1]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(x)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*x DD~ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
£72xx72), x1, x, (c*Tan[e + f*x])/ff], x1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, p}, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rubi steps
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2

th?(x)
f i 2x 5% dx = Subst f - ;
(a + b coth (x)) (1 X ) (a + bx )

55 dx, x, coth(x)}

1+2x2
Subst dx, x, coth(x
coth(x) N [f (1-22) (a+b2) 7 ( ))
3(a +b) (a +b c:o’chz(x))?)/2 3(a +b)
3a

coth(x) (24 - b) coth(x) Subst (f =)V

B+ D) (0 +beoth?®)” Ba(a -+ bRa + beoth?(0) Ba(a+

1
coth(x) (2a — b) coth(x) Subst (f () Varow

T 2, 2 2 " (a+D)
3(a+Db)(a+bcoth’(x)”  3a(a +b2+Ja + beoth?(x)
1
Subst| | ——— dx
coth(x) (2a — b) coth(x) (f 1-(a+by®

== - +
3/2 .
3(a+b)(a+beoth®(®)"  3a(a+b2la + beoth’(x) (a+b
Va+b coth(x) )
(2a - b) coth(x)

tanh ™ [
_ \ja+b cothz(x) COth(X)
= 5/2 - 32
(a+0) 3(a+b)(a+beoth’(x)”  3a(a + b)2\Ja + beoth®(x)

time = 7.09, size = 258, normalized size = 2.93

Mathematica [C]
2 2 2 2 -1 (a+b) coshz(x) 2
35acsch”(x) (—5a — 2b coth (x)) 3 (a + b coth (x)) sin — |- acsch”(x) (a (

sinh4(x) tanh(x)

31

Warning: Unable to verify antiderivative.

[In] Integrate[Coth[x]~2/(a + b*Coth[x]~2)~(5/2),x]
[Out] (Sinh[x]~4*(-12%x(a + b)~3*Coth[x]“6*(a + b*Coth[x]~2)*Hypergeometric2F1[2,

2, 9/2, ((a + b)*Cosh[x]~2)/al*Sqrt[-((Cosh[x]~2*(a"2 + b~ 2*Coth[x]~2 + ax(
b + b*Coth[x]~2))*Sinh([x]~2)/a"2)] + 35*%a*x(-5%a - 2*xbxCoth[x]~2)*Csch[x] 2%

(3*ArcSin[Sqrt[((a + b)*Cosh[x]~2)/all*(a + b*Coth[x]~2)72 - a*x(-4xb*Coth[x
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172 + ax (-3 - Coth[x]~2))*Csch[x] ~2*Sqrt[-((Cosh[x] 2*(a"2 + b~2xCoth[x] "2
+ a*x(b + bxCoth[x]~2))*Sinh[x]~2)/a"2)]))*Tanh[x])/(315%a~4*(a + b) ~2*Sqrt[
a + bxCoth[x]"2]*(1 + (b*Coth([x]~2)/a)*Sqrt[-(((a + b)*Cosh[x] 2*(a + b*Cot
h[x]~2)*Sinh([x]"2)/a~2)])

fricas [B] time = 1.02, size = 6591, normalized size = 74.90

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)~2/(atb*coth(x)~2)~(5/2),x, algorithm="fricas")

[Out] [1/12%(3*((a”3 + 2*a~2xb + a*b~2)*cosh(x)”8 + 8*(a”3 + 2*a~2*b + axb~2)*cos
h(x)*sinh(x)~7 + (a”3 + 2*a~2%b + a*b”2)*sinh(x)~8 - 4%(a~3 - a*b~2)*cosh(x
)76 - 4%(a”3 - a*b”2 - 7x(a”3 + 2*a"2xb + a*b~2)*cosh(x) "2)*sinh(x)"6 + 8% (
7*(a”3 + 2*a"2%b + a*b~2)*cosh(x)”"3 - 3*%(a”3 - a*b”2)*cosh(x))*sinh(x)”5 +
2x(3*a”~3 - 2*a~2*b + 3*axb~2)*cosh(x)~4 + 2*x(35%(a”3 + 2*a~2%b + a*xb”2)*cos
h(x)"4 + 3*a~3 - 2*a”2*b + 3*a*xb™2 - 30%(a”3 - a*b”2)*cosh(x) ~2)*sinh(x)"4
+ 8% (7x(a”3 + 2*a"2*b + a*b~2)*cosh(x)”5 - 10*(a”"3 - a*b”2)*cosh(x)~3 + (3%
a~3 - 2*a"2%b + 3*a*b”2)*cosh(x))*sinh(x)”"3 + a”3 + 2*a”2*b + axb”2 - 4x(a”
3 - a*b"2)*cosh(x)"2 + 4%(7*(a"3 + 2*a~2*b + axb~2)*cosh(x)”"6 - 15%x(a"3 - a
*b~2)*cosh(x)"4 - a~3 + a*b™2 + 3*%(3*a”3 - 2*xa~2xb + 3*axb~2)*cosh(x)"2)*si
nh(x)~"2 + 8x((a”3 + 2*a”2*b + a*b~2)*cosh(x)”7 - 3*(a"3 - a*b"2)*cosh(x)”5
+ (3*a”3 - 2*xa~2xb + 3*axb”2)*cosh(x)"3 - (a”3 - a*b~2)*cosh(x))*sinh(x))*s
grt(a + b)*log(((a*xb™2 + b~3)*cosh(x)~8 + 8*(a*b”2 + b~3)*cosh(x)*sinh(x)"7
+ (a*b”™2 + b~3)*sinh(x) "8 + 2x(a*b”2 + 2xb~3)*cosh(x)~6 + 2*(a*xb”2 + 2*b~3
+ 14*%(a*b”™2 + b~3)*cosh(x)"2)*sinh(x) "6 + 4*x(14x(a*xb”2 + b~3)*cosh(x)~3 +
3*x(axb”2 + 2*b~3)*cosh(x))*sinh(x)"5 + (a”3 - a™2%b + 4*a*xb”™2 + 6*xb~3)*cosh
(x)74 + (70x(a*b™2 + b~3)*cosh(x)”4 + a”3 - a™2%b + 4*a*b™2 + 6xb~3 + 30%*(a
*b~2 + 2*%b”3)*cosh(x) 2)*sinh(x) "4 + 4*x(14*x(a*xb~2 + b~3)*cosh(x)”5 + 10*x(ax
b™2 + 2xb~3)*cosh(x)"3 + (a3 - a"2*b + 4xaxb”2 + 6%b~3)*cosh(x))*sinh(x)~3
+ a”3 + 3*a"2%b + 3*%a*b”2 + b”3 - 2*%(a”3 - 3*a*b”2 - 2*xb~3)*cosh(x)"2 + 2%
(14x(a*b™2 + b~3)*cosh(x)"6 + 15%(a*xb”2 + 2*b~3)*cosh(x)"4 - a~3 + 3*a*b™2
+ 2xb~3 + 3*%(a”3 - a"2%b + 4*xaxb”2 + 6%b~3)*cosh(x)”2)*sinh(x)"2 + sqrt(2)=*
(b~ 2*cosh(x) "6 + 6*xb~2*cosh(x)*sinh(x)~5 + b~2*sinh(x)~6 + 3*b~2*cosh(x)"4
+ 3% (5*xb"2*cosh(x)"2 + b™2)*sinh(x)"4 + 4% (5xb~2*cosh(x)~3 + 3*b~2*cosh(x))
*3inh(x) "3 - (2”2 - 2*xaxb - 3*b~2)*cosh(x)~2 + (15%b~2*cosh(x)”4 + 18*b~2xc
osh(x)72 - a2 + 2*xaxb + 3*b~2)*sinh(x)”2 + a~2 + 2%a*xb + b~2 + 2*x(3*b"2*co
sh(x)~5 + 6*%b~2*cosh(x)~3 - (a”2 - 2%a*b - 3*b~2)*cosh(x))*sinh(x))*sqrt(a
+ b)xsqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)~2 - 2*co
sh(x)*sinh(x) + sinh(x)72)) + 4%(2*x(a*b”2 + b~3)*cosh(x)"7 + 3*(a*b™2 + 2x*b
~3)*cosh(x)75 + (a”3 - a™2%b + 4*a*b™2 + 6xb~3)*cosh(x)”3 - (a”3 - 3*a*xb~2
- 2%b~3)*cosh(x))*sinh(x))/(cosh(x) "6 + 6*xcosh(x) 5*sinh(x) + 15*cosh(x) 4x
sinh(x) "2 + 20*cosh(x)~3*sinh(x) "3 + 15*cosh(x) " 2*sinh(x)~4 + 6*cosh(x)*sin
h(x)7"5 + sinh(x)76)) + 3*((a"3 + 2*xa~2*b + a*b~2)*cosh(x)”"8 + 8x(a~3 + 2*a”
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2%b + a*b”2)*cosh(x)*sinh(x)~7 + (a3 + 2*a”"2*b + a*b~2)*sinh(x)"8 - 4*(a"3
- a*b”2)*cosh(x)"6 - 4%(a”3 - a*b”™2 - 7*x(a”3 + 2*a"2%b + a*b”2)*cosh(x)~2)
*sinh(x) 76 + 8x(7*(a”~3 + 2*xa”2*b + a*b~2)*cosh(x)~3 - 3*(a”~3 - a*b~2)*cosh(
x))*sinh(x)75 + 2%(3*%a”3 - 2*a"2xb + 3*a*b~2)*cosh(x)~4 + 2x(35*(a”3 + 2*xa~
2%b + a*b”2)*cosh(x)"4 + 3%a”3 - 2*a”2*b + 3*axb~2 - 30%(a”3 - a*b”2)*cosh(
x)"2)*sinh(x)~4 + 8*%(7*(a”3 + 2*a”"2*b + a*b~2)*cosh(x)”5 - 10*x(a"3 - a*b”~2)
*cosh(x)"3 + (3*a”3 - 2*xa~2%b + 3*a*b”2)*cosh(x))*sinh(x)~3 + a3 + 2*a”~2x*b
+ a*b”2 - 4*x(a”3 - axb"2)*cosh(x)”2 + 4x(7*(a~3 + 2*a~2%b + a*b”2)*cosh(x)
"6 - 16*%(a”3 - a*b”2)*cosh(x)™4 - a”3 + a*b™2 + 3%x(3*a”3 - 2*a~2xb + 3*axb”
2)*cosh(x) "2)*sinh(x)~2 + 8*((a”3 + 2*a”2*b + a*b~2)*cosh(x)”7 - 3*(a"3 - a
*b~2)*cosh(x) "5 + (3*a~3 - 2*a”2%b + 3*a*xb~2)*cosh(x)"3 - (a”3 - a*xb”2)*cos
h(x))*sinh(x))*sqrt(a + b)*log(-((a + b)*cosh(x)~4 + 4x(a + b)*cosh(x)*sinh
(x)73 + (a + b)*sinh(x)~4 - 2*axcosh(x)"2 + 2%(3*(a + b)*cosh(x)"2 - a)*sin
h(x)~"2 + sqrt(2)*(cosh(x)”"2 + 2*cosh(x)*sinh(x) + sinh(x)"2 - 1)*sqrt(a + b
)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)~2 - 2x*cosh(
x)*sinh(x) + sinh(x)"2)) + 4*x((a + b)*cosh(x)~3 - a*cosh(x))*sinh(x) + a +
b)/(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2)) - 4*sqrt(2)*((3*xa~3 + 5*a”2
*b + a*b”™2 - b~3)*cosh(x)"6 + 6x(3*a”3 + 5*a”"2*b + a*b”2 - b~3)*cosh(x)*sin
h(x)~"5 + (3*a”3 + 5*a”2%b + a*b”™2 - b~3)*sinh(x)"6 - 3*(a"3 - a”™2%b - axb”2
+ b73)*cosh(x)"4 - 3*(a™3 - a™2*b - a*b”2 + b™3 - 5%(3*xa”3 + 5*a"2xb + ax*b
"2 - b"3)*cosh(x)"2)*sinh(x)~4 + 4*%(5x(3*a”~3 + 5*xa~2%b + a*b™2 - b~3)*cosh(
x)73 - 3*x(a”3 - a”2*b - a*b”2 + b~3)*cosh(x))*sinh(x)”"3 + 3*a~3 + 5*a~2*b +
a*b”2 - b"3 - 3%x(a”3 - a"2%b - a*b”2 + b~ 3)*cosh(x)"2 + 3*(5x(3*%a~3 + 5*a”
2xb + a*b”2 - b73)*cosh(x)74 - a”3 + a”2*b + a*b”2 - b”3 - 6%(a”3 - a”"2%b -
a*b”2 + b73)*cosh(x) 2)*sinh(x)~2 + 6x((3*a~3 + 5*a~2%b + a*b”™2 - b~3)*cos
h(x)"5 - 2x(a”™3 - a™2*b - a*b™2 + b~ 3)*cosh(x)”"3 - (2”3 - a™2*b - a*b™2 + b
~3)*cosh(x))*sinh(x))*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/
(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2)))/((a"6 + 5*xa~5xb + 10*a"4*b"2
+ 10*%a”~3*b~3 + 5xa”2*b”"4 + axb~5)*cosh(x)"8 + 8*(a”6 + 5*xa”~b*b + 10*a~4*b~2
+ 10*%a”3*b~3 + 5*xa”2*b”4 + axb~5)*cosh(x)*sinh(x)~7 + (a”6 + 5*a~bxb + 10%
a~4xb”2 + 10%a~3*b”3 + 5*xa"2*b"4 + axb~5)*sinh(x)"8 - 4*(a”6 + 3*xa”~b*b + 2x
a~4*xb”2 - 2%a~3*b”"3 - 3*a"2*b"4 - axb~5)*cosh(x)"6 - 4*x(a”6 + 3*xa”~b*b + 2xa
“4xb"2 - 2*%a~3%b"3 - 3*%a"2%b"4 - axb”5 - 7x(a”6 + 5*%a"bxb + 10%a"4xb~2 + 10
*a"3%b"3 + 5*a"2*b"4 + axb~5)*cosh(x)”2)*sinh(x)"6 + a~6 + 5*a"b*b + 10*a~4
*b72 + 10*a~3%b”3 + 5*a"2%b”4 + axb”5 + 8x(7+x(a"6 + 5*a~5xb + 10*a"4xb"2 +
10*%a~3%b~3 + 5*a”2%b~4 + a*b”5)*cosh(x)”3 - 3*(a"6 + 3*a~bxb + 2*a~4%b"2 -
2xa"3*b”"3 - 3*a"2*b”4 - ax*xb~5)*cosh(x))*sinh(x)”5 + 2x(3*a”~6 + 7xa~b*xb + 6%
a~4*xb”2 + 6%a~3*b”"3 + T*xa"2*xb"4 + 3xaxb~5)*cosh(x)"4 + 2*(3*a”6 + 7*a"bxb +
6*xa~4*xb"2 + 6*%a"3*b"3 + 7*a"2*b"4 + 3*xaxb”5 + 35%x(a”6 + 5*%a~5xb + 10*xa”~4x*b
"2 + 10*%a"3%b"3 + 5*a"2%b~4 + a*b”5)*cosh(x)”4 - 30%(a”6 + 3*a~b5xb + 2%a~4x
b~2 - 2*%a~3%b~3 - 3*a"2*b"4 - axb”5)*cosh(x)"2)*sinh(x)"4 + 8x(7x(a”6 + 5*a
“Bxb + 10*a~4%b”2 + 10*a~3*%b"3 + 5%a"2*%b"4 + ax*b”5)*cosh(x)”5 - 10%(a"6 + 3
*a"bxb + 2¥a~4xb”2 - 2%a~3%b"3 - 3*a"2*xb"4 - axb~5)*cosh(x)”3 + (3*a”6 + Tx
a~bxb + 6*a”4xb"2 + 6*a”3%b"3 + 7*a"2%b~4 + 3*axb~5)*cosh(x))*sinh(x)"3 - 4
*(a”6 + 3*a"bxb + 2*a"4xb"2 - 2*%a”3%b"3 - 3*a"2%b"4 - a*b~5)*cosh(x)”2 + 4x
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(7x(a”6 + 5*xa~b*xb + 10%a~4*b~2 + 10%a~3*b~3 + 5*xa~2*xb"4 + axb~5)*cosh(x) "6
- a”6 - 3*%a~bxb - 2*%a"4*xb"2 + 2%a"3*b"3 + 3*xa”2*b"4 + axb”5 - 15%(a”6 + 3x*a
“B*b + 2*%a”4*b”"2 - 2*xa~3%b~3 - 3*a"2*b"4 - a*xb~5)xcosh(x)"4 + 3*x(3*a"6 + Tx
a~bxb + 6*%a”4xb"2 + 6*%a”3%b"3 + 7*a"2xb~4 + 3*axb~5)*cosh(x) "2)*sinh(x)"2 +
8+%((a”6 + 5*a~bxb + 10*a~4%b~2 + 10*a~3%b~3 + 5*a”2%b~4 + a*b~5)*cosh(x)”7
- 3x(a”6 + 3*a~bxb + 2*%a"4%b"2 - 2*a~3%b~3 - 3*a”"2%b~4 - a*b”5)*cosh(x)”5
+ (3%a”6 + T*a~bxb + 6*a”4%b"2 + 6*a”3%b~3 + 7*a"2%b~4 + 3*a*b”5)*cosh(x)”3
- (a”6 + 3*a"b*xb + 2*xa~4%b~2 - 2*%a”3*b”"3 - 3*a"2xb~4 - a*b~5)*cosh(x))*sin
h(x)), -1/6x(3*((a”3 + 2*a”2*b + a*b~2)*cosh(x)"8 + 8*(a”3 + 2*a~2*b + axb”
2)*cosh(x)*sinh(x)”7 + (a”3 + 2*a™2*b + a*b™2)*sinh(x)"8 - 4*(a”3 - a*xb™2)x*
cosh(x)76 - 4*%(a”"3 - a*xb™2 - 7x(a”3 + 2*a”2*b + a*b~2)*cosh(x)~2)*sinh(x) "6
+ 8% (7x(a”"3 + 2*xa~2xb + a*b”2)*cosh(x)”"3 - 3*(a”3 - a*b”2)*cosh(x))*sinh(x
)75 + 2%(3*%a”3 - 2*a”2*b + 3xaxb~2)*cosh(x)”4 + 2x(35%x(a~3 + 2*a"2%b + axb”
2)*cosh(x)~4 + 3*a~3 - 2*xa~2%b + 3*a*b”™2 - 30*(a~3 - a*b~2)*cosh(x) ~2)*sinh
(x)74 + 8%(7*(a”3 + 2*xa~2xb + a*b~2)*cosh(x)”"5 - 10*x(a~3 - a*b~2)*cosh(x)”3
+ (3*%a”3 - 2*a"2xb + 3*a*b”2)*cosh(x))*sinh(x)~3 + a”3 + 2*a”2*b + a*xb™2 -
4*x(a”~3 - a*b"2)*cosh(x) "2 + 4*x(7*x(a~3 + 2*¥a"2%b + a*b”2)*cosh(x)"6 - 15%(a
~3 - a*b”2)*cosh(x)"4 - a~3 + a*b™2 + 3%(3*a”3 - 2*a~2*b + 3*a*xb~2)*cosh(x)
“2)*sinh(x)~2 + 8*((a~3 + 2*a"2%b + a*b”~2)*cosh(x)”~7 - 3*%(a”3 - a*b”2)*cosh
(x)75 + (3*a™3 - 2*a~2*xb + 3*xaxb~2)*cosh(x)”3 - (a”3 - a*b~2)*cosh(x))*sinh
(x))*sqrt(-a - b)*arctan(sqrt(2)*(b*cosh(x)~2 + 2%b*cosh(x)*sinh(x) + b*sin
h(x)"2 + a + b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 -
a + b)/(cosh(x)"2 - 2*xcosh(x)*sinh(x) + sinh(x)~2))/((a*b + b~2)*cosh(x)"4
+ 4x(a*b + b~2)*cosh(x)*sinh(x)~3 + (a*b + b~"2)*sinh(x)"4 - (a”2 - axb - 2%
b~2)*cosh(x)"2 + (6%(a*b + b™2)*cosh(x)"2 - a™2 + a*b + 2*b"2)*sinh(x)"2 +
a2 + 2*axb + b72 + 2x(2x(a*¥b + b"2)*cosh(x)”"3 - (a”2 - a*b - 2*b~2)*cosh(x
))*sinh(x))) + 3*((a”3 + 2*xa”2*b + a*b~2)*cosh(x)"8 + 8*(a”3 + 2*xa~2*b + ax
b~2)*cosh(x)*sinh(x) "7 + (2”3 + 2*a~2xb + a*b”2)*sinh(x)”"8 - 4*(a~3 - a*xb™2
)Y*¥cosh(x)76 - 4%(a”3 - a*xb™2 - 7x(a”3 + 2*a"2%b + a*b~2)*cosh(x)~2)*sinh(x)
"6 + 8%(7*x(a”3 + 2*a”2*b + a*b”2)*cosh(x)~3 - 3*(a”3 - a*b”2)*cosh(x))*sinh
(x)75 + 2%(3*xa”3 - 2*a"2xb + 3*a*b~2)*cosh(x)”4 + 2x(35*%(a”3 + 2*xa”~2*b + ax
b"2)*cosh(x)~4 + 3*a”3 - 2*a”2*b + 3*axb”2 - 30*%(a”3 - a*b”2)*cosh(x)~2)*si
nh(x)~4 + 8x(7+*(a”3 + 2*a”2*b + a*b~2)*cosh(x)”5 - 10*(a”"3 - a*b”~2)*cosh(x)
~3 + (3*a”3 - 2*a"2xb + 3*a*b~2)*cosh(x))*sinh(x)~3 + a”3 + 2*a”2*b + axb~2
- 4x(a”3 - a*b~2)*cosh(x)"2 + 4*(7*(a”3 + 2*a~2*b + a*xb~2)*cosh(x)"6 - 15%
(a”3 - a*b”2)*cosh(x)”™4 - a~3 + a*b™2 + 3*(3*a”™3 - 2*xa~2xb + 3*a*xb~2)*cosh(
x)"2)*sinh(x)"2 + 8*%((a”3 + 2*a"2*b + a*b~2)*cosh(x)”7 - 3*(a~3 - a*b~2)*co
sh(x)"5 + (3*a”3 - 2*xa~2%b + 3*a*b”2)*cosh(x)"3 - (a”3 - a*b”2)*cosh(x))*si
nh(x))*sqrt(-a - b)*arctan(sqrt(2)*(cosh(x)~2 + 2xcosh(x)*sinh(x) + sinh(x)
"2 - 1)xsqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(
cosh(x)72 - 2*cosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)"4 + 4*x(a + b)*
cosh(x)*sinh(x)~3 + (a + b)*sinh(x)"4 - 2*(a - b)*cosh(x)"2 + 2%(3*(a + b)*
cosh(x)72 - a + b)*sinh(x)"2 + 4*x((a + b)*cosh(x)"3 - (a - b)*cosh(x))*sinh
(x) + a+ b)) + 2xsqrt(2)*((3*¥a”3 + 5xa”2+b + a*b™2 - b~3)*cosh(x)"6 + 6%(3
*a~3 + b*a"2%b + a*b”2 - b~3)*cosh(x)*sinh(x)”5 + (3*%a”3 + 5*a~2xb + a*b~2
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- b"3)*sinh(x)"6 - 3%(a”3 - a"2*%b - a*b™2 + b~3)*cosh(x)"4 - 3*x(a”™3 - a~2*b
- a*b”2 + b"3 - 5x(3*%a”3 + 5%a”2*b + a*b”2 - b~3)*cosh(x)"2)*sinh(x)"4 + 4
*(5x(3*a”3 + 5*xa"2*b + a*b”2 - b"3)*cosh(x)”"3 - 3*x(a”3 - a™2%b - a*b™2 + b~
3)*cosh(x))*sinh(x)~3 + 3*a”™3 + 5*a™2%b + a*b”™2 - b™3 - 3*%(a"3 - a™2%b - ax
b~2 + b~3)*cosh(x)”2 + 3*(5x(3*a~3 + 5*a~2%b + a*b”2 - b"3)*cosh(x)"4 - a~3
+ a”2%b + a*b”2 - b"3 - 6%(a”3 - a”2%b - a*b”2 + b~ 3)*cosh(x)"2)*sinh(x) "2
+ 6%((3*a”3 + 5*xa~2*xb + a*b”2 - b"3)*cosh(x)"5 - 2x(a”3 - a”™2*b - a*xb™2 +
b~3)*cosh(x)”3 - (2”3 - a™2%b - a*b™2 + b~3)*cosh(x))*sinh(x))*sqrt(((a + b
Y*¥cosh(x)"2 + (a + b)*sinh(x)”"2 - a + b)/(cosh(x)”"2 - 2*cosh(x)*sinh(x) + s
inh(x)72)))/((a"6 + 5*a”~bxb + 10*a~4*b~2 + 10*a~3*b~3 + 5xa~2%b~4 + a*b™5)*
cosh(x)78 + 8*(a™6 + 5*a"bxb + 10*a~4%b~2 + 10*a”~3*b~3 + 5%a~2%b"4 + a*b”5)
*cosh(x)*sinh(x)~7 + (a”6 + 5*a”5*b + 10*a”"4*b”"2 + 10*a~3*%b~3 + 5*a~2*b"4 +
a*b~5)*sinh(x) "8 - 4*(a”6 + 3*a~b*xb + 2*a~4%b~2 - 2*¥a”~3%b"3 - 3*a"2*b"4 -
a*b~5)*cosh(x)”"6 - 4x(a~6 + 3*a~b*b + 2*a~4*b"2 - 2%a~3%b"3 - 3*a"2*b"4 - a
*b~5 - 7*(a”6 + 5*a~bxb + 10*a~4%b~2 + 10*a”~3*b~3 + 5*xa~2%b~4 + a*b”5)*cosh
(x)72)*sinh(x) "6 + a6 + 5*xa~bxb + 10*a~4*b~2 + 10*a”~3*b~3 + 5*xa~2%b"4 + ax
b"5 + 8x(7x(a”6 + 5*a”b*b + 10*a”~4*b~2 + 10*a"3*b"3 + 5*a"2*b~4 + a*b~5)*co
sh(x)"3 - 3*(a”6 + 3*a~b*b + 2*a"4*b”2 - 2*a~3*b~3 - 3*a"2%b"4 - a*xb”~5)*cos
h(x))*sinh(x)~5 + 2%(3*a”6 + 7*a"bxb + 6xa~4%b~2 + 6*%a”3*b~3 + 7*xa~2xb~4 +
3*a*xb~5)*cosh(x) "4 + 2%(3*a”6 + 7*a"b*xb + 6*xa~4%b~2 + 6*a”3*b~3 + 7*xa~2xb~4
+ 3*%axb”5 + 35%(a”6 + bxa~bxb + 10*a~4*b”"2 + 10*a~3*b"3 + 5*xa~2%b"4 + axb”
5)*cosh(x)”4 - 30*(a”6 + 3*a~b*b + 2*a"4*xb"2 — 2*xa~3*b~3 - 3*a”"2*b"4 - axb”
5)*cosh(x) "2)*sinh(x)"4 + 8*(7*(a”"6 + 5*%a”~b*b + 10%a~4*b"2 + 10*a"3*b"3 + 5
*a"2%b"4 + a*b”5)*cosh(x)”5 - 10%(a”6 + 3*a”~b*xb + 2*xa~4%b~2 - 2%a~3*b”"3 - 3
*a"2%b"4 - axb”~5)*cosh(x)~3 + (3*a”™6 + 7*a"bxb + 6xa~4%b~2 + 6*%a”~3*b”"3 + 7Tx*
a"2*xb~4 + 3xaxb”5)*cosh(x))*sinh(x)”"3 - 4*x(a”6 + 3*a”b*xb + 2*xa~4%b”"2 - 2*a”
3*b”"3 - 3*a"2*b"4 - axb”5)*cosh(x)”"2 + 4x(7x(a”6 + 5*a”b*xb + 10*a~4*xb"2 + 1
0*a~3*b~3 + 5*a~2*b~4 + axb”5)*cosh(x)"6 - a~6 - 3*a~b*b - 2*a"4*b”"2 + 2*xa”
3*b~"3 + 3*%a"2%b"4 + axb”5 - 15%(a”6 + 3*a~bxb + 2%a~4*b"2 - 2*xa”~3*b”"3 - 3*a
“2%b~4 - a*b”5)*cosh(x)~4 + 3%(3*a”6 + 7*a"bxb + 6xa~4%b~2 + 6*%a”~3*b”"3 + Tx*
a"2*xb~4 + 3xaxb”5)*cosh(x) "2)*sinh(x)~2 + 8x((a"6 + 5*a~bxb + 10*a~4xb~2 +
10*%a~3*b~3 + 5%a”2%b"4 + ax*b”~5)*cosh(x)”~7 - 3*(a”™6 + 3*a”"b*xb + 2*xa~4xb"2 -
2%a"3%b"3 - 3*a"2*b"4 - a*b~5)*cosh(x)”5 + (3*a”6 + 7*a~b*b + 6*a"4*b"2 + 6
*a"3*%b~3 + 7T*xa"2*xb~4 + 3xax*b”5)*cosh(x)”3 - (a”6 + 3*a~bxb + 2%xa~4*xb"2 - 2%

a~3%b~3 - 3*a"2*xb"4 - axb~5)*cosh(x))*sinh(x))]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)~2/(atb*coth(x)~2)~(5/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT:Warning, integration of abs or sign assumes
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constant sign by intervals (correct if the argument is real):Check [abs(t_n
ostep-1)]Warning, replacing O by ~ u”, a substitution variable should perha
ps be purged.Warning, replacing O by ™ u’, a substitution variable should p
erhaps be purged.Warning, replacing O by ~ u”, a substitution variable shou
1d perhaps be purged.Evaluation time: 0.54Error: Bad Argument Type

maple [B] time = 0.10, size = 454, normalized size = 5.16

coth(x) 2 coth(x) _ 1 N

3a(a+b (cothz(x)))g 3612\/61 +b(coth*®)) 6 (a+b) ((coth(x) = 1)? b + 2 (coth(x) 1) b+ a + b)

N w

6(a+
Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)~2/(atb*coth(x)~2)~(5/2),%)

[Out] -1/3*coth(x)/a/(at+b*coth(x)~2)~(3/2)-2/3/a"2*coth(x)/(a+b*coth(x)~2)~(1/2)-
1/6/(a+b)/((coth(x)-1) "2*xb+2* (coth(x)-1)*b+a+b) ~(3/2)+1/6%b/ (a+b) /a/((coth(
x)-1) "2xb+2* (coth(x)-1) *b+a+b) ~(3/2) *coth(x)+1/3*b/ (a+b) /a~2/((coth(x)-1)"2
*b+2* (coth(x)-1)*b+a+b) ~(1/2)*coth(x)-1/2/(a+b) "2/ ((coth(x)-1) "2xb+2* (coth(
x)-1)*b+a+b) ~(1/2)+1/2/(a+b)"2/a/ ((coth(x)-1) "2*b+2* (coth(x)-1) *b+a+b) ~(1/2
Y¥bkxcoth(x)+1/2/(a+b) " (5/2) *1n((2*a+2*xb+2* (coth(x) -1) *b+2*x (a+b) ~(1/2) *((cot
h(x)-1) "2%b+2*(coth(x)-1) *b+a+b) ~(1/2))/(coth(x)-1))+1/6/(a+b)/((1+coth(x))
~2%b-2% (1+coth(x) ) *b+a+b) ~(3/2)+1/6%b/(a+b) /a/((1+coth(x)) ~2*¥b-2* (1+coth(x)
)*xb+a+b) ~(3/2) *coth(x)+1/3*b/ (a+b) /a~2/ ((1+coth(x)) ~2xb-2* (1+coth(x)) *b+a+b
)~ (1/2)*coth(x)+1/2/(a+b) "2/ ((1+coth(x)) "2*b-2* (1+coth(x) ) *b+a+b) ~(1/2)+1/2
/(a+b)~2/a/ ((1+coth(x)) "2*¥b-2* (1+coth(x) ) *b+a+b) ~(1/2) *b*coth(x)-1/2/(a+b)~
(5/2)*1n((2*a+2*xb-2*% (1+coth(x) ) *b+2* (a+b) " (1/2) *((1+coth(x) ) "2*¥b-2* (1+coth(
x))*b+a+b) ~(1/2))/(1+coth(x)))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

th(x)?
coth(x) i

5

(b coth(x)? + a) 2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)~2/(atb*coth(x)~2)~(5/2),x, algorithm="maxima"
[Out] integrate(coth(x)~2/(b*coth(x)~2 + a)~(5/2), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

2
f( coth(x) ix

b co’ch(x)2 + a) !




Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)~2/(a + b*coth(x)~2)~(5/2),x)
[Out] int(coth(x)~2/(a + bxcoth(x)~2)"(5/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

coth? (x) o

o

(a+ beoth? (x))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)**2/(atb*xcoth(x)**2)**(5/2),x)

[Out] Integral(coth(x)**2/(a + b*coth(x)**2)*x(5/2), x)

281
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coth(x)
3.45 = dx
(a+b coth®(x))
Optimal. Leaf size=70
tanh_l \a+b cothz(x)
1 1 Va+b

+
(a+ b)zm 3(a+b)(a+b Cothz(x))3/ ? (a + )52

[Out] arctanh((a+b*xcoth(x)~2)~(1/2)/(a+b)~(1/2))/(a+b)~(5/2)-1/3/(a+b)/(a+b*coth(
x)~2)"(3/2)-1/(a+b) "2/ (a+b*coth(x)~2)~(1/2)

Rubi [A] time = 0.10, antiderivative size = 70, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 6, number of rules used = 5, integrand size = 15, e e

0.333, Rules used = {3670, 444, 51, 63, 208}

integrand size

tanh_l ( \Ja+b cothz(x) ]

1 1 Va+b

+
(ﬂ + b)zm 3(61 + b) (61 + bCOthz(x))S/z (ﬂ i b)5/2

Antiderivative was successfully verified.

[In] Int[Coth[x]/(a + b*Coth[x]"2)"(5/2),x]

[Out] ArcTanh[Sqrt[a + bxCoth[x]~2]/Sqrt[a + bl]/(a + b)~(5/2) - 1/(3*%(a + b)*(a
+ b*Coth[x]72)7(3/2)) - 1/((a + b)~2*Sqrt[a + bxCoth[x]~2])

Rule 51

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + bxx)"(m + D*(c + d*x)"(n + 1))/ ((bxc - axd)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - axd)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], x
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[nl]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + b*x)~(1/p)], x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
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ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 444

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_.)*((c_) + (d_.)*x(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*x(c + d*x)~q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] & NeQ[b*c - a*d, 0] && EqQ[m - n +
1, 0]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)])"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*& DD~ (@ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*(a + b*x(ff*x)"n) p)/(c™2 + f
f~2xx72), x], x, (c*Tan[e + f*x])/ff], x]] /; FreeQ[{a, b, ¢, d, e, f, m, n
, PY, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps
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coth(x) ~ X
it [f EEETRT COth(x)}

1 1 )
=5 Subst (f A=+ " dx, x, coth (x))
1
B 1 . Subst (fmdx X, coth (.X'))
- 32
3(a +b) (a + both(x)) 2(a+1b)
1
1 Subst (fmdx,x

Bl 2
3a+b)(a+beoth?®) (a4 zw/a + both? (x) 2a+b)
Subst [ f ! " dx, x,\/

a
_ 1 1+z—?

- 2
3a+b)(a+beoth?®)” (a4 b z,/a + beoth? (x) bla+10)

I [ \Ja+b coth?(x) )
an e

Va+b 1 1

(a +b)>2 3(a +D) (a +b cothz(x))?)/2 (a+Db)2\Ja+Db cothz(x)

Mathematica [C] time = 0.04, size = 43, normalized size = 0.61

3 1 beoth?(x)+a
P\~ by

3(a +b) (a + beoth®(x))

Antiderivative was successfully verified.

[In] Integrate[Coth[x]/(a + b*Coth[x]~2)~(5/2),x]

[Out] -1/3+*Hypergeometric2F1[-3/2, 1, -1/2, (a + bxCoth[x]~"2)/(a + b)]/((a + b)*(
a + b*Coth[x]~2)~(3/2))

fricas [B] time = 0.99, size = 5736, normalized size = 81.94

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(coth(x)/(at+b*xcoth(x)~2)~(5/2),x, algorithm="fricas")

[Out] [1/12%(3*((a"2 + 2*a*b + b~2)*cosh(x)”"8 + 8*(a”2 + 2*a*b + b~2)*cosh(x)*sin
h(x)~7 + (272 + 2%axb + b™2)*sinh(x)”"8 - 4%(a”2 - b~2)*cosh(x)”6 + 4*(7x(a”
2 + 2%axb + b"2)*cosh(x)"2 - a2 + b™2)*sinh(x)"6 + 8*(7*(a"2 + 2*a*b + b2
Yxcosh(x)73 - 3*(a”™2 - b"2)*cosh(x))*sinh(x)"5 + 2*(3*a~2 - 2%axb + 3*b~2)*
cosh(x)"4 + 2*%(35%(a"2 + 2*xaxb + b~2)*cosh(x)”4 - 30*x(a"2 - b~2)*cosh(x) "2
+ 3%a”2 - 2*axb + 3*b”2)*sinh(x)"4 + 8% (7x(a”"2 + 2%axb + b"2)*cosh(x)”5 - 1
0*(a”"2 - b™2)*cosh(x)~3 + (3*a”™2 - 2*a*b + 3*b~2)*cosh(x))*sinh(x)~3 - 4x(a
"2 - b™2)*cosh(x)7"2 + 4x(7+*(a”2 + 2*a*b + b~2)*cosh(x)”6 - 15%(a”2 - b™2)*c
osh(x)~4 + 3*x(3*a”2 - 2xa*b + 3*b~2)*cosh(x)"2 - a”2 + b™2)*sinh(x)"2 + a~2
+ 2%axb + b72 + 8%x((a”2 + 2%axb + b~2)*cosh(x)”"7 - 3*(a”2 - b"2)*cosh(x)”5
+ (3*%a”2 - 2%a*b + 3*xb~2)*cosh(x)”3 - (a”2 - b~2)*cosh(x))*sinh(x))*sqrt(a
+ b)*log(-((a”3 + a~2*b)*cosh(x) "8 + 8*(a”3 + a~2*b)*cosh(x)*sinh(x)~7 + (
a~3 + a”2#b)*sinh(x)~8 - 2x(2*a”~3 + a"2xb)*cosh(x)"6 - 2*(2*a”~3 + a"2*b - 1
4% (2”3 + a~2*b)*cosh(x) "2)*sinh(x)”"6 + 4*x(14*x(a”3 + a”2*b)*cosh(x)~3 - 3*(2
*a~3 + a”2*b)*cosh(x))*sinh(x)"5 + (6*a”3 + 4*a~2xb - a*b™2 + b~3)*cosh(x)”
4 + (70%x(a"3 + a"2xb)*cosh(x)~4 + 6*a”3 + 4xa~2*b - a*b”2 + b~3 - 30*(2*a"3
+ a~2%b)*cosh(x)"2)*sinh(x) "4 + 4*x(14%(a”~3 + a~2xb)*cosh(x)”"5 - 10*(2*a"3
+ a”2xb)*cosh(x)~3 + (6*%a”3 + 4*a”2*b - a*b”2 + b~3)*cosh(x))*sinh(x)”3 + a
3 + 3*a”2%b + 3*%a*b”2 + b~3 - 2*%(2%¥a”3 + 3*a"2%b - b~3)*cosh(x)"2 + 2% (14x
(a”3 + a"2#b)*cosh(x)”"6 — 15x(2*a~3 + a~2*b)*cosh(x)"4 - 2*xa~3 - 3*a"2*b +
b~3 + 3% (6%a”3 + 4%xa”2*b - axb”2 + b~3)*cosh(x)”2)*sinh(x)"2 + sqrt(2)*(a”2
*cosh(x) 6 + 6*a"2*xcosh(x)*sinh(x)”5 + a”™2*sinh(x)~6 - 3*a~2*cosh(x)”~4 + 3%
(5%a~2*cosh(x)~2 - a"2)*sinh(x)~4 + 4*(5*a”2*cosh(x)”~3 - 3*a~2*cosh(x))*sin
h(x)~"3 + (3*a”2 + 2*a*b - b~2)*cosh(x)"2 + (15*a"2*cosh(x)~4 - 18*a~2xcosh(
X)72 + 3*%a”2 + 2%axb - b"2)*sinh(x)72 - a”2 - 2%a*xb - b72 + 2*x(3*a"2xcosh(x
)75 - 6%a”2xcosh(x)"3 + (3*a”2 + 2xaxb - b~2)*cosh(x))*sinh(x))*sqrt(a + b)
xsqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x
)*sinh(x) + sinh(x)72)) + 4*x(2*%(a”3 + a"2*b)*cosh(x)”7 - 3*(2*xa”3 + a~2xb)x*
cosh(x)75 + (6*%a”3 + 4*a~2*b - a*b”2 + b~3)*cosh(x)~3 - (2*xa~3 + 3*a"2*b -
b~3)*cosh(x))*sinh(x))/(cosh(x)~6 + 6*xcosh(x) 5*sinh(x) + 15*%cosh(x) ~4*sinh
(x)72 + 20*cosh(x) " 3*sinh(x)~3 + 15*cosh(x) "2*sinh(x)~4 + 6*cosh(x)*sinh(x)
5 + sinh(x)76)) + 3*((a”2 + 2*a*b + b~2)*cosh(x)~8 + 8*(a”2 + 2*a*b + b~2)
*cosh(x)*sinh(x)~7 + (2”2 + 2*axb + b~2)*sinh(x)”"8 - 4*x(a”2 - b~2)*cosh(x)”
6 + 4x(7*(a”2 + 2*a*b + b~2)*cosh(x)"2 - a”2 + b"2)*sinh(x) "6 + 8x(7*(a"2 +
2%a*b + b72)*cosh(x)"3 - 3*%(a”™2 - b™2)*cosh(x))*sinh(x)~5 + 2*(3*a”~2 - 2*a
*b + 3*b~2)*cosh(x)”4 + 2x(35%(a”2 + 2xa*b + b~2)*cosh(x)”4 - 30*x(a"2 - b~2
)*cosh(x)~2 + 3*a”™2 - 2xaxb + 3*b~2)*sinh(x) "4 + 8x(7*(a”2 + 2xa*xb + b~2)*c
osh(x)75 - 10%(a"2 - b™2)*cosh(x)~3 + (3*a"2 - 2*axb + 3*b~2)*cosh(x))*sinh
(x)73 - 4%(a”2 - b™2)*cosh(x)72 + 4x(7x(a”2 + 2*axb + b~2)*cosh(x)”6 - 15%(
a”2 - b"2)*cosh(x)"4 + 3%(3*%a”2 - 2*a*b + 3*b"2)*cosh(x)”2 - a2 + b~2)*sin
h(x)72 + a”2 + 2%a*xb + b™2 + 8+((a"2 + 2%a*xb + b~2)*cosh(x)"7 - 3*(a”2 - b~
2)*cosh(x)”5 + (3*a~2 - 2%a*xb + 3*b~2)*cosh(x)"3 - (a”2 - b"2)*cosh(x))*sin
h(x))*sqrt(a + b)*log(((a + b)*cosh(x)"4 + 4*(a + b)*cosh(x)*sinh(x)"3 + (a
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+ b)*sinh(x) "4 + 2*b*cosh(x)”"2 + 2*x(3*%(a + b)*cosh(x)"2 + b)*sinh(x)"2 + s
qrt(2)*(cosh(x)~"2 + 2xcosh(x)*sinh(x) + sinh(x)~2 + 1)*sqrt(a + b)*sqrt(((a
+ b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)”2 - 2*cosh(x)*sinh(x)
+ sinh(x)"2)) + 4x((a + b)*cosh(x)~3 + b*cosh(x))*sinh(x) + a + b)/(cosh(x
)72 + 2%cosh(x)*sinh(x) + sinh(x)72)) - 16*sqrt(2)*((a”2 + 2*axb + b~2)*cos
h(x)"6 + 6%(a"2 + 2*xaxb + b~2)*cosh(x)*sinh(x)~5 + (a”2 + 2*a*b + b~2)*sinh
(x)76 - 3%(a”2 + axb)*cosh(x)"4 + 3x(5x(a”2 + 2*axb + b"2)*cosh(x)"2 - a~2
- a*b)*sinh(x)"4 + 4*x(5x(a”2 + 2*a*b + b~2)*cosh(x)~3 - 3*%(a”2 + axb)*cosh(
x))*sinh(x)~3 + 3*(a”2 + ax*b)*cosh(x)~2 + 3*(5%(a”2 + 2*a*b + b~2)*cosh(x)”
4 - 6%(a"2 + axb)*cosh(x)”2 + a™2 + a*b)*sinh(x)"2 - a~2 - 2xa*xb - b™2 + 6%
((a”™2 + 2%axb + b"2)*cosh(x)”5 - 2%(a"2 + axb)*cosh(x)”3 + (a"2 + axb)*cosh
(x))*sinh(x))*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)
~2 - 2xcosh(x)*sinh(x) + sinh(x)~2)))/((a"5 + 5*a~4x*xb + 10*a~3*b"2 + 10*a”2
*b~3 + b*a*b™4 + b75)*cosh(x)”8 + 8*(a”5 + 5*xa~4xb + 10*a"3*b~2 + 10*a~2xb~
3 + 5%axb™4 + b75)*cosh(x)*sinh(x)”7 + (a”5 + 5*%a~4%b + 10*%a”~3%b~2 + 10*a"2
*b~3 + B*axb™4 + b75)*sinh(x)78 - 4*(a”5 + 3*a~4xb + 2%a~3*%b"2 - 2*a"2*b"3
- 3*a*b”™4 - b"5)*cosh(x)"6 - 4%(a”b + 3*a~4*xb + 2*xa~3*%b"2 - 2*a”"2*b"3 - 3*a
*b74 - b"5 - 7*(a”5 + 5*xa”4xb + 10*a~3*%b”2 + 10*a"2%b”3 + 5*axb"4 + b~5)*co
sh(x)"2)*sinh(x)~"6 + 8x(7*(a”5 + b*a~4*b + 10*a~3*b~2 + 10*a”2*b~3 + b*xaxb~
4 + b"5)*cosh(x)”3 - 3*%(a”5 + 3*a~4xb + 2¥a”3*b"2 - 2%a"2*b~3 - 3*axb™4 - b
“5)*cosh(x))*sinh(x)"5 + a”5 + 5*xa”4xb + 10*a~3*b"2 + 10*a~2*b~3 + 5*xaxb”4
+ b75 + 2% (3*a”5 + T*a"4%b + 6*%a”"3*b"2 + 6%a"2*%b"3 + T*axb"4 + 3*b~5)*cosh(
x)74 + 2x(3%a”5 + 7*a"4*b + 6*a"3*b"2 + 6%a"2%b"3 + T*axb"4 + 3*xb~5 + 35%(a
“5 + b*a”4xb + 10*a~3*b~2 + 10*a”2*b”3 + 5*a*xb~4 + b~5)*cosh(x)”4 - 30*(a”5
+ 3*a"4xb + 2*%a~3*b"2 - 2%a"2%b"3 - 3*a*b”4 - b~5)*cosh(x) "2)*sinh(x)”4 +
8% (7x(a”5 + 5*a~4xb + 10*a~3*b”2 + 10*a~2*b~3 + 5*a*b”™4 + b~5)*cosh(x)”~5 -
10%x(a”5 + 3*a~4xb + 2*%a”3*b"2 - 2*xa"2xb"3 - 3*a*b”4 - b"5)*cosh(x)"3 + (3*a
5 + T*a"4xb + 6*xa"3*b"2 + 6%a”2%b"3 + T*a*xb~4 + 3*b~5)*cosh(x))*sinh(x)"3
- 4x(a”5 + 3%a"4xb + 2*a~3%b”"2 - 2*a"2%b"3 - 3*a*b”4 - b~5)*cosh(x)"2 + 4x*(
7*(a”5 + 5*a~4xb + 10%a~3%b"2 + 10*a”"2*b~3 + 5xa*b~4 + b~ 5)*cosh(x)"6 - a5
- 3%a"4*b - 2*%a”3%b"2 + 2*%a”2*%b"3 + 3*axb”4 + b~5 - 15%x(a”5 + 3*a"4xb + 2%
a~3*%b"2 - 2*%a"2*b"3 - 3*xa*b”4 - b~5)*cosh(x)"4 + 3*x(3*xa”5 + T*a"4*b + 6*%a”3
*b72 + 6*%a”2*b"3 + 7xaxb~4 + 3*%b~5)*cosh(x)"2)*sinh(x)"2 + 8%((a”5 + b*xa~4x
b + 10*a~3%b”2 + 10*a~2%b”3 + 5*a*xb”4 + b~5)*cosh(x)”~7 - 3*x(a”5 + 3*a~4x*b +
2%a”3*b”"2 - 2*xa"2*b~3 - 3*a*b”4 - b~5)*cosh(x)”5 + (3*a”h + T*a"4*xb + 6*xa”
3*b72 + 6*a”2*xb"3 + Txaxb~4 + 3*b”5)*cosh(x)"3 - (a”5 + 3*a"4*b + 2*xa~3*b”"2
- 2%a"2%b"3 - 3*a*b”4 - b~5)*cosh(x))*sinh(x)), -1/6*x(3*%((a"2 + 2*axb + b~
2)*cosh(x)"8 + 8x(a”2 + 2%axb + b~ 2)*cosh(x)*sinh(x)"7 + (a"2 + 2*axb + b~2
)*sinh(x)”8 - 4%(a”2 - b™2)*cosh(x)"6 + 4*x(7*x(a”2 + 2*axb + b~2)*cosh(x)"2
- a2 + b™2)*sinh(x)7"6 + 8% (7*(a”2 + 2*a*b + b~2)*cosh(x)"3 - 3*(a"2 - b”2)
*cosh(x))*sinh(x)~5 + 2x(3%a”2 - 2*a*b + 3*b~2)*cosh(x)"4 + 2*(35%(a”~2 + 2x
axb + b"2)*cosh(x)"4 - 30%(a"2 - b"2)*cosh(x)"2 + 3*a”™2 - 2*axb + 3*b~2)*si
nh(x)"4 + 8%x(7x(a”2 + 2*axb + b~2)*cosh(x)”5 - 10x(a"2 - b"2)*cosh(x)"3 + (
3*a~2 - 2*xaxb + 3*%b"2)*cosh(x))*sinh(x)"3 - 4*x(a"2 - b~ 2)*cosh(x)"2 + 4x*(7x*
(a”2 + 2%a*b + b"2)*cosh(x)"6 - 15%(a”2 - b~2)*cosh(x)~4 + 3%(3*a”2 - 2*ax*b
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+ 3*%b72)*cosh(x)"2 - a”2 + b™2)*sinh(x)"2 + a”2 + 2%axb + b™2 + 8% ((a"2 +
2xaxb + b~2)*cosh(x)”7 - 3*(a”2 - b"2)*cosh(x)”5 + (3*a”™2 - 2*axb + 3*b~2)x*
cosh(x)~3 - (a2 - b~2)*cosh(x))*sinh(x))*sqrt(-a - b)*arctan(sqrt(2)*(a*co
sh(x)"2 + 2*a*xcosh(x)*sinh(x) + a*sinh(x)"2 - a - b)*sqrt(-a - b)*sqrt(((a
+ b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x)
+ sinh(x)"2))/((a"2 + a*b)*cosh(x)"4 + 4*x(a~2 + a*b)*cosh(x)*sinh(x)"3 + (a
"2 + a*b)*sinh(x)”"4 - (2*a"2 + a*b - b"2)*cosh(x)"2 + (6%(a”2 + axb)*cosh(x
)72 - 2%a”2 - a*b + b72)*sinh(x)"2 + a”2 + 2*axb + b72 + 2% (2*x(a”2 + axb)*c
osh(x)~3 - (2*¥a”™2 + axb - b"2)*cosh(x))*sinh(x))) + 3*((a”2 + 2%a*b + b~2)*
cosh(x)78 + 8*(a”2 + 2*xaxb + b~2)*cosh(x)*sinh(x)~7 + (a”2 + 2*axb + b~2)*s
inh(x)78 - 4*%(a”2 - b™2)*cosh(x)"6 + 4*x(7*(a"2 + 2*a*b + b~2)*cosh(x)"2 - a
"2 + b"2)*sinh(x)7"6 + 8x(7*(a”2 + 2*axb + b~2)*cosh(x)"3 - 3*(a"2 - b™2)*co
sh(x))*sinh(x)~5 + 2*x(3*xa~2 - 2*a*b + 3*b~2)*cosh(x)~4 + 2%(35*%(a”2 + 2*ax*b

+ b"2)*cosh(x)”4 - 30*(a”2 - b~2)*cosh(x)”"2 + 3*a~2 - 2xa*xb + 3*b~2)*sinh(
X)74 + 8x(7x(a”2 + 2*axb + b~2)*cosh(x)"5 - 10%(a”"2 - b™2)*cosh(x)~3 + (3*a
"2 - 2%axb + 3*b"2)*cosh(x))*sinh(x)”3 - 4*(a"2 - b~ 2)*cosh(x) "2 + 4x(7*x(a”
2 + 2*%a*xb + b~2)*cosh(x)"6 - 15%(a”2 - b~2)*cosh(x)~4 + 3*(3*a”2 - 2*a*b +
3*%b~2)*cosh(x)"2 - a”2 + b™2)*sinh(x)"2 + a”2 + 2*a*xb + b™2 + 8+((a”2 + 2*a
*b + b"2)*cosh(x)”7 - 3x(a”2 - b"2)*cosh(x)”"5 + (3*%a”2 - 2*a*b + 3*b~2)*cos
h(x)"3 - (a2 - b™2)*cosh(x))*sinh(x))*sqrt(-a - b)*arctan(sqrt(2)*sqrt(-a
- b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*co
sh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)"2 + 2*(a + b)*cosh(x)*sinh(x)
+ (a + b)*sinh(x)"2 + a + b)) + 8xsqrt(2)*((a”2 + 2*axb + b~2)*cosh(x)"6 +
6%(a”2 + 2*xaxb + b~2)*cosh(x)*sinh(x)~5 + (a”2 + 2*a*xb + b~2)*sinh(x)"6 - 3
*(a”2 + ax*b)*cosh(x)"4 + 3*(5x(a”2 + 2*a*xb + b~2)*cosh(x)"2 - a2 - ax*b)x*si
nh(x)~4 + 4x(5%(a”2 + 2*a*b + b~2)*cosh(x)~3 - 3*(a”"2 + ax*b)*cosh(x))*sinh(
x)7"3 + 3*x(a”2 + axb)*cosh(x)”2 + 3*x(5x(a”2 + 2*a*b + b"2)*cosh(x)"4 - 6*(a”
2 + a*b)*cosh(x)”"2 + a”2 + a*b)*sinh(x)”"2 - a”2 - 2%a*xb - b™2 + 6x((a"2 + 2
*axb + b"2)*cosh(x)”5 - 2%¥(a”2 + ax*b)xcosh(x)"3 + (a2 + axb)*cosh(x))*sinh
(x))*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*co
sh(x)*sinh(x) + sinh(x)72)))/((a"5 + 5*a~4*xb + 10*a~3*b~2 + 10*a”~2*b~3 + b5x
axb”4 + b~5)*cosh(x)”8 + 8x(a”b + 5*xa~4xb + 10*a~3%b~2 + 10*a~2xb~3 + 5*axb
4 + b~5)*cosh(x)*sinh(x)~7 + (a5 + 5xa~4*b + 10%a~3*b~2 + 10*a~2*xb~3 + 5x
a*b”4 + b~5)*sinh(x)"8 - 4x(a”b + 3*a"4*b + 2*xa~3*xb~2 - 2%a"2%b"3 - 3*axb”4

- b75)*cosh(x)"6 - 4*x(a”5 + 3*a~4*b + 2*¥a"3*b”"2 - 2*¥a"2*xb”"3 - 3*axb”4 - b~
5 - 7x(a”5 + bxa~4xb + 10*a~3*b~2 + 10*a~2*b~3 + 5xa*xb™4 + b~5)*cosh(x) ~2)*
sinh(x)~6 + 8x(7*(a”5 + 5xa~4*b + 10%a~3*b~2 + 10*a~2*b~3 + 5xaxb™4 + b~5)x*
cosh(x)73 - 3*%(a”5 + 3*a~4*b + 2%a~3*b"2 - 2*a”"2*b"3 - 3*a*b”4 - b~5)*cosh(
x))*sinh(x)~5 + a”b + b*a~"4*b + 10*%a~3%xb~2 + 10*a"2*b~3 + b5*xa*xb”4 + b~5 + 2
*(3%a”b + T*a~4xb + 6*%a”3%b"2 + 6*%a”2xb"3 + T*axb~4 + 3*b~5)*cosh(x)”4 + 2x
(3*a”™b + T*a~4*b + 6%a~3*b"2 + 6*¥a”2xb~3 + 7*axb~4 + 3*b~5 + 35%x(a”5 + 5*a”
4%b + 10*%a~3*b"2 + 10*a~2*b~3 + 5*xa*b™4 + b~5)*cosh(x)”4 - 30*(a”b + 3xa~4x*
b + 2%¥a"3*b”"2 - 2%a"2*b"3 - 3*ax*b~4 - b~5)*cosh(x)”2)*sinh(x)"4 + 8% (7x(a"b

+ B5xa~4xb + 10%a~3*b”"2 + 10%a"2*b”3 + 5%axb”4 + b~5)*cosh(x)”5 - 10*x(a”5 +

3*¥a~4xb + 2%a~3%b"2 - 2*%a"2xb"3 - 3*a*b”4 - b75)*cosh(x)”3 + (3*¥a”5 + T*a”
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4*xb + 6*xa~3*%b"2 + 6*a”2%b”3 + T*axb~4 + 3*b~5)*cosh(x))*sinh(x)”"3 - 4x(a”5
+ 3*%a"4*b + 2*%a"3%b"2 - 2*%a”2*b"3 - 3*axb”4 - b~5)*cosh(x)"2 + 4x(7x(a”5 +
5%a~4%b + 10*a”3*b"2 + 10%a~2%b~3 + B*a*b™4 + b~5)*cosh(x)”6 - a”b - 3*xa~4x
b - 2%a”3%b"2 + 2*%a"2*%b"3 + 3*axb”4 + b~5 - 15%x(a”5 + 3*a"4xb + 2*xa~3*b"2 -
2%a”2*b”"3 - 3*axb~4 - b~5)*cosh(x) "4 + 3*(3*a”5 + T*a~4*b + 6*a”"3*b”"2 + 6%
a~2%b"3 + T*a*b"4 + 3*b~5)*cosh(x)"2)*sinh(x)"2 + 8*((a”5 + 5*a"4*b + 10*a”
3*%b72 + 10*%a"2*b~3 + 5*axb”4 + b~ 5)*cosh(x)”"7 - 3*(a”5 + 3*a"4*b + 2*xa~3*b~
2 - 2%a"2*b"3 - 3*a*b”4 - b~"5)*cosh(x)”5 + (3*%a”5 + 7*a~4%b + 6%¥a”~3*b"2 + 6
*a"2%b"3 + T*xaxb~4 + 3xb~5)*cosh(x)”3 - (2”5 + 3*xa~4*b + 2*a”3*b”"2 - 2%xa~2x
b~3 - 3*a*b”4 - b~5)*cosh(x))*sinh(x))]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)/(atb*coth(x)~2)~(5/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ;OUTPUT:Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(t_n
ostep-1)]Warning, replacing O by ~ u”, a substitution variable should perha

ps be purged.Warning, replacing O by ~ u’, a substitution variable should p
erhaps be purged.Warning, replacing O by ~ u’, a substitution variable shou

1d perhaps be purged.Evaluation time: 0.5Error: Bad Argument Type

maple [B] time = 0.08, size = 420, normalized size = 6.00

1 b coth
_ N coth(x)

6 (a +b) ((coth(x) —1)* b + 2 (coth(x) = 1) b+ a + b)

N W

6(a +b)a((coth(x) - 1)° b + 2 (coth(x) ~1) b+ a +b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)/(at+bxcoth(x)~2)~(5/2),x)

[Out] -1/6/(a+b)/((coth(x)-1) "2*b+2*(coth(x)-1)*b+a+b) ~(3/2)+1/6*b/(a+b)/a/((coth
(x)-1)"2%b+2* (coth(x)-1)*b+a+b) ~(3/2) *coth(x)+1/3*b/ (a+b) /a~2/((coth(x)-1)"
2xb+2* (coth(x)-1)*b+a+b) ~(1/2) *coth(x)-1/2/(a+b) "2/ ((coth(x)-1) “2xb+2* (coth
(x)-1)*b+a+b) ~(1/2)+1/2/(a+b)"2/a/((coth(x)-1) "2*b+2* (coth(x)-1) *b+a+b) ~(1/
2)*bxcoth(x)+1/2/(a+b) ~(5/2) *1n((2*a+2xb+2* (coth (x)-1) *b+2* (a+b) ~(1/2) *((co
th(x)-1)"2xb+2* (coth(x)-1) *b+a+b) ~(1/2))/(coth(x)-1))-1/6/(a+b)/((1+coth(x)
) "2xb-2% (1+coth(x)) *b+a+b) ~(3/2)-1/6%b/ (a+b) /a/((1+coth(x)) "2*¥b-2* (1+coth(x
))*b+a+b) " (3/2) *coth(x)-1/3*b/ (a+b)/a"2/((1+coth(x)) ~2xb-2* (1+coth(x) ) *b+a+
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b)~(1/2)*coth(x)-1/2/(a+b) "2/ ((1+coth(x)) "2*¥b-2* (1+coth(x) ) *b+a+b) ~(1/2)-1/
2/ (a+b)"2/a/((1+coth(x)) "2*¥b-2* (1+coth(x) ) *b+a+b) ~(1/2) ¥*b*coth(x)+1/2/ (a+b)
~(5/2)*1n((2*a+2xb-2*x (1+coth(x) ) *b+2* (a+b) ~(1/2) * ((1+coth(x)) "2*b-2*(1+coth
(x))*b+a+b) ~(1/2))/(1+coth(x)))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

coth(x) i

5
2

(b coth(x)? + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)/(at+b*xcoth(x)~2)~(5/2),x, algorithm="maxima")
[Out] integrate(coth(x)/(b*coth(x)~2 + a)~(5/2), x)

mupad [B] time = 3.41, size = 76, normalized size = 1.09

b coth(x)2+u (2 a?+4ab+2 bz) i

atanh 7 beoth(x)>+a
2(a+b) _ 3@+ (a+b)?

5/2 3/2
(a+Db) (b coth(x)? + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)/(a + bxcoth(x)~2)"(5/2),x)

[Out] atanh(((a + b*coth(x)~2)~(1/2)*(4*xaxb + 2*%xa~2 + 2xb~2))/(2x(a + b)~(5/2)))/
(a + b)7(5/2) - (1/(3*(a + b)) + (a + b*xcoth(x)"2)/(a + b)~2)/(a + b*xcoth(x
)"2)7(3/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

coth (x) i

o

(2 + beoth? (x))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)/(atbxcoth(x)**2)**(5/2),x)

[Out] Integral(coth(x)/(a + b*coth(x)**2)**(5/2), x)
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tanh(x)

3.46 dx

(a+bcoth?(x))

Optimal. Leaf size=108

tanh_l ( \a+b cothz(x) J tanh_l ( \a+b cothz(x) ]

va b(2a + b) N b Va+b

" +
5/2 7 =
! a2(a + b)2ja + beoth?(x)  3a(a + b) (a +b Cothz(x)) (a+Db)

[Out] -arctanh((a+b*coth(x)~2)~(1/2)/a~(1/2))/a"(5/2)+arctanh((a+b*xcoth(x)~2)~(1/
2)/(a+b)~(1/2))/(a+b)~(5/2)+1/3*b/a/(a+b) /(a+b*coth(x) ~2) ~(3/2) +b* (2*a+b) /a
~2/(a+b) "2/ (a+b*coth(x) ~2)~(1/2)

Rubi [A] time = 0.20, antiderivative size = 108, normalized size of antiderivative =

f rul
1.00, number of steps used = 9, number of rules used = 7, integrand size = 15, number of rules

integrand size
= 0.467, Rules used = {3670, 446, 85, 152, 156, 63, 208}

tanh_l ( \Ja+b cothz(x) ] tanh_l (\la+b cothz(x) ]

b(2a + b) Va N b Vasb

- +
5/2 3/2 5/2
a2(a + b)? i+ coth?(x) a 3a(a + b) (a +b cothz(x)) (a+0)

Antiderivative was successfully verified.

[In] Int[Tanh[x]/(a + b*xCoth[x]~2)~(5/2),x]

[Out] -(ArcTanh[Sqrt[a + b*Coth[x]~2]/Sqrtlall/a~(5/2)) + ArcTanh[Sqrt[a + b*Coth
[x]~2]/Sqrtla + bl]/(a + b)~(5/2) + b/(3*ax(a + b)*(a + b*Coth[x]~2)~(3/2))
+ (bx(2*a + b))/(a"2x(a + b)"2xSqrt[a + b*Coth[x]~2])

Rule 63

Int[((a_.) + (b_)*(x D))" (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + b*xx)~(1/p)], x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 85

Int[(Ce_.) + (£_)*(x_))"(p_)/(((a_.) + (b_.)*x(x_))*((c_.) + (d_.)*(x_))),
x_Symbol] :> Simp[(f*(e + f*xx)~(p + 1))/((p + 1) x(bxe - axf)*(d*e - c*xf)),
x] + Dist[1/((bxe - axf)*(d*xe - c*xf)), Int[((bxd*e — b¥cxf — axdxf - bxdxfx
x)*x(e + fxx)"(p + 1))/((a + b*x)*(c + d*x)), x], x] /; FreeQ[{a, b, c, 4, e
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, £}, x] &% LtQ[p, -1]

Rule 152

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*x((e_.) + (f_.)*(x_)
) (p)*((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - axh)x*(a + b*x)~(m +

D*(c + d*x)"(n + D)*x(e + £*x)"(p + 1))/ ((m + 1)*x(bxc - a*xd)*(bxe - a*f)),
x] + Dist[1/((m + 1)*(b*c - a*d)*(b*e - axf)), Int[(a + b*x)"(m + 1)*(c + d
*x) "nx (e + f*xx) p*Simp[(axd*f*g - bx(dxe + c*f)*g + bxcxexh)*x(m + 1) - (bxg
- axh)*(d*ex(n + 1) + cxf*x(p + 1)) - dxfx(b*xg - a*h)*(m + n + p + 3)*x, x]
, x]1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] & LtQ[m, -1] && Integ
ersQ[2*m, 2*n, 2%p]

Rule 156

Int[((Ce_.) + (£_D*x D))" (p)*x((g_.) + (h_.)*x(x_)))/(((a_.) + (b_.)*(x_))x*
(Cc_.) + (d_.)*(x_))), x_Symbol] :> Dist[(bxg - axh)/(b*c - a*d), Int[(e +
fxx)“"p/(a + bxx), x], x] - Dist[(d*g - cxh)/(b*c - axd), Int[(e + fxx)7p/(c
+ d*x), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 446

Int[(x_)"(m_.)*((a_) + (b_)*(x_ )" ))"(p_)*((c_) + (d_)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)/n] - 1)*x(a + b*x)7p
x(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, g}, x] && NeQ[
b*xc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(xD)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +

(f_)*xD1)" ()" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
f72xx~2), x], x, (cxTanl[e + f*x])/ff]l, x]1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] &% Ration
alQ[nl))

Rubi steps
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f tanh(’;) 52dx:Subst[ f ( L )5/2 dx,x,coth(x)]

(a + bcoth (x)) ! x(1- x2) (a + bx?

1 1 ’
=5 Subst ( f 0 = (a1 10" dx, x, coth (x))

—a-b+bx 2
~ b SUbSt (f W dx/ X, COth (X))
32
3a(a +b) (a + beoth’(x))” 20(a+b)
1 1
—>(a+b)2+5bQ2a
Subst 2 C 2
B b . b(2a + b) Hbs (f (—x)xVathr
= 30 - 2
3a(a + ) (2 + beoth®()””  g2(a + b2Ja + beoth®(x) @+
1
b b(2a + b) Subst( v dx, x,

R " 242
3a(a+b) (a+bcoth’ ()" 42(a + b)2Ja + beoth®(x)
Subst ( f ﬂl >

dx/ X,

B b b(2a + b) s

2
3a(a +b) (a + bcoth? (x) az(g + b)Zw/a + bcoth a°b
I (w/a+b coth?(x) ) . ( a+b cothz(x )
an _— anh

Va b
= - + 5+ =
a’ (a+ b)5/2 3a(a + b) (a + b coth (x)) a

Mathematica [C] time = 0.06, size = 73, normalized size = 0.68

1 bcoth? (%) 1 bcoth®(x)+a
(a+b)2F1( 1,—5, p +1)—612F1( 1,—5,7)

3a(a + b) (a +b cothz(x)) i

Antiderivative was successfully verified.

[In] Integrate[Tanh[x]/(a + b*Coth[x]~2)~(5/2),x]

[Out] (-(axHypergeometric2F1[-3/2, 1, -1/2, (a + bxCoth[x]"2)/(a + b)]) + (a + b)
*Hypergeometric2F1[-3/2, 1, -1/2, 1 + (b*Coth[x]"2)/al)/(3*a*x(a + b)*(a + b
*Coth[x]72)7(3/2))
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fricas [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(a+b*coth(x)~2)7(5/2),x, algorithm="fricas")
[Out] Timed out

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(a+b*xcoth(x)~2)~(5/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ; OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(t_n
ostep-1)]Evaluation time: 0.72Error: Bad Argument Type

maple [F] time = 0.46, size = 0, normalized size = 0.00

tanh(x)

dx

“1

(a+b(coth?(x)))?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)/(at+b*xcoth(x)~2)"(5/2),x)
[Out] int(tanh(x)/(a+b*coth(x)~2)"(5/2),x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

tanh(x) p
X

o

(b coth(x)? + a) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(a+b*xcoth(x)~2)~(5/2),x, algorithm="maxima")

[Out] integrate(tanh(x)/(b*coth(x)~2 + a)~(5/2), x)
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mupad [F] time = 0.00, size = -1, normalized size = -0.01

f tanh(x) i
(b coth(x)? + a)S/Z

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)/(a + b*xcoth(x)~2)"(5/2),x)
[Out] int(tanh(x)/(a + b*coth(x)"2)"(5/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

tanh (x) P
X

(a + b coth? (x))g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(atb*coth(x)**2)*x*(5/2),x)
[Out] Integral(tanh(x)/(a + b*coth(x)**2)*x(5/2), x)



295

tanh?(x)

3.47 dx

(a+b cothz(x))S/ 2

Optimal. Leaf size=131

Va+b coth(x) J

tanh™!
(3a + 2b)(a + 4b) tanh(x)y/a + b coth®(x) . b(7a + 4b) tanh(x) N [\/a+bcoth2(x> N b
B 3 2 5/2

3a*(a +b) 302(a + b)2\Ja + b coth?(x) @+b) 3a(a +b) (‘

[Out] arctanh(coth(x)*(a+b)~(1/2)/(a+b*coth(x)~2)~(1/2))/(a+b)~(5/2)+1/3*b*tanh(x
)/a/(a+b) /(a+bxcoth(x) ~2) " (3/2)+1/3*b*x (7*xa+4*b)*tanh(x) /a~2/(a+b) "2/ (a+b*co
th(x)~2)~(1/2)-1/3*%(3*a+2*b) * (a+4*Db) * (a+b*coth(x) ~2) ~(1/2)*tanh(x)/a~3/(a+b

)72

Rubi [A] time = 0.24, antiderivative size = 131, normalized size of antiderivative =

. . ber of rul
1.00, number of steps used = 7, number of rules used = 7, integrand size = 17, qumber ot e

= 0.412, Rules used = {3670, 472, 579, 583, 12, 377, 206}

integrand size

tanh_l [ Va+b coth(x) )

(3a + 2b)(a + 4b) tanh(x)y/a + b coth® (x) . b7a+4b)tanh(x) \Ja+bcoth?(x) b

+ +
3 2 572
3a%(a +b) 302(a + b)2\Ja + b coth?(x) @+b) 3a(a +b) (‘

Antiderivative was successfully verified.

[In] Int[Tanh[x]~2/(a + b*Coth[x]~2)"(5/2),x]

[Out] ArcTanh[(Sqrt[a + bl*Coth[x])/Sqrtl[a + b*Coth[x]~2]]1/(a + b)~(5/2) + (b*Tan
h[x])/(3xa*x(a + b)*x(a + b*Coth[x]"2)7(3/2)) + (b*(7*a + 4*b)*Tanh[x])/(3*a”

2x(a + b)"2*xSqrtla + b*Coth[x]~2]) - ((3*a + 2xb)*(a + 4xb)*Sqrt[a + b*Coth
[x]~2]*Tanh[x])/(3*a"3*(a + b)~2)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)
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Rule 377

Int[((a_) + (b_)*(x )" (0 ))"(p)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, Db
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 472

Int[((e_)*(x_))"(m_.)*((a_) + (b_)*(x_)"(n_)) (p_)*((c_) + (d_.)*x(x_)"(n_
))~(q_), x_Symbol] :> -Simp[(b*(exx) " (m + 1)*(a + b*x™n)~(p + 1)*(c + d*x"n
)"(q + 1)) /(axe*nx(bxc - axd)*(p + 1)), x] + Dist[1/(a*n*(b*xc - a*xd)*(p + 1
)), Int[(exx) m*x(a + b*xx"n) (p + 1)*(c + d*x"n) g*Simp[cxb*(m + 1) + n*(b*c
- axd)*(p + 1) + d*b*x(m + nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ[{a,
b, ¢, d, e, m, g}, x] && NeQ[b*c - a*xd, 0] && IGtQ[n, 0] && LtQl[p, -1] && I
ntBinomialQ[a, b, ¢, d, e, m, n, p, q, xJ

Rule 579

Int [((g_.)*(x_)) " (m_.)*((a_) + (b_)*(x_)"(_ )" (p_)*((c_) + (d_.)*(x_)"(n_
))7(q)*((e ) + (£_.)*(x_)"(n_)), x_Symbol] :> -Simp[((b*e - a*xf)*(g*x) (m

+ D*x(a + b*x™n) " (p + 1)*(c + d*x™n)"~(q + 1))/ (a*xgrn*(bxc - axd)*(p + 1)),

x] + Dist[1/(a*n*(bxc - axd)*(p + 1)), Int[(g*x)"m*(a + b*x"n) " (p + 1)*(c +
d*x"n) “g*Simp [c*(bxe - a*xf)*(m + 1) + e*nx(b*c - axd)*(p + 1) + dx(bxe - a
*f)x(m + nx(p + q + 2) + *x"n, x], x], x] /; FreeQ[{a, b, c, d, e, £, g,

m, q}, x] && IGtQ[n, 0] && LtQlp, -1]

Rule 583

Int[((g_)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_)) " (p_.)*x((c_) + (d_.)*(x_)"(n_
D)7 (q_)*((e ) + (f_)*(x_)"(n_)), x_Symbol] :> Simp[(ex(g*x)~(m + 1)*(a +
b*xx"n)"(p + 1)*(c + d*¥x"n)~(q + 1))/ (akckgk(m + 1)), x] + Dist[1/(akckg n*(
m+ 1)), Int[(g*x)"(m + n)*x(a + b*x"n) "px(c + d*x"n) “q*Simp[a*f*xcx(m + 1) -
ex(bxc + axd)*(m + n + 1) - e*nx(bxc*p + a*xdxq) - bxexd*(m + n*x(p + q + 2)
+ 1)*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, f, g, p, q}, x] && IGtQ[n, O
] && LtQ[m, -1]

Rule 3670

Int[((d_.)*tan[(e_.) + (f_)*(x_)]1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_D)*xD1)"(m_))"(p_.), x_Symbol]l :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*(a + bx(ff*x)"n)"p)/(c”2 + £
£72%x72), x], x, (c*Tan[e + fx*x])/ff], x]] /; FreeQ[{a, b, ¢, d, e, f, m, n
, PY, x] && (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))
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Rubi steps
tanh?
[—= © v = Subst | - dx, %, coth(x)
(a +b cothz(x)) x2 (1 - x2) (a + bxz)
—3a—4b+4bx?
Subst dx, x, coth(x
~ b tanh(x) (f 12(1-22) (a+b12) ® )
3a(a + b) (a + beoth®(v) " 3a(a +1b)
(3a+2b)(a+4b
Subst | [ EEEEATEE
B b tanh(x) . b7a+dbnh) Hbs (f 2122
- 3/2
3a(a+b) (a+beoth’ ()" 342(a + b)24Ja + bcoth?(x) 3a
_ b tanh(x) b(7a + 4b) tanh(x) (3a + 2b)(a + 4b)\/;
- 2, 2" 5 . 343
3a(a + b) (ﬂ + bcoth (x)) 3a%(a + b)2+/a + b coth”(x)
~ b tanh(x) b(7a + 4b) tanh(x) (3a +2b)(a + 4b)\/;
B 2, 2 5 . 3a3(c
3a(a + b) (ﬂ + b coth (x)) 3a%(a + b)24/a + b coth”(x)
b tanh(x) b(7a + 4b) tanh(x) (3a + 2b)(a + 4b)\ﬁ

= RCA > 3a3(
3a(a+b) (a+beoth’ ()" 342(a + b)24Ja + bcoth?(x)

tanh_l ( Va+b coth(x) )
\a+bcoth?(x) b tanh(x) b(7a + 4b) tanh(x)

+ +
5/2 3/2
@+b) 3a(a +b) (a+beoth’(x)""  3a2(a + b2yJa + beoth(x

Mathematica [A] time = 6.75, size = 171, normalized size = 1.31

. -1 V2 Va+b cosh(x) b2 sinh(2x)((9u2+14ab+5b2) Cosh(Zx)—9a2+2ab+5b2)
3\/5 sinh(x) tanh ( V(a+b) cosh(2x)—-a+b ) +3t

2 — _ (a+b)2((a+D) cosh(2x)—-a+b)2
\/ csch®(x)((a + b) cosh(2x) — a + b) D e -

3v2

Warning: Unable to verify antiderivative.

[In] Integrate[Tanh[x]~2/(a + b*Coth[x]~2)~(5/2),x]
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[Out] (Sqrt[(-a + b + (a + b)*Cosh[2*x])*Csch[x]~2]*((3*Sqrt [2] *ArcTanh[(Sqrt [2] *
Sqrt[a + bl*Cosh[x])/Sqrt[-a + b + (a + b)*Cosh[2*x]]]*Sinh[x])/((a + b)~(5
/2)*Sqrt[-a + b + (a + b)*Cosh[2*x]]) - ((b72*(-9%a”2 + 2*%axb + 5*b"2 + (9%

a”2 + 14xaxb + 5*b~2)*Cosh[2*x])*Sinh[2%x])/((a + b)"2%(-a + b + (a + b)*Co
sh[2*x])~2) + 3*Tanh[x])/a~3))/(3*Sqrt[2])

fricas [B] time = 1.90, size = 10729, normalized size = 81.90

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)~2/(atb*coth(x)~2)~(5/2),x, algorithm="fricas")

[Out] [1/12%(3*((a"5 + 2*a~4*b + a~3*b~2)*cosh(x)~10 + 10*(a”5 + 2*xa~4*b + a~3*b~
2)*cosh(x)*sinh(x)~9 + (a”5 + 2*a"4%b + a~3*b~2)*sinh(x)~10 - (3*a”5 - 2xa”
4%b - 5*a~3*b~2)*cosh(x)”™8 - (3*xa”5 - 2*a~4xb - 5*a”3%b~2 - 45*%(a”5 + 2*xa"4
*b + a”3*b"2)*cosh(x) "2)*sinh(x)~8 + 8% (15%(a”5 + 2*a"4*xb + a~3*b"2)*cosh(x
)73 - (3*%¥a”"5 - 2*%a”~4xb - b*a"3*b~2)*cosh(x))*sinh(x)~7 + 2%(a”b - 2*a~4xb +
5%a~3*b~2)*cosh(x) "6 + 2x(a”b - 2*a"4%b + 5*xa”~3*b~2 + 105%(a”5 + 2*xa~4x*b +
a~3*b~2)*cosh(x) "4 - 14%(3*a”b - 2*a"4*b - 5*xa~3%b~2)*cosh(x) ~2)*sinh(x)~6
+ 4x(63*(a”5 + 2*xa"4*b + a~3*b"2)*cosh(x)~5 - 14%(3*a”5 - 2*a~4xb - b*a 3%
b~2)*cosh(x)~3 + 3*(a~5 - 2*xa~4*xb + 5*%a~3*%b"2)*cosh(x))*sinh(x)”5 + a5 + 2
*a~4*xb + a~3%b"2 + 2*%(a”5 - 2*a”4xb + 5xa~3*b”2)*cosh(x)”4 + 2%x(105%(a”5 +
2xa~4*xb + a~3*b"2)*cosh(x)"6 + a”5 - 2*xa"4*xb + 5%a~3*b”"2 - 35%(3*a”5 - 2%a”
4xb - 5%a~3*b"2)*cosh(x)”4 + 15%(a”5 - 2*xa"4*b + 5*a~3%b~2)*cosh(x) ~2)*sinh
(x)74 + 8%(15%(a”b + 2*a~4*xb + a~3%b~2)*cosh(x)~7 - 7*(3*a”b - 2*xa~4*b - bx
a"3*b~2)*cosh(x)”"5 + 5x(a”5 - 2%a"4*b + 5*a~3*%b~2)*cosh(x)"3 + (a6 - 2*a"4
*b + 5*a”3*b~2)*cosh(x))*sinh(x)"3 - (3*%a”b - 2*a~4xb — 5*a”~3*b~2)*cosh(x)”
2 + (45%(a”5 + 2*xa"4*b + a~3*b”"2)*cosh(x)”"8 - 28%(3*a”5 - 2*a~4xb - 5*a”3%Db
“2)*cosh(x)”6 - 3*a”5 + 2%¥a~4xb + b*a~3*b"2 + 30x(a”5 - 2*a"4*b + 5*%a~3*b"2
)*cosh(x)~4 + 12*(a”5 - 2*xa”4*b + 5%a~3*b~2)*cosh(x)~2)*sinh(x)~2 + 2*(5*(a
"5 + 2%a"4xb + a~3*b"2)*cosh(x)"9 - 4x(3*a”5 - 2*a~4xb - 5%a”3*b~2)*cosh(x)
7 + 6x(a”h - 2*xa”4xb + 5xa~3*b”2)*cosh(x)”5 + 4%(a”5 - 2*a"4xb + 5*a”3%b"2
)*cosh(x)~3 - (3*a”5 - 2xa~4*b - 5xa~3%b~2)*cosh(x))*sinh(x))*sqrt(a + b)*1
og(((a*b”™2 + b~3)*cosh(x)"8 + 8*(a*b”2 + b~3)*cosh(x)*sinh(x)~7 + (a*b™2 +
b~3)*sinh(x) "8 + 2*x(a*xb™2 + 2%b~3)*cosh(x)"6 + 2*x(a*b”2 + 2*xb~3 + 14x*(axb”2
+ b~3)*cosh(x) "2)*sinh(x) "6 + 4*(14x(a*b”™2 + b~3)*cosh(x)"3 + 3*(a*xb™2 + 2
*b~3)*cosh(x))*sinh(x)”"5 + (2”3 - a™2%b + 4xa*xb”™2 + 6*b~3)*cosh(x)”"4 + (70x%
(a*xb”™2 + b~3)*cosh(x)”4 + a”3 - a™2%b + 4*a*xb™2 + 6xb~3 + 30*(axb”2 + 2%b~3
)*cosh(x)~2)*sinh(x) "4 + 4*x(14*(a*b”2 + b~3)*cosh(x)”5 + 10*x(a*xb”™2 + 2%b~3)
*cosh(x)73 + (a™3 - a™2*b + 4*a*xb”2 + 6*%b~3)*cosh(x))*sinh(x)~3 + a~3 + 3x*a
“2%b + 3*a*xb”2 + b73 - 2x(a”3 - 3*a*b”2 - 2*b"3)*cosh(x)"2 + 2*x(14*(axb”2 +
b~3)*cosh(x) "6 + 15x(axb”™2 + 2*b~3)*cosh(x)”™4 - a3 + 3*a*xb™2 + 2xb~3 + 3%
(a3 - a™2%b + 4xa*b”2 + 6%b~3)*cosh(x)~2)*sinh(x)~2 + sqrt(2)*(b~2*cosh(x)
6 + 6*%b"2*cosh(x)*sinh(x)~5 + b"2*sinh(x)”"6 + 3*b~2*cosh(x)"4 + 3*x(5xb~2*c
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osh(x)"2 + b™2)*sinh(x)~4 + 4% (5%b~2*cosh(x)”~3 + 3*b~2*cosh(x))*sinh(x)~3 -
(a”2 - 2*axb - 3*b"2)*cosh(x)"2 + (15%b"2*cosh(x)”"4 + 18*%b~2*cosh(x)"2 - a
"2 + 2%axb + 3*b72)*sinh(x)72 + a2 + 2*axb + b72 + 2% (3*b"2*cosh(x)”5 + 6%
b~2%cosh(x) "3 - (a”2 - 2%a*xb - 3*b~2)*cosh(x))*sinh(x))*sqrt(a + b)*sqrt (((
a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x
) + s8inh(x)72)) + 4x(2*x(a*b”2 + b~ 3)*cosh(x)”7 + 3*x(a*xb”2 + 2*¥b~3)*cosh(x)”
5+ (a™3 - a™2*b + 4*xaxb”2 + 6%b"3)*cosh(x)"3 - (a”3 - 3*a*b”2 - 2*b~3)*cos
h(x))*sinh(x))/(cosh(x)~6 + 6*cosh(x) " 5*sinh(x) + 15*cosh(x) 4*sinh(x)"2 +
20*cosh(x) “3*sinh(x) "3 + 15*cosh(x) " 2*sinh(x)~4 + 6*cosh(x)*sinh(x)”5 + sin
h(x)76)) + 3*x((a”5 + 2*a"4*b + a~3*b"2)*cosh(x) 10 + 10*(a”5 + 2*xa~4%*b + a”
3*b~2) *cosh(x)*sinh(x)~9 + (a5 + 2*a~4*b + a~3*b~2)*sinh(x)~10 - (3*a”~5 -
2%a”~4xb - bxa~3*b~2)*cosh(x)”"8 - (3*xa~5 - 2xa"4xb - 5%a~3%b”"2 - 45%x(a”5 + 2
*a~4%b + a”3*b"2)*cosh(x)~2)*sinh(x)~8 + 8*(15x(a~5 + 2*a~4*b + a”~3*b~2)*co
sh(x)~3 - (3*a”™5 - 2*xa~4xb - 5*a~3*b~2)*cosh(x))*sinh(x)~7 + 2*(a”"5 - 2*xa~4
*b + b*a~3%b~2)*cosh(x)"6 + 2*(a”™b - 2xa~4*b + 5%a~3*b”"2 + 105%(a”~5 + 2*a~4
*b + a”"3*b"2)*cosh(x)"4 - 14%(3*a”5 - 2*a~4*b - 5xa~3*b~2)*cosh(x) ~2)*sinh(
X)76 + 4x(63*(a”5 + 2*xa”~4*b + a~3*b"2)*cosh(x)"5 - 14*(3*a”5 - 2*a~4%b - bx*
a~3*%b"2)*cosh(x)"3 + 3x(a”5 - 2*a"4*b + 5*a~3*b~2)*cosh(x))*sinh(x)”"5 + a~5
+ 2xa"4*b + a~3xb"2 + 2x(a”5 - 2*a”4xb + 5*xa~3*b~2)*cosh(x)”4 + 2x(105%(a”
5 + 2%a”4*b + a"3*b"2)*cosh(x)”6 + a”b - 2*a~4*xb + 5%xa~3%b~2 - 35%(3*a”5 -
2%a~4*b - 5*a”3*b"2)*cosh(x)"4 + 15%(a”5 - 2*a~4xb + 5%a~3*b~2)*cosh(x)~2)*
sinh(x)~4 + 8x(15%(a”5 + 2*xa~4*b + a~3*b~2)*cosh(x)~7 - 7*(3*a”5 - 2*a~4xDb
- 5%a”3*b"2)*cosh(x)”"5 + 5%(a”5 - 2*a"4*b + 5*xa~3*b~2)*cosh(x)”"3 + (a”5 - 2
*a~4%b + 5*a”~3*b"2)*cosh(x))*sinh(x)~3 - (3*a”5 - 2xa~4%b - 5*a~3*b~2)*cosh
(x)72 + (45%(a”5 + 2*a~4*xb + a~3%*b~2)*cosh(x)”8 - 28*(3*xa~5 - 2*a~4%b - 5x*a
“3*b~2)*cosh(x) "6 - 3*a”5 + 2*a”4xb + 5xa~3*b”2 + 30*(a”5 - 2*a~4*b + 5*a”3
*b~2)*cosh(x) "4 + 12x(a”5 - 2*a~4*b + 5*a”~3*b"2)*cosh(x) "2) *sinh(x) "2 + 2*(
5x(a”5 + 2%a~4xb + a~3%b~2)*cosh(x)”9 - 4*x(3*a”5 - 2*a"4*b - 5xa~3*b~2)*cos
h(x)~7 + 6x(a”b - 2*a"4*b + 5*a~3*b~2)*cosh(x)”5 + 4*x(a”5 - 2*xa~4%b + 5%a”3
*b~2)*cosh(x) "3 - (3*¥a”5 - 2*%a~4xb - 5*a~3*b~2)*cosh(x))*sinh(x))*sqrt(a +
b)*log(-((a + b)*cosh(x)"4 + 4*(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)"~
4 - 2xaxcosh(x)”2 + 2%(3*(a + b)*cosh(x)~2 - a)*sinh(x)~2 + sqrt(2)*(cosh(x
)72 + 2%cosh(x)*sinh(x) + sinh(x)7"2 - 1)*sqrt(a + b)*sqrt(((a + b)*cosh(x)”
2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))
+ 4x((a + b)*cosh(x)”3 - a*cosh(x))*sinh(x) + a + b)/(cosh(x)"2 + 2*cosh(x
)*sinh(x) + sinh(x)72)) - 4*sqrt(2)*((3*a”5 + 16*a”"4xb + 39*a~3*b~2 + b53xa”
2xb~3 + 34x*axb~4 + 8*b~5)*cosh(x)”8 + 8x(3*a”™b + 15xa~4*b + 39%a~3*b~2 + 53
*a"2*b”"3 + 34xaxb”4 + 8%b~5)*cosh(x)*sinh(x)”7 + (3*a”5 + 15%a~4xb + 39*a”~3
*b~2 + b3*a”"2*b”"3 + 34xaxb~4 + 8*b~5)*sinh(x)"8 - 4%(3*a”5 + 9*a"4*xb + 6%xa”
3*%b72 - 14*%a"2%b~3 - 22*a*b~4 - 8*b~5)*cosh(x)”"6 - 4%(3*xa”5 + 9*a~4*xb + 6*a
“3*%b"2 - 14%a"2*b"3 - 22*axb”4 - 8*b"5 - 7*x(3*%a”5 + 15%a~4xb + 39*%a”3*b"2 +
53*%a~2*b~3 + 34xaxb”4 + 8%b~5)*cosh(x) "2)*sinh(x)~6 + 8*(7*(3*a”5 + 15*%a~4
*b + 39*%a”3%b"2 + 53*a”2%b"3 + 34*axb~4 + 8*b~5)*cosh(x)”3 - 3*x(3*a”5 + 9*a
“4xb + 6*a”3%b"2 - 14*a"2xb"3 - 22%axb~4 - 8*b~5)*cosh(x))*sinh(x)”5 + 3*a”
5 + 15%a”4xb + 39%a”3*%b"2 + 53*a”2*b”"3 + 34*axb”4 + 8*%b"5 + 6*x(3*%a”5 + T*xa”
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4*xb + 3*%a"3*%b"2 + 9*%a”2*%b”3 + 18*a*xb~4 + 8*b~5)*cosh(x)”"4 + 2x(9*a~5 + 21*a
“4xb + 9%a”3*b”"2 + 27*a"2%b"3 + b4*axb"4 + 24*xb~5 + 35%(3*a”5 + 15%a”4x*b +
39*%a”3*b”"2 + 53*xa"2%b"3 + 34*a*b”4 + 8*b~5)*xcosh(x)”4 - 30*(3*a”5 + 9*xa~4xDb
+ 6*%a”3*b72 - 14*a"2xb"3 - 22*a*b”4 - 8*b~5)*cosh(x)"2)*sinh(x) "4 + 8x(7*(
3*a”5 + 15%a~4xb + 39%a~3%b"2 + 53*a"2*xb"3 + 34*axb”4 + 8*b~5)*cosh(x)”5 -
10%x(3*a”5 + 9*a~4xb + 6*%a”3*b"2 - 14*3~2%b~3 - 22*a*b”4 - 8*b~5)*cosh(x)”3
+ 3%(3*a”5 + 7*a~4xb + 3*a"3*b"2 + 9*a"2*xb"3 + 18*axb”4 + 8*b~5)*cosh(x))*s
inh(x)~3 - 4*(3*a”5 + 9*a~4xb + 6*a”3*b"2 - 14%a~2*b~3 - 22%a*xb™4 - 8*xb~5)*
cosh(x)72 + 4*x(7*(3*a”5 + 15xa~4*b + 39*a~3*b~2 + 53*xa~2%b~3 + 34*a*xb”™4 + 8
*b~5)*cosh(x) "6 - 3*a~5 - 9*a~4%b - 6*a”3*b”2 + 14*a~2xb~3 + 22*a*b”4 + 8*b
“5 - 15%(3*a”5 + 9*a~4xb + 6%a”3*%b"2 - 14*a”"2*xb"3 - 22*axb”4 - 8*b~5)*cosh(
X)74 + 9% (3%a”5 + T*a"4*b + 3*a"3*b"2 + 9%a~2%b"3 + 18*a*xb”4 + 8*xb~5)*cosh(
x)"2)*sinh(x) "2 + 8*((3*a”™5 + 15*xa~4*b + 39*a”~3%b~2 + 53*a~2%b~3 + 34x*a*xb~4
+ 8*b75)*cosh(x)~7 - 3%(3*%a”b + 9*a~4*xb + 6*xa~3%b"2 - 14*a”2*b”3 - 22*axb”
4 - 8*b~5)*cosh(x)”5 + 3*(3*a”™5 + 7*xa~4xb + 3*a”3*b”2 + 9*a~2*b~3 + 18*axb”
4 + 8*b~5)*cosh(x)”3 - (3*a”™5 + 9*a~4xb + 6*a”3*b"2 - 14*a”~2*xb~3 - 22*axb~4
- 8%b75)*cosh(x))*sinh(x))*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a
+ b)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2)))/((a"8 + 5%a~7*b + 10*a”
6%b~2 + 10*a”5*b~3 + 5xa~4%b~4 + a~3*b~5)*cosh(x)~10 + 10%(a”8 + 5*a”~7*b +
10*%a~6*b~2 + 10*a"5*b~3 + 5*a”~4*b~4 + a~3*b~5)*cosh(x)*sinh(x)"9 + (a8 + 5
*a"7xb + 10*%a”6*b"2 + 10*a~5*b~3 + 5%a~4*b"4 + a~3*b~5)*sinh(x)~10 - (3*%a”8
+ 7*a"7*xb - 2*%a~6%b"2 - 18*%a~5*b"3 - 17*xa"4*b"4 - 5*%a~3%b”5)*cosh(x)"8 - (
3%a~8 + 7xa”7*b - 2*%a"6x%b"2 - 18*%a"b*b"3 - 17*a"4*%b"4 - 5%a”~3xb"5 - 45%(a”8
+ B*a”~7*b + 10*%a"6xb~2 + 10*a"5*b~3 + 5*a~4*b~4 + a~3%b~5)*cosh(x)"2)*sinh
(x)78 + a”8 + 5xa”7*b + 10*%a”6%b”~2 + 10*a~b*b~3 + 5*xa”~4%xb~4 + a~3*b"5 + 8x(
15%(a"8 + 5*a~7+b + 10*a”6*xb”~2 + 10*a~5%b~3 + 5*a”4*b”"4 + a~3*b~5)*cosh(x)”
3 - (3*%a”"8 + 7*xa"T7xb — 2*¥a"6xb"2 - 18%a"5xb~3 - 17*a"4*xb~4 - 5xa"3*xb~5)*cos
h(x))*sinh(x)"7 + 2%(a”™8 + a”~7*b + 2*xa~6%b~2 + 10*%a”5*b"3 + 13*a~4*b~4 + 5*
a~3*b~5)*cosh(x)”"6 + 2*(a”8 + a~7+b + 2*¥a”~6*xb~2 + 10*a”5*b~3 + 13*a~4*xb"4 +
5%a~3*%b”5 + 105%(a”8 + 5%a”7*b + 10*a~6*%b~2 + 10*a~5*%b~3 + 5*a~4%b”"4 + a~3
*b~5)*cosh(x) "4 - 14*x(3*a~8 + T7*a"7*b - 2*a”~6xb"2 - 18%a~5*b~3 - 17*a"4*b~4
- B*a”3*b~5)*cosh(x) "2)*sinh(x) "6 + 4*(63*(a~8 + 5%a”7+b + 10*a"6*xb"2 + 10
*a"5%b"3 + 5*a"4*b"4 + a~3*%b~5)*cosh(x)”"5 - 14*(3*a”8 + 7*a"7*b - 2*a~6xb~2
- 18%a"5*b~3 - 17*a"4*xb~4 - 5xa~3*b~5)*cosh(x)”3 + 3*(a”8 + a~7*b + 2*a”6x%
b~2 + 10*%a~5%b~3 + 13*a"4*b~4 + 5*a~3xb~5)*cosh(x))*sinh(x)”5 + 2x(a”8 + a”
T*b + 2*a~6xb"2 + 10%a~5%b~3 + 13*a~4*b~4 + 5xa~3*b~5)*cosh(x)”4 + 2*x(a~8 +
a~7xb + 2*xa~6*%b"2 + 10*a~5*%b"3 + 13*a~4*b"4 + 5%xa~3*%b”5 + 105%(a”8 + 5%a”7
*b + 10*%a”6*b”"2 + 10*a~5%b~3 + 5*a”4*b"4 + a~3*b"5)*cosh(x)”6 - 35%(3*a”~8 +
T*a~7+*b — 2%¥a”~6*xb~2 - 18%a”5*b~3 - 17*a"4*xb~4 - 5%a”3*b~5)*cosh(x)”~4 + 15%
(a”8 + a"7*b + 2*%a”"6xb"2 + 10*a~5*b~3 + 13*a"4*b"4 + 5xa~3%b~5)*cosh(x) "2)*
sinh(x)~4 + 8*(15*%(a”8 + 5*a”7xb + 10%a”6*b~2 + 10*a”5*b~3 + 5xa~4*xb~4 + a~
3*b7"5)*cosh(x)~7 - 7*(3*%a”8 + 7*a " 7*b — 2*xa~6xb~2 - 18*a”b*b~3 - 17*a~4xb~4
- B*a”3*b"5)*cosh(x)"5 + 5%(a”™8 + a”7*b + 2*xa~6%b~2 + 10*a”5*b”"3 + 13*a~4x
b~4 + 5*xa~3*%b~5)*cosh(x)”"3 + (a”8 + a~7+b + 2*%a”6*b”2 + 10*a~5*xb~3 + 13*a"4
*b~4 + B5*a”~3*b”~5)*cosh(x))*sinh(x)~3 - (3*a”8 + 7xa~7+b - 2*a”~6*b"2 - 18*a”
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5%¥b"3 - 17*a"4*b~4 - 5xa~3*b~5)*cosh(x)”2 + (45%x(a”8 + 5*a”7*b + 10*a”~6*xb~2
+ 10*%a”5*b"3 + 5*a~4*%b~4 + a~3*b"5)*cosh(x)"8 - 3*a”8 - T*a"T7*b + 2*xa~6xb”
2 + 18%a"5%b"3 + 17*a"4*b~4 + 5%xa”3*b~5 - 28%(3*a”8 + 7xa~T7*b - 2*a~6%b"2 -
18*%a~5*b~3 - 17*a"4%b~4 - 5*a”3*b~5)*cosh(x)”6 + 30*%(a"8 + a”7*b + 2*xa~6%Db
"2 + 10*%a"5*%b"3 + 13*a"4*b"4 + 5%a”3*b~5)*cosh(x)"4 + 12%(a”™8 + a”7*xb + 2x*a
“6%b"2 + 10*a”"5*b"3 + 13*a~4*b"4 + 5*a”3*b"5)*cosh(x) 2)*sinh(x) "2 + 2% (5% (
a8 + b*a”7*b + 10*a"6xb~2 + 10*a"5*b"3 + 5*a~4*b~4 + a~3*b~5)*cosh(x)”9 -
4% (3*%a”8 + T*a~T7*b - 2%¥a”~6*xb~2 - 18%a”5*b~3 - 17*a"4*b~4 - 5xa~3*b~5)*cosh(
X)77 + 6%x(a”™8 + a”7xb + 2%a”~6*b”"2 + 10%¥a~5*b~3 + 13*a"4*b”~4 + 5*a~3*b~5)*co
sh(x)75 + 4*%(a”™8 + a~7*xb + 2*¥a~6%b~2 + 10*a”~5*xb~3 + 13*a~4*b~4 + 5*a”3*b~5)
xcosh(x)”3 - (3*a”8 + 7*xa~7*b — 2*%a"6xb"2 — 18*%a”"bxb~3 — 17*a"4xb"4 — 5%a~3
*b~5) *cosh(x))*sinh(x)), -1/6*%(3%((a”5 + 2*a~4*b + a~3*b~2)*cosh(x)~10 + 10
*(a”5 + 2*a~4%b + a~3*b"2)*cosh(x)*sinh(x)”"9 + (a”5 + 2*xa~4*b + a~3*b~2)*si
nh(x)~10 - (3%a”5 - 2*a"4*b - 5*a~3*b~2)*cosh(x)~8 - (3*a”5 - 2*xa~4xb - 5*a
“3*b"2 - 45x(a”5 + 2*a”4xb + a~3*b”2)*cosh(x) "2)*sinh(x)~8 + 8x(15%(a”5 + 2
*a"4xb + a~3*%b"2)*cosh(x)~3 - (3*%¥a”™5 — 2*%a”~4xb - 5*a~3*b~2)*cosh(x))*sinh(x
)77 + 2x(a”5 - 2*%a"4*b + 5*xa~3%b"2)*cosh(x) "6 + 2*x(a”5 - 2*xa~4xb + 5*a”~3*b”
2 + 105*%(a”5 + 2*a~4*b + a~3*%b~2)*cosh(x)”"4 - 14*x(3*a~5 - 2*a~4*b - 5*a”~3x*b
~2)*cosh(x)"2)*sinh(x) "6 + 4%(63*(a”b + 2*a~4*b + a~3%b~2)*cosh(x)”5 - 14x*(
3*a~5 - 2*xa~4*xb - 5*%a~3%b"2)*cosh(x)~3 + 3%(a”5 - 2*a~4xb + 5*xa~3*b~2)*cosh
(x))*sinh(x)”"5 + a”h + 2*xa~4*b + a"3*b"2 + 2x(a”5 - 2*a”4xb + 5xa~3*b”"2)*co
sh(x)"4 + 2x(105%(a”~5 + 2*a~4xb + a~3*b"2)*cosh(x)"6 + a5 - 2*a"4*b + 5*xa”
3*%b"2 - 35%x(3*a”5 - 2¥a~4xb - 5*%a"3*b"2)*cosh(x)"4 + 15%(a”5 - 2*a~4*b + 5%
a~3*b~2)*cosh(x) "2)*sinh(x) "4 + 8*(15%(a”5 + 2*a~4%b + a~3*b~2)*cosh(x)”7 -
7*(3*%a”"5 - 2*a~4xb - 5%a~3%b~2)*cosh(x)”5 + 5x(a”5 - 2*a~4*b + 5*a~3*b~2)x*
cosh(x)~3 + (a”b - 2*a"4*xb + 5*a~3%b"2)*cosh(x))*sinh(x)~"3 - (3*xa~5 - 2xa~4
*b - 5*a”3*b"2)*cosh(x)"2 + (45%(a”b + 2*a"4*b + a~3*b~2)*cosh(x)”8 - 28*(3
*a”5 - 2%a”4*xb - 5*xa~3%b"2)*cosh(x)”"6 - 3*a”5 + 2*xa~4xb + 5*%a”3*b”"2 + 30*(a
“5 - 2%¥a"4xb + 5*%a~3*%b”2)*cosh(x)"4 + 12%(a”5 - 2*xa~4*b + 5*%a~3%b~2)*cosh(x
)" 2)*sinh(x) "2 + 2*x(5%(a”5 + 2*a~4%b + a~3*b"2)*cosh(x)”9 - 4*(3*xa”5 - 2%a”
4xb - 5%a~3*b"2)*cosh(x)”7 + 6%(a”5 - 2*xa~4*b + 5%a”~3*b"2)*cosh(x)”~5 + 4x(a
“5 - 2%a"4xb + 5*%a~3%b”"2)*cosh(x)"3 - (3*a”5 - 2*a~4xb - 5%a”~3*b"2)*cosh(x)
)*sinh(x))*sqrt(-a - b)*arctan(sqrt(2)*(b*cosh(x)~2 + 2%b*cosh(x)*sinh(x) +
b*sinh(x)"2 + a + b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x
)"2 - a + b)/(cosh(x)"2 - 2*%cosh(x)*sinh(x) + sinh(x)~2))/((a*xb + b~2)*cosh
(x)74 + 4%(axb + b"2)*cosh(x)*sinh(x)”"3 + (a*xb + b™2)*sinh(x)"4 - (a"2 - ax*
b - 2¥b"2)*cosh(x)"2 + (6x(a*xb + b~2)*cosh(x)"2 - a”2 + a*xb + 2xb~2)*sinh(x
)72 + a”2 + 2%axb + b72 + 2x(2x(ax¥b + b"2)*cosh(x)"3 - (a”2 - a*b - 2*b72)*
cosh(x))*sinh(x))) + 3*((a”5 + 2*xa"4*xb + a~3*b~2)*cosh(x)~10 + 10*x(a”™5 + 2%
a"4*xb + a"3*b"2)*cosh(x)*sinh(x)~9 + (a5 + 2*a”4xb + a~3*b~2)*sinh(x)~10 -
(3%¥a”™5 - 2*%a”~4xb - 5*a~3*b~2)*cosh(x)"8 - (3*a”5 - 2¥a"4*xb - 5%xa~3*b"2 - 4
5%¥(a”5 + 2*xa~4*b + a"3*b~2)*cosh(x)"2)*sinh(x)”8 + 8%(15%(a”5 + 2*a~4xb + a
~3*b~2)*cosh(x) "3 - (3*xa~5 - 2*xa~4xb - 5*a~3*b"2)*cosh(x))*sinh(x)~7 + 2x(a
~5 - 2%a”4xb + 5*a~3*b"2)*cosh(x)”6 + 2*x(a”h - 2*xa~4*b + 5%a”3*b”"2 + 105*(a
“5 + 2%a"4*b + a"3*b"2)xcosh(x)"4 - 14*x(3*a”5 - 2*xa~4*b - 5*a”3*b~2)*cosh(x
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)"2)*sinh(x) "6 + 4*%(63*(a”5 + 2*xa~4*b + a”3*b"2)*cosh(x)”~5 - 14*(3*a”5 - 2%
a~4xb - 5%a~3%b”"2)*cosh(x)”3 + 3*%(a”h - 2*%a~4xb + 5*a”~3*b~2)*cosh(x))*sinh(
X)75 + a”5 + 2%¥a"4xb + a”3*b”"2 + 2x(a”5 - 2*a~4xb + 5*a~3*b”"2)*cosh(x)"4 +
2% (105*%(a”5 + 2*a~4*b + a~3*%b~2)*cosh(x)”"6 + a~5 - 2*a~4%b + 5*a”3*b"2 - 35
*(3*%a”5 - 2*a”4xb - 5xa~3%b"2)*cosh(x)”4 + 15%x(a”5 - 2*a~4*b + 5*a”~3*b”"2)*c
osh(x)"2)*sinh(x) "4 + 8x(15%(a”5 + 2*xa~4*b + a~3*b~2)*cosh(x)~7 - 7*x(3*a"b
- 2%a~4xb - 5*a~3%b"2)*cosh(x)”~5 + 5x(a”™5 - 2*%a”4xb + b5*xa~3*b~2)*cosh(x)”3
+ (a”5 - 2xa"4xb + 5*a~3%b~2)*cosh(x))*sinh(x)~3 - (3*a”5 - 2*xa~4*xb - 5*a~3
*b~2)*cosh(x) "2 + (45%x(a”5 + 2*a~4*b + a~3*b"2)*cosh(x)~8 - 28*(3*a”™5 - 2*a
“4xb - b*a"3*b"2)*cosh(x)"6 - 3*a”5 + 2*a"4xb + 5xa~3xb"2 + 30*%(a”5 - 2*a”4
*b + 5*xa”3*b"2)*cosh(x) "4 + 12x(a”5 — 2*a”4xb + b5*xa~3*b~2)*cosh(x) "2)*sinh(
x)72 + 2x(5x(a”5 + 2*a"4x*xb + a"3*b"2)*cosh(x)”9 - 4*(3*a”5 - 2*xa~4xb - 5*a”
3*b~2)*cosh(x)”7 + 6*%(a”5 - 2*xa"4*b + 5*a~3%b~2)*cosh(x)”5 + 4x(a”"5 - 2*a™4
*b + 5*a”3*b~2)*cosh(x)~3 - (3*a”™5 - 2*a"4*b - 5*xa~3%b~2)*cosh(x))*sinh(x))
xsqrt(-a - b)*arctan(sqrt(2)*(cosh(x)”2 + 2xcosh(x)*sinh(x) + sinh(x)"2 - 1
)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x
)"2 - 2%cosh(x)*sinh(x) + sinh(x)~2))/((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x
)Y*sinh(x)"3 + (a + b)*sinh(x)"4 - 2%(a - b)*cosh(x)~2 + 2%(3*(a + b)*cosh(x
)72 - a + b)*sinh(x)"2 + 4x((a + b)*cosh(x)"3 - (a - b)*cosh(x))*sinh(x) +
a + b)) + 2xsqrt(2)*((3*a”5 + 1b5*a~4xb + 39%a”3*b~2 + B53*a”2%b”3 + 34*axb~4
+ 8*b75)*cosh(x) "8 + 8%(3*a”5 + 15*a~4x*xb + 39*a~3%b~2 + 53*a~2*b~3 + 34x*xax
b~4 + 8*b~5)*cosh(x)*sinh(x)~7 + (3*a”5 + 15%a”4*b + 39*a”~3*b~2 + 53*a~2%b”
3 + 34*a*xb”4 + 8xb~5)*sinh(x) "8 - 4*(3*a”5 + 9*a~4xb + 6*%a”3*b"2 — 14*xa~2%Db
~3 - 22*%a*b”4 - 8*b~5)xcosh(x)”6 - 4*(3*a”5 + 9*a~4xb + 6%a”3*b”2 - 14*a”2x%
b~3 - 22xa*b”4 - 8*b"5 - 7*x(3*a”5 + 15%a~4*b + 39*%a”"3%b"2 + 53*a"2%b"3 + 34
*a*xb”4 + 8*b~5)*cosh(x)"2)*sinh(x) "6 + 8% (7*(3*a~5 + 15%a~4*b + 39*a~3*b~2
+ B3*a”2*b"3 + 34xa*xb”4 + 8*b~5)*cosh(x)”"3 - 3*%(3*a”5 + 9*a"4x*b + 6xa~3*xb”"2
- 14%a”2*b"3 - 22*a*b~4 - 8*b~5)*cosh(x))*sinh(x)~5 + 3*a”™5 + 15*xa~4*b + 3
9*xa”~3*b"2 + 53*a”2*b”3 + 34*a*b”4 + 8*b~5 + 6*(3*a”5 + T7*a"4xb + 3*a”3*b"2
+ 9*%a”2*b”"3 + 18*axb”4 + 8*b~5)*cosh(x)™4 + 2x(9*a~5 + 21*a"4*b + 9*a~3*b~2
+ 27xa"2*b~3 + bdxa*b”~4 + 24*xb~5 + 35%(3*a”5 + 15%a”4xb + 39*a~3*b"2 + 53x%
a~2%b"3 + 34*axb”4 + 8xb~5)*cosh(x)”4 - 30*x(3*a~5 + 9*a~4xb + 6*%a”"3*b"2 - 1
4*xa”"2*xb"3 - 22*axb”4 - 8*b~5)*cosh(x)"2)*sinh(x) "4 + 8*x(7*x(3*a~5 + 15*a"4%*b
+ 39%a"3*b"2 + 53%a"2*b"3 + 34xaxb”4 + 8*b~5)*cosh(x)”5 - 10*%(3*a”5 + 9*a”
4xb + 6*a~3%b"2 - 14%a”2*b”3 - 22*a*xb~4 - 8%b~5)*cosh(x)”3 + 3*(3*xa”5 + T*a
“4xb + 3*%a”3*b72 + 9%a"2%b"3 + 18*a*b”4 + 8*b~5)*cosh(x))*sinh(x) "3 - 4*x(3x%
a5 + 9*a"4x*xb + 6*a"3*b"2 - 14%a"2%b"3 - 22*%a*xb~4 - 8xb~5)*cosh(x) "2 + 4x*(7
*(3*%a”5 + 16*%a”4*xb + 39*a~3*%b"2 + 53*a"2*b"3 + 34*axb~4 + 8+b~5)*cosh(x)”6
- 3%a”5 - 9%a~4*b - 6*%a~3%b"2 + 14*%a”2%b"3 + 22*%axb"4 + 8*b~5 - 15x(3*a”5 +
9%a~4*b + 6*%a”~3*b"2 - 14%a"2%b"3 - 22*a*b”4 - 8xb~5)*cosh(x)”4 + 9*x(3*a”5
+ 7xa"4*xb + 3*a~3%b"2 + 9*a"2*%b~3 + 18*ax*b~4 + 8*b~5)*cosh(x)~2)*sinh(x) "2
+ 8% ((3*a”5 + 15xa~4xb + 39*a”3*b”"2 + 53*a~2%b~3 + 34*a*b”4 + 8*xb~5)*cosh(x
)77 - 3%(3*%a”5 + 9*a"4*b + 6*xa~3*%b"2 - 14*a”2*b”"3 - 22*a*xb~4 - 8*b~5)*cosh(
x)75 + 3%(3%a”5 + 7*a"4*b + 3*a"3*b"2 + 9%a~2%b"3 + 18*axb”4 + 8*xb~5)*cosh(
x)73 - (3*a”5 + 9*a"4*b + 6*%a”"3*b"2 - 14%a"2%b"3 - 22*a*b”4 - 8xb~5)*cosh(x
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))*sinh(x))*sqrt(((a + b)*cosh(x)"2 + (a + b)*sinh(x)"2 - a + b)/(cosh(x)"2
- 2xcosh(x)*sinh(x) + sinh(x)~2)))/((a”8 + 5*%a”~7*xb + 10*a~6*b~2 + 10*a~5%b
~3 + b*a"4*b”"4 + a~3*b~5)*cosh(x)”10 + 10*(a~8 + 5*a~7*b + 10*a”~6*b"2 + 10x%
a~5*%b~3 + 5*a"4*b~4 + a~3%b~5)*cosh(x)*sinh(x)"9 + (a”8 + b*a~7*b + 10*a”~6x
b~2 + 10*%a~5%b~3 + 5*a”4*b”"4 + a~3*b~5)*sinh(x) 10 - (3*a”™8 + 7*a~7xb - 2*a
“6*b"2 - 18%a"5*b~3 - 17xa"4*xb~4 - 5xa~3*b~5)*cosh(x)”"8 - (3*xa~8 + 7xa"T7x*b
- 2%a"6*%b"2 - 18%a~b*b"3 - 17*a"4*b"4 - 5%xa~3*%b”"5 - 45%x(a”8 + 5*a”~7xb + 10x%
a~6xb~2 + 10%a”5*b~3 + 5xa~4*b~4 + a~3*%b~5)*cosh(x) "2)*sinh(x)~8 + a~8 + bx*
a~7xb + 10%¥a"6xb"2 + 10%a~5*b~3 + 5*xa~4*b"4 + a~3*b"5 + 8*x(15%(a”8 + 5*xa~Tx
b + 10*a~6%b”"2 + 10*a~5%b~3 + 5*a~4*%b"4 + a~3*b~5)*cosh(x)”"3 - (3*xa”8 + T7T*a
“T7xb — 2*%a"6%b"2 — 18*a~b*xb”"3 - 17*a"4xb"4 - 5%a”~3%b"5)*cosh(x))*sinh(x)”7
+ 2%(a”"8 + a“7xb + 2*¥a"6%b"2 + 10*a"5*b"3 + 13*a~4*b"4 + 5*a”~3*b”5)*cosh(x)
"6 + 2x(a”8 + a”7xb + 2*xa"6xb”"2 + 10*a~5*b~3 + 13*%a”~4xb"4 + 5*a~3*b"5 + 105
*(a”™8 + b*a”~7*xb + 10*a~6%b~2 + 10*a”5*b”~3 + 5*xa~4xb~4 + a~3*b~5)*cosh(x)”4
- 14%(3*%a”8 + 7*a~7*b - 2¥a”"6xb"2 - 18*a"5*b~3 - 17*a"4*xb~4 - 5xa”3*b~5)*co
sh(x)~2)*sinh(x) "6 + 4*x(63*%(a"8 + 5*a”~7+b + 10*a”"6*xb~2 + 10*a”"bxb~3 + 5*xa~4
*b"4 + a”3*b~5)*cosh(x)"5 - 14x(3*%a”™8 + 7*xa~7*b — 2*%a~6xb~2 — 18*a”~bxb"3 -
17*a~4*xb~4 - 5%a~3%b"5)*cosh(x)"3 + 3*(a”8 + a"7*b + 2*a~6*xb~2 + 10*a~5%b"3
+ 13*a”4*b”~4 + 5*a~3%b~5)*cosh(x))*sinh(x)”"5 + 2x(a”8 + a~7*b + 2*a~6*xb~2
+ 10*%a”5%b~3 + 13*a~4%b~4 + 5*a~3*b~5)*cosh(x)”4 + 2+x(a”™8 + a~7*b + 2*xa~6%Db
"2 + 10%a"b5*%b"3 + 13*a"4*b"4 + 5%a”~3*b~5 + 105%(a”8 + b*xa~7*b + 10*a~6%b”2
+ 10*%a”5*b”"3 + 5*xa~4*%b~4 + a~3*b"5)*cosh(x)"6 - 35%(3*a”8 + 7*a"7*b - 2*a”6
*b”2 - 18*%a”5*b"3 - 17xa"4*%b"4 - 5*%a”"3*b"5)*cosh(x)"4 + 15%(a”™8 + a”~7*b + 2
*a"6%b”2 + 10*%a”~5*b~3 + 13*a~4%b~4 + 5*xa”3*b”~5)*cosh(x)~2)*sinh(x)~4 + 8*(1
5%(a”8 + b5*a”~7*b + 10*a~6xb~2 + 10*a”b*b~3 + 5*a~4*b~4 + a~3*b~5)*cosh(x)”7
- 7*(3*%a”8 + 7*a"7xb - 2*¥a"6*b”2 - 18*a"b*b~3 - 17*a"4*¥b"4 - 5*a”~3*b~5)*co
sh(x)"5 + 5%(a”8 + a”~7xb + 2%¥a~6%b"2 + 10*a”"5*xb"3 + 13*a~4*b~4 + 5*a”~3*b~5)
*cosh(x)73 + (2”8 + a~7xb + 2*¥a”6*b"2 + 10*a~5*xb~3 + 13*a"4*b"4 + 5*%a”~3*b~5
)Y*cosh(x))*sinh(x)~3 - (3*%a™8 + 7*a~7*xb - 2*xa~6*b~2 - 18*a~5*b~3 - 17*xa"4x*b
~4 - 5*a~3*b”"5)*cosh(x)"2 + (45%(a”8 + 5*a”~7*xb + 10*a~6%b~2 + 10*a”5*b~3 +
5%¥a”4%b"4 + a”~3*b"5)*cosh(x)”8 - 3*a”™8 - 7*a~7*xb + 2*xa~6%b~2 + 18*a”"5*b~3 +
17*xa"4*b~4 + 5%xa~3*b"5 - 28%(3*%a”8 + 7*a~7xb — 2*¥a”"6xb~2 - 18%a"5xb~3 - 17
*a~4%b"4 - 5*a”3*b"5)*cosh(x)”6 + 30%(a"8 + a”~7*b + 2*¥a~6%b"2 + 10*a”~5*b~3
+ 13%a"4*b~4 + 5*xa~3*b"5)*cosh(x)”4 + 12*(a”8 + a~7*b + 2*¥a”~6xb~2 + 10*a~bx*
b~3 + 13*a~4%b~4 + 5*a”3*b”5)*cosh(x)"2)*sinh(x) "2 + 2% (5x(a”~8 + 5xa~7#b +
10*%a~6*b~2 + 10*%a”5*b~3 + 5*a~4*b~4 + a~3*b~5)*cosh(x)”9 - 4*x(3*xa~8 + 7*a”7
*b — 2%a"6xb"2 - 18*a”b*b~3 - 17*a"4*xb"4 - 5%xa”3*b~5)*cosh(x)”7 + 6x(a”8 +
a~7*b + 2*a"6xb"2 + 10*a~5%b~3 + 13*a"4*b"4 + 5*xa~3*b~5)*cosh(x)”5 + 4*(a”8
+ a~7*b + 2%¥a"6*xb"2 + 10%a”5*b~3 + 13*a"4*b"4 + 5%a”3*b~5)*cosh(x)”~3 - (3%
a~8 + T*a”~T7*b - 2*xa~6xb~2 - 18*a”b*b”3 - 17*a~4*xb~4 - 5%a”3*b”5)*cosh(x))*s
inh(x))]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)~2/(atb*coth(x)~2)7(5/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(t_n
ostep-1)]Evaluation time: 2.02Error: Bad Argument Type

maple [F] time = 0.49, size = 0, normalized size = 0.00

tanh?
anh”(x) i

5
2

(a +b (cothz(x)))
Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)~2/(a+b*xcoth(x)~2)"(5/2),x)
[Out] int(tanh(x)~2/(at+b*coth(x)~2)"(5/2),x)
maxima [F] time = 0.00, size = 0, normalized size = 0.00

tanh(x)?

dx

19

(b coth(x)? + a)?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)~2/(atb*coth(x)~2)~(5/2),x, algorithm="maxima"
[Out] integrate(tanh(x)~2/(b*coth(x)~2 + a)~(5/2), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f tanh(x)2 i
(beoth(x) +a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)~2/(a + b*coth(x)~2)"(5/2),x)
[Out] int(tanh(x)~2/(a + bxcoth(x)~2)"(5/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

tanh? (%)

dx
(a + b coth? (x))g
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)**2/(atbxcoth(x)**2)**x(5/2),%)
[Out] Integral(tanh(x)**2/(a + b*coth(x)**2)**x(5/2), x)
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348 [ ———dx

\J1+coth?(x)

Optimal. Leaf size=25

tanh_l «/E coth(x)
N cothz(x) +1
V2

[Out] 1/2*arctanh(coth(x)*27(1/2)/(1+coth(x)~2)"(1/2))*2~(1/2)

Rubi [A] time = 0.02, antiderivative size = 25, normalized size of antiderivative = 1.00,
ber of rul
number of steps used = 3, number of rules used = 3, integrand size = 10, Y T o

0.300, Rules used = {3661, 377, 206}

tanh_l( \/z coth(x) ]

N cothz(x) +1
V2

integrand size

Antiderivative was successfully verified.

[In] Int[1/Sqrtl[l + Coth[x]"2],x]

[Out] ArcTanh[(Sqrt[2]*Coth[x])/Sqrt[1 + Coth[x]~2]]1/Sqrt[2]
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 01 |l LtQ[b, 01)

Rule 377

Int[((a_) + (b_)*x(x_)"(m_))~(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ff*x)™n)"p/(c”2 + ££72*%x72), x], x, (cxTanl[e + fxx])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)
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Rubi steps

1 1
f dx = Subst f dx, x, coth(x)]
W1+ cothz(x) (1 B xz) V1+x?

1 coth(x)
= Subst f T on2 dx, x,

W1+ cothz(x)

tanh_l[ \/E coth(x) ]

\1+coth?(x)
V2

Mathematica [A] time = 0.07, size = 44, normalized size = 1.76
vcosh(2x) csch(x) log (\/E cosh(x) + \/cosh(2x))

V2 \/cothz(x) +1

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[1 + Coth[x]~2],x]

[Out] (Sqrt[Cosh[2*x]]*Csch[x]*Log[Sqrt[2]*Cosh[x] + Sqrt[Cosh[2*x]]1])/(Sqrt[2]*S
qrt[1 + Coth[x]"2])

fricas [B] time = 0.45, size = 547, normalized size = 21.88

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+coth(x)~2)~(1/2),x, algorithm="fricas")

[Out] 1/8*sqrt(2)*log(2*(cosh(x)~8 + 8*cosh(x)*sinh(x)~7 + sinh(x)~8 + (28*cosh(x
)72 + 3)*sinh(x)"6 + 3*cosh(x)”"6 + 2x(28*cosh(x)~3 + 9*cosh(x))*sinh(x)~5 +

5% (14*cosh(x) "4 + 9*cosh(x)"2 + 1)*sinh(x)~4 + b5*cosh(x)~4 + 4*(14*cosh(x)

~5 + 15*%cosh(x)~3 + 5*cosh(x))*sinh(x)~3 + (28*cosh(x)”~6 + 45*cosh(x)"4 + 3
Oxcosh(x)~2 + 4)*sinh(x)~2 + 4*cosh(x)”2 + 2x(4*cosh(x)”7 + 9*cosh(x)”5 + 1
Oxcosh(x)~3 + 4*cosh(x))*sinh(x) + (sqrt(2)*cosh(x)~6 + 6*sqrt(2)*cosh(x)*s
inh(x)75 + sqrt(2)*sinh(x)”~6 + 3*(5*sqrt(2)*cosh(x)~2 + sqrt(2))*sinh(x)~4
+ 3*sqrt(2)*cosh(x) "4 + 4*x(5*xsqrt(2)*cosh(x)~3 + 3xsqrt(2)*cosh(x))*sinh(x)

~3 + (15*%sqrt(2)*cosh(x) "4 + 18*sqrt(2)*cosh(x)~2 + 4*sqrt(2))*sinh(x)"2 +
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4xsqrt (2)*cosh(x) "2 + 2% (3*sqrt(2)*cosh(x)~5 + 6*sqrt(2)*cosh(x)~3 + 4*sqrt
(2)*cosh(x))*sinh(x) + 4*sqrt(2))*sqrt((cosh(x)”~2 + sinh(x)~2)/(cosh(x)"2 -
2xcosh(x)*sinh(x) + sinh(x)"2)) + 4)/(cosh(x)”~6 + 6*cosh(x) 5*sinh(x) + 15
xcosh(x) "4*sinh(x) "2 + 20*cosh(x) “3*sinh(x)~3 + 15xcosh(x) 2*sinh(x)~4 + 6%
cosh(x)*sinh(x)~5 + sinh(x)76)) + 1/8%sqrt(2)*log(-2*(cosh(x)~4 + 4*cosh(x)
*sinh(x)~3 + sinh(x)~4 + (6%cosh(x)”2 - 1)*sinh(x)72 - cosh(x)"2 + 2*(2*cos
h(x)~3 - cosh(x))*sinh(x) + (sqrt(2)*cosh(x)~2 + 2*sqrt(2)*cosh(x)*sinh(x)
+ sqrt(2)*sinh(x) "2 - sqrt(2))*sqrt((cosh(x)”2 + sinh(x)~2)/(cosh(x)"2 - 2%
cosh(x)*sinh(x) + sinh(x)72)) + 1)/(cosh(x)~2 + 2xcosh(x)*sinh(x) + sinh(x)
~2))

giac [B] time = 0.13, size = 69, normalized size = 2.76

\/E(log( e +1 — ¥ +1)—10g( e 11 —e(zx))—log (—\/ (42) 41 + 29 +1))

4sgn (e(z x) — 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+coth(x)~2)~(1/2),x, algorithm="giac")

[Out] 1/4*sqrt(2)*(log(sqrt(e”(4*x) + 1) - e”(2xx) + 1) - log(sqrt(e™(4*xx) + 1) -
e (2%x)) - log(-sqrt(e™(4*x) + 1) + e7(2*x) + 1))/sgn(e”(2%x) - 1)

maple [B] time = 0.14, size = 62, normalized size = 2.48

V2 arctanh[ (2coth(x)+2) V2 ] V2 arctanh( (2-2 coth(x))V2 ]

4 \/ (coth(x)-1)%+2 coth(x) 4 \/ (1+coth(x))?~2 coth(x)
4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+coth(x)~2)~(1/2),x)

[Out] 1/4x2"(1/2)*arctanh(1/4*(2*xcoth(x)+2)*27(1/2)/((coth(x)-1)"2+2*coth(x))~(1/
2))-1/4%2"(1/2) *xarctanh(1/4*(2-2*%xcoth(x))*2~(1/2)/((1+coth(x)) ~2-2*coth(x))
~(1/2))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

1
—_——
f veoth(x)? +1 *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+coth(x)~2)~(1/2),x, algorithm="maxima"
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[Out] integrate(l/sqrt(coth(x)"2 + 1), x)

mupad [B] time = 1.35, size = 63, normalized size = 2.52
V2 (ln (coth(x) + 2 yJcoth(x)® +1 +1) — In (coth(x) —1)) V2 (ln (coth(x) +1) - In («/E \Jcoth(x)? +1
+
4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(coth(x)"2 + 1)°(1/2),x)

[Out] (27(1/2)*(log(coth(x) + 27(1/2)*(coth(x)"2 + 1)7(1/2) + 1) - log(coth(x) -
1)))/4 + (27(1/2)*(log(coth(x) + 1) - log(27(1/2)*(coth(x)"2 + 1)7(1/2) - ¢

oth(x) + 1)))/4

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f \/coth2 (x)+1

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(1/(1+coth(x)**2)**(1/2),x)

[Out] Integral(l/sqrt(coth(x)**2 + 1), x)
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349 [ ————dx

\/ —1—coth?(x)

Optimal. Leaf size=27

tan_l V2 coth(x)
\- COch(x)—l
V2

[Out] 1/2*arctan(coth(x)*27(1/2)/(-1-coth(x)~2)~(1/2))*2~(1/2)

Rubi [A] time = 0.02, antiderivative size = 27, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 3, number of rules used = 3, integrand size = 12, — =

0.250, Rules used = {3661, 377, 203}

tan'l \/E coth(x)
- cothz(x)—l
V2

integrand size

Antiderivative was successfully verified.

[In] Int[1/Sqrt[-1 - Coth[x]~2],x]

[Out] ArcTan[(Sqrt[2]*Coth[x])/Sqrt[-1 - Coth[x]~2]]1/Sqrt[2]
Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 21*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQl[a/bl && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 377

Int[((a_) + (b_)*x(x_)"(m_))~(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ff*x)™n)"p/(c”2 + ££72*%x72), x], x, (cxTanl[e + fxx])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)
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Rubi steps

1 1
dx = Subst dx, x, coth(x)
f -1 - coth®(x) f V-1-22 (1-22) ]
coth(x)

1
= Subst f m dx, X,
: N cothz(x)

-1 V2 coth(x) ]

tan
V ~1—coth? (%)
V2

Mathematica [A] time = 0.04, size = 46, normalized size = 1.70

ycosh(2x) csch(x) log (\/E cosh(x) + \/cosh(Zx))

V2 /- coth?(x) -1

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[-1 - Coth[x]~2],x]

[Out] (Sqrt[Cosh[2*x]]*Csch[x]*Log[Sqrt[2]*Cosh[x] + Sqrt[Cosh[2*x]]])/(Sqrt[2]*S
qrt[-1 - Coth[x]"2])

fricas [C] time = 0.45, size = 175, normalized size = 6.48

1 1 1 1
L V2 log (E (i V2 V=260 -2 42620 _ 2)e<—2’0)—§i V2 log (E (—i V2 V=20 2 42620 _ 2)e<—2x>)-

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-coth(x)~2)~(1/2),x, algorithm="fricas")

[Out] 1/8*I*sqrt(2)*log(1/2*(I*sqrt(2)*sqrt(-2*%e”(4*x) - 2) + 2%xe”(2*xx) - 2)*e” (-
2*xx)) - 1/8%Ixsqrt(2)*log(l/2*(-Ixsqrt(2)*sqrt(-2%e” (4*x) - 2) + 2%e” (2%x)

- 2)*xe”(-2xx)) - 1/8xI*sqrt(2)*log((sqrt(-2*e~(4*x) - 2)*(e”(2*x) + 2) + Ix
sqrt(2)xe” (4*x) + Ixsqrt(2)*e”(2*x) + 2*I*xsqrt(2))*e”(-4xx)) + 1/8*I*sqrt(2
)*log((sqrt(-2*%e”~(4xx) - 2)*(e”(2*x) + 2) - Ixsqrt(2)*e”(4*x) - Ixsqrt(2)x*e

T(2xx) - 2xIxsqrt(2))*e” (-4%x))
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giac [C] time = 0.16, size = 73, normalized size = 2.70

V2 (—i log( e 11 — @Y 4 1) +1i log (\/e(4x) +1 - e(2x)) +1ilog (—\/e(4x) +1 +e@Y 4 1))

4sgn (—6(2 ) 4 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-coth(x)~2)~(1/2),x, algorithm="giac")

[Out] -1/4xsqrt(2)*(-Ixlog(sqrt(e”(4*x) + 1) - e~ (2xx) + 1) + Ixlog(sqrt(e”(4x*x)
+ 1) - e7(2%x)) + Ixlog(-sqrt(e”(4xx) + 1) + e~ (2*x) + 1))/sgn(-e~(2*x) + 1

)
maple [B]

V2 arctan( (-2-2coth(x) V2 ] N arctan[ (=242 coth(x)) V2 )

4\/—(coth(x)—1)2—2 coth() 4\/—(1+coth(x))2+2 coth(x)
4 4

time = 0.14, size = 66, normalized size = 2.44

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-1-coth(x)~2)~(1/2),x)

[Out] -1/4*2"(1/2)*arctan(1/4*x(-2-2*xcoth(x))*2"(1/2)/(-(coth(x)-1)"2-2*coth(x))(
1/2))+1/4%x2~ (1/2) xarctan(1/4*x (-2+2*coth(x))*2"(1/2) /(- (1+coth(x) ) "2+2*coth(

x))~(1/2))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

1
d
f v/—coth(x)? -1 i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-coth(x)~2)7(1/2),x, algorithm="maxima")

[Out] integrate(1/sqrt(-coth(x)"2 - 1), x)

time = 1.25, size = 22, normalized size = 0.81

\/E atan \/E coth(x)
\ —Coth(x)2—1

2

mupad [B]

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(1/(- coth(x)"2 - 1)7(1/2),x)
[Out] (27 (1/2)*atan((2"(1/2)*coth(x))/(- coth(x)"2 - 1)~(1/2)))/2

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f - coth® () -1

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(1/(-1-coth(x)**2)**(1/2),x)
[Out] Integral(l/sqrt(-coth(x)**2 - 1), x)
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3.50 [ ——s—dx

]:+coth3(x)

Optimal. Leaf size=38

X 1 2tan”! (
2 6(coth(x) +1) 33

1-2 coth(x) )
V3

[Out] 1/2*x-1/6/(1+coth(x))-2/9*arctan(1/3*(1-2*coth(x))*3"(1/2))*37(1/2)

Rubi [A] time = 0.07, antiderivative size = 38, normalized size of antiderivative =

. . ber of rul
1.00, number of steps used = 6, number of rules used = 5, integrand size = 8, qumber ot e

= 0.625, Rules used = {3661, 2074, 207, 618, 204}

integrand size

X 1 2tan”! (
2 6(coth(x) +1) 33

1-2 coth(x) )
V3

Antiderivative was successfully verified.

[In] Int[(1 + Coth[x]"3)"(-1),x]

[Out] x/2 - (2xArcTan[(1 - 2*Coth[x])/Sqrt[3]11)/(3*Sqrt[3]) - 1/(6%(1 + Coth[x]))
Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 01 |l GtQ[b, 01)

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2074

Int[(P_)~(p_)*(Q_)"(q_.), x_Symbol] :> With[{PP = Factor[P]}, Int[ExpandInt
egrand [PP"p*Q~q, x], x] /; !'SumQ[NonfreeFactors[PP, x]]1] /; FreeQlq, x] &%
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PolyQ[P, x] && PolyQ[Q, x] && IntegerQ[p] && NeQ[P, x]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (f£_)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + fx*x], x]}, Dist[(cxff)/f, Subst[Int[(a + b*(
ffxx)"n)"p/(c”2 + f£f72xx"2), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps

i 1
f ot U (1-22) 1+ ) ax, %, th(x))

1 1 1
= SubSt(f[6(l ey - 2(_1 +x2) + 3(1 —x+x2)] dx,x,coth(x)]

1 1 1 1 1
=+ = ———dx, x,coth(x) | — = tf—d,,
6(1+coth(x))+3sub8t(f1—x+x2 X, x, cot (x)) 2Subs( T X, X, CO
X 1 2 1
= — = btf—d,,—l 2 coth
> 60 tcoh@) 3" S( BT (x))
_1 { 1-2 coth(x)
L (fme)
2 34/3 6(1 + coth(x))

Mathematica [A] time = 0.08, size = 40, normalized size = 1.05
—1 ( 1-2tanh(x)
. 2tan (—\/3 )
6(tanh(x) + 1) 33

1
> tanh " (tanh(x)) +

Antiderivative was successfully verified.

[In] Integrate[(1 + Coth[x]~3)~(-1),x]

[Out] (2xArcTan[(1 - 2%Tanh([x])/Sqrt[3]])/(3*Sqrt[3]) + ArcTanh[Tanh[x]]/2 + 1/(6
*(1 + Tanh[x]))

fricas [B] time = 0.45, size = 95, normalized size = 2.50

18 x cosh(x)? + 36 x cosh(x) sinh(x) + 18 x sinh(x)2 + 8 (V3 cosh(x)? + 2 V/3 cosh(x) sinh(x) + V3 sinh(x)?)

36 (cosh(x)? + 2 cosh(x) sinh(x) + sinh(x)?)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+coth(x)~3),x, algorithm="fricas")

[Out] 1/36%(18*x*cosh(x)”~2 + 36*x*cosh(x)*sinh(x) + 18*x*sinh(x)~2 + 8*(sqrt(3)*c
osh(x) "2 + 2*sqrt(3)*cosh(x)*sinh(x) + sqrt(3)*sinh(x)~2)*arctan(-1/3*(sqrt
(3)*cosh(x) + sqrt(3)*sinh(x))/(cosh(x) - sinh(x))) + 3)/(cosh(x)~2 + 2*cos

h(x)*sinh(x) + sinh(x)"2)
time = 0.13, size = 25, normalized size = 0.66

2 1 1 1
-5 V3 arctan (5 \/ge(zx)) AEERET e(2)

giac [A]
2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+coth(x)~3),x, algorithm="giac")
[Out] -2/9*sqrt(3)*arctan(1/3*sqrt(3)*e”(2*x)) + 1/2*x + 1/12%e”(-2xx)

time = 0.08, size = 41, normalized size = 1.08

maple [A]
(2coth(x)-1)V3
In (coth(x) —1) 1 In (1 + coth(x) | 2V8 arctan (f)
9

4 T 6+ coth(n) 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+coth(x)"3),x)
[Out] -1/4*1n(coth(x)-1)-1/6/(1+coth(x))+1/4*1n(1+coth(x))+2/9%3"(1/2)*arctan(1/3
*(2%coth(x)-1)*37(1/2))

maxima [B] time = 0.41, size = 73, normalized size = 1.92

1

2 1 3 1 2 1 3 1 1
-5 3 arctan (E 3142 (2 V3l 431 \/E))+§ V3 arctan (E 3142 (2 V3l — 34\5))+§ + e(-2%)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+coth(x)~3),x, algorithm="maxima")

[Out] -2/9*sqrt(3)*arctan(1/6*37(3/4)*sqrt(2)*(2xsqrt(3)*e”~(-x) + 37(1/4)*sqrt(2)
)) + 2/9%sqrt(3)*arctan(1/6%37(3/4)*sqrt(2)*(2*sqrt(3)*e~(-x) - 37(1/4)*sqr
t(2))) + 1/2*%x + 1/12xe” (-2*x)

time = 0.09, size = 38, normalized size = 1.00

coth(x) + x coth(x) 2 \/5 atan ( V3 (2 Coth(x)—l))

6 2 3
coth(x) +1 9

mupad [B]

g
2
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(coth(x)"3 + 1),x)

[Out] (x/2 + coth(x)/6 + (x*coth(x))/2)/(coth(x) + 1) + (2x37(1/2)*atan((37(1/2)*
(2*coth(x) - 1))/3))/9

sympy [B] time = 0.98, size = 102, normalized size = 2.68

23 tanh(x) 3 2v3tanh(x) 3
9x tanh (x) . 9y 44/3 tanh (x) atan (T - T)_él\/g atan (T - T)+
18 tanh (x) + 18 18tanh (x) + 18 18 tanh (x) + 18 18 tanh (x) + 18 18 t:

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(1+coth(x)**3),x)

[Out] 9*x*tanh(x)/(18*tanh(x) + 18) + 9*x/(18*%tanh(x) + 18) - 4*sqrt(3)*tanh(x)*a
tan(2*sqrt (3)*tanh(x) /3 - sqrt(3)/3)/(18*tanh(x) + 18) - 4xsqrt(3)*atan(2+*s
qrt(3)*tanh(x)/3 - sqrt(3)/3)/(18*tanh(x) + 18) + 3/(18*tanh(x) + 18)



318

3.51 f coth(x)\/ a+b coth4(x) dx

Optimal. Leaf size=89

1 [ 1 b coth’ 1 b coth’
~5 a+bcoth4(x)—§\/g tanh ™! Vb coth’ ) +=Va+b tanh™’ 4+ beoth ()

\a+ bcoth4(x) 2 Va+bja+ bcoth4(x)

[Out] -1/2*arctanh(coth(x) " 2xb~(1/2)/(a+b*coth(x)~4)~(1/2))*b~(1/2)+1/2*arctanh ((
atbxcoth(x)~2)/(a+b) " (1/2)/(a+b*coth(x)~"4)~(1/2))*(a+b)~(1/2)-1/2%(a+b*coth
(x)"4)~(1/2)

Rubi [A] time = 0.14, antiderivative size = 89, normalized size of antiderivative = 1.00,
number of rules

number of steps used = 8, number of rules used = 7, integrand size = 15,
0.467, Rules used = {3670, 1248, 735, 844, 217, 206, 725}

—E\/a + b coth*(x) —E\/E tanh ™! Vb coth’) +=Va+b tanh ™ a +beoth™(x)

\/a+bc0th4(x) 2 \/a+b\/a+bcoth4(x)

Antiderivative was successfully verified.

integrand size

[In] Int[Coth[x]*Sqrtl[a + b*Coth[x]~4],x]

[Out] -(Sqrt[b]*ArcTanh[(Sqrt[b]*Coth([x]~2)/Sqrt[a + b*Coth[x]~4]1]1)/2 + (Sqrt[a +
bl*ArcTanh[(a + b*Coth[x]~2)/(Sqrtl[a + b]*Sqrtl[a + bxCoth[x]~4]1)])/2 - Sqr
t[a + bxCoth[x]~4]/2

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl[(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*d™2 + a*xe”™2 - x72), x], x, (a*xe - c*d*x)/Sqrtla + c*xx~2]] /; FreeQ
[{a, ¢, d, e}, x]
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Rule 735

Int[((d)) + (e_)*x(x))"(m_)*((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Simp[
((d + exx)"(m + 1)*(a + c*x72)"p)/(ex(m + 2%xp + 1)), x] + Dist[(2*p)/(e*x(m

+ 2%p + 1)), Int[(d + e*x) m*Simpla*e - cxd*x, x]J*(a + c*x”2)"(p - 1), %],

x] /; FreeQ[{a, c, d, e, m}, x] && NeQ[c*d"2 + axe”2, 0] && GtQ[p, 0] && Ne
Qlm + 2%xp + 1, 0] && ( !'RationalQ[m] || LtQ[m, 1]) && !'ILtQ[m + 2*p, 0] &&
IntQuadraticQ[a, 0, ¢, d, e, m, p, x]

Rule 844

Int[((d_.) + (e_)*(x_))"(m)*((f_.) + (g_.)*(x_))*((a_) + (c_)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*(a + c*x"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + exx) " m*(a + c*x~2)7p, x], x] /; FreeQ[{a, c, d,
e, f, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && !'IGtQ[m, O]

Rule 1248

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*x((a_) + (c_.)*x(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + exx) gx(a + c*x~2)7p, x], x, x72], x] /; FreeQ
[{a, ¢, d, e, p, q}, x]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(xD1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_H)*xD1)" ()" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) mx(a + bx(ff*x)"n)"p)/(c”2 + £
f72xx~2), x], x, (cx*Tanl[e + f*xx])/ff]l, x]1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, pt, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQn, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps



320

Vi + b
f coth(x)\/a + b coth4(x) dx = Subst ( f % dx, x, coth(x)]

1 a + bx?
 Lsupe [V

—-X

1 4 1 —a - bx 2
= ——+/a + bcoth™(x) — = Subst (f dx, x, coth”(x)
2 2 (1-x)Va + bx?
1 4 1 1 2
——+/a + bcoth™(x) — =(—a — b) Subst [ f dx, x, coth (x)) -
2 2 (1 —x)Va + bx?

1 1 1 th? 1
—~Ja+beoth*(x) — =bSubst f dr,x, 2O 1oy
2 2 1-022 ; 2
a + bcoth™(x)

7 tahcl a + bcoth?(x)

1
—=Va
\Ja + beoth*(x) 2 Va + bJa + beoth*(x)

dx, x, coth? (x))

= —1\/5 tanh ™! Vb cothz(x)

Mathematica [A] time = 0.16, size = 86, normalized size = 0.97

1 [ b coth’( b coth?
Al a+ bcoth4(x) — b tanh ™! Vb co ) +Va+btanh™ 4+ beoth’ ()

\/a+bcoth (x) Va+b \/a+bcoth (%)

Antiderivative was successfully verified.

[In] Integrate[Coth[x]*Sqrtla + b*Coth[x]~4],x]

[Out] (-(Sqrt[b]l*ArcTanh[(Sqrt[b]*Coth[x]~2)/Sqrt[a + b*Coth[x]~4]]) + Sqrtla + b
IxArcTanh[(a + b*Coth[x]~2)/(Sqrtla + b]*Sqrt[a + b*Coth[x]~4])] - Sqrtl[a +
bxCoth[x]~4])/2

fricas [B] time = 0.68, size = 5172, normalized size = 58.11

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)*(atb*coth(x)~4)~(1/2),x, algorithm="fricas")

[Out] [1/4%((cosh(x)~4 + 4*cosh(x)*sinh(x)~3 + sinh(x)~4 + 2%(3*cosh(x)"2 - 1)*si
nh(x) "2 - 2xcosh(x)”2 + 4*(cosh(x)~3 - cosh(x))*sinh(x) + 1)*sqrt(b)*log(-(
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(a + 2#b)*cosh(x)”8 + 8*x(a + 2*b)*cosh(x)*sinh(x)"7 + (a + 2*b)*sinh(x)"8 -
4x(a - 2*b)*cosh(x)"6 + 4*x(7x(a + 2*b)*cosh(x)"2 - a + 2*b)*sinh(x)"6 + 8%
(7x(a + 2%b)*cosh(x)”3 - 3x(a - 2%b)*cosh(x))*sinh(x)~5 + 6x(a + 2*b)*cosh(
x)74 + 2x(35*%(a + 2xb)*cosh(x)~4 - 30*(a - 2xb)*cosh(x)~2 + 3*a + 6%b)*sinh
(x)74 + 8%(7*(a + 2*b)*cosh(x)~5 - 10*(a - 2*b)*cosh(x)~3 + 3*(a + 2*b)*cos
h(x))*sinh(x)~3 - 4*(a - 2*b)*cosh(x)"2 + 4*(7*(a + 2*b)*cosh(x)"6 - 15*(a
- 2¥b)*cosh(x) "4 + 9x(a + 2xb)*cosh(x)”2 - a + 2*b)*sinh(x)~2 - 2*sqrt(2)*(
cosh(x)~4 + 4xcosh(x)*sinh(x)~3 + sinh(x)"4 + 2*(3*cosh(x)"2 + 1)*sinh(x)"2
+ 2xcosh(x)72 + 4*(cosh(x)”3 + cosh(x))*sinh(x) + 1)*sqrt(b)*sqrt(((a + b)
*cosh(x)”4 + (a + b)*sinh(x)74 - 4*x(a - b)*cosh(x)~2 + 2%(3*(a + b)*cosh(x)
"2 - 2%a + 2*b)*sinh(x)"2 + 3*a + 3*b)/(cosh(x)~4 - 4*cosh(x) " 3*sinh(x) + 6
*cosh(x) "2*sinh(x) "2 - 4*cosh(x)*sinh(x)~3 + sinh(x)"4)) + 8*((a + 2*b)*cos
h(x)~7 - 3*(a - 2*b)*cosh(x)~5 + 3*(a + 2*b)*cosh(x)~3 - (a - 2*b)*cosh(x))
*sinh(x) + a + 2*b)/(cosh(x)”"8 + 8*cosh(x)*sinh(x)~7 + sinh(x)~8 + 4x*(7*cos
h(x)"2 - 1)*sinh(x) "6 - 4*cosh(x)~6 + 8*(7*cosh(x)~3 - 3*cosh(x))*sinh(x)~5
+ 2% (35*cosh(x)"4 - 30*cosh(x)”2 + 3)*sinh(x)~4 + 6*cosh(x)”4 + 8*(7*cosh(
x)7"5 - 10*cosh(x) "3 + 3*cosh(x))*sinh(x)~3 + 4*(7*cosh(x)"6 - 15*cosh(x)"4
+ 9*cosh(x)”"2 - 1)*sinh(x) "2 - 4*cosh(x)”"2 + 8*(cosh(x)”7 - 3*cosh(x)"5 + 3
*cosh(x)~3 - cosh(x))*sinh(x) + 1)) + (cosh(x)"4 + 4x*cosh(x)*sinh(x)~3 + si
nh(x)~4 + 2x(3*cosh(x)”2 - 1)*sinh(x)~2 - 2*cosh(x)~2 + 4*(cosh(x)~3 - cosh
(x))*sinh(x) + 1)*sqrt(a + b)*log(((a”2 + 2*a*xb + b~2)*cosh(x)~8 + 8*(a"2 +
2%a*xb + b"2)*cosh(x)*sinh(x)"7 + (a2 + 2*a*b + b~2)*sinh(x)"8 - 4*x(a"2 -
b"2)*cosh(x)"6 + 4*(7*(a”2 + 2*a*b + b~2)*cosh(x)"2 - a”2 + b™2)*sinh(x)"6
+ 8% (7x(a”2 + 2%axb + b~2)*cosh(x)”3 - 3*(a”2 - b~"2)*cosh(x))*sinh(x)”5 + 2
*(3*xa”2 + 2%axb + 3*b~2)*cosh(x)”4 + 2x(35%(a”2 + 2xa*xb + b~2)*cosh(x)"4 -
30*%(a”"2 - b"2)*cosh(x)72 + 3*a”2 + 2*a*b + 3*b"2)*sinh(x) "4 + 8% (7*(a"2 + 2
*axb + b~2)*cosh(x)”5 - 10*x(a"2 - b~2)*cosh(x)~3 + (3*a”2 + 2%axb + 3*b~2)x*
cosh(x))*sinh(x) "3 - 4*(a"2 - b~2)*cosh(x) "2 + 4*x(7*x(a"2 + 2*a*xb + b~2)*cos
h(x)"6 - 15x(a”2 - b"2)*cosh(x)”"4 + 3%x(3*a”2 + 2*a*b + 3*b~2)*cosh(x)"2 - a
2 + b72)*sinh(x)”"2 + sqrt(2)*((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x
)73 + (a + b)*sinh(x)~"4 - 2x(a - b)*cosh(x)”2 + 2*x(3*x(a + b)*cosh(x)"2 - a
+ b)*sinh(x)~"2 + 4x((a + b)*cosh(x)”"3 - (a - b)*cosh(x))*sinh(x) + a + b)x*s
grt(a + b)*sqrt(((a + b)*cosh(x)"4 + (a + b)*sinh(x)”4 - 4x(a - b)*cosh(x)~
2 + 2%(3*%(a + b)*cosh(x)~2 - 2%a + 2*b)*sinh(x)~2 + 3*a + 3*b)/(cosh(x)~4 -
4xcosh(x) "3*sinh(x) + 6*cosh(x) " 2*sinh(x)~2 - 4*cosh(x)*sinh(x)~3 + sinh(x
)74)) + a”2 + 2*axb + b72 + 8x((a”2 + 2*a*b + b"2)*cosh(x)"7 - 3x(a”2 - b”2
Yxcosh(x)75 + (3*a”™2 + 2*axb + 3*b~2)*cosh(x)”"3 - (2”2 - b~2)*cosh(x))*sinh
(x))/(cosh(x)"4 + 4*cosh(x) 3*sinh(x) + 6*cosh(x) " 2*sinh(x)~2 + 4*cosh(x)*s
inh(x)73 + sinh(x)74)) - 2xsqrt(2)*sqrt(((a + b)*cosh(x)"4 + (a + b)*sinh(x
)74 - 4x(a - b)*cosh(x)~"2 + 2x(3+(a + b)*cosh(x)~2 - 2xa + 2%b)*sinh(x)”2 +
3*a + 3*b)/(cosh(x)~4 - 4*cosh(x) " 3*sinh(x) + 6*cosh(x) "2*sinh(x)~2 - 4x*co
sh(x)*sinh(x)~3 + sinh(x)~4)))/(cosh(x)"4 + 4*cosh(x)*sinh(x)~3 + sinh(x)~4
+ 2% (3*cosh(x)"2 - 1)#*sinh(x)”2 - 2*cosh(x)"2 + 4*(cosh(x)”"3 - cosh(x))*si
nh(x) + 1), -1/4%(2x(cosh(x)~4 + 4xcosh(x)*sinh(x)~3 + sinh(x)"4 + 2%(3*cos
h(x)~2 - 1)*sinh(x)~2 - 2*cosh(x)~2 + 4*x(cosh(x)~3 - cosh(x))*sinh(x) + 1)*
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sqrt(-a - b)*arctan(sqrt(2)*((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)~
3 + (a + b)*sinh(x)"4 - 2%(a - b)*cosh(x)"2 + 2%(3*%(a + b)*cosh(x)"2 - a +
b)*sinh(x) 72 + 4*((a + b)*cosh(x)"3 - (a - b)*cosh(x))*sinh(x) + a + b)*sqr
t(-a - b)*sqrt(((a + b)*cosh(x)"4 + (a + b)*sinh(x)"4 - 4*(a - b)*cosh(x)"2
+ 2% (3*(a + b)*cosh(x)~2 - 2%a + 2*b)*sinh(x)~2 + 3*a + 3*b)/(cosh(x)"4 -
4xcosh(x) "3*sinh(x) + 6*cosh(x) " 2*sinh(x)~2 - 4*cosh(x)*sinh(x)~3 + sinh(x)
~4))/((a"2 + 2*%a*xb + b~2)*cosh(x)"8 + 8*(a"2 + 2*xaxb + b~2)*cosh(x)*sinh(x)
7 + (272 + 2*%axb + b72)*sinh(x)"8 - 4*(a”2 - b"2)*xcosh(x)"6 + 4*x(7x(a"2 +
2xaxb + b~2)*cosh(x)”2 - a”2 + b™2)*sinh(x)76 + 8% (7*x(a”2 + 2*xaxb + b~2)*co
sh(x)~3 - 3*(a"2 - b~2)*cosh(x))*sinh(x)”5 + 6x(a~2 + 2*a*xb + b~2)*cosh(x)”
4 + 2x(35x(a”2 + 2*axb + b~2)*cosh(x)"4 - 30%(a”2 - b"2)*cosh(x)"2 + 3*a~2
+ 6xaxb + 3*b~2)*sinh(x)"4 + 8*(7*(a”2 + 2xa*b + b~2)*cosh(x)”5 - 10*x(a"2 -
b~2)*cosh(x)~3 + 3*(a”2 + 2*a*b + b~2)*cosh(x))*sinh(x)~3 - 4*%(a"2 - b™2)*
cosh(x)72 + 4*x(7*(a”"2 + 2*xaxb + b~2)*cosh(x)”"6 - 15%(a”2 - b~2)*cosh(x)"4 +
9% (a”2 + 2*axb + b~2)*cosh(x)”2 - a™2 + b™2)*sinh(x)"2 + a”2 + 2*a*b + b2
+ 8% ((a”2 + 2*xaxb + b~2)*cosh(x)”7 - 3*(a"2 - b~2)*cosh(x)”5 + 3*(a"2 + 2%
axb + b"2)*cosh(x)"3 - (a”2 - b"2)*cosh(x))*sinh(x))) - (cosh(x)"4 + 4x*cosh
(x)*sinh(x) "3 + sinh(x)~"4 + 2% (3*cosh(x)"2 - 1)*sinh(x)"2 - 2*cosh(x)"2 + 4
*(cosh(x) "3 - cosh(x))*sinh(x) + 1)*sqrt(b)*log(-((a + 2*b)*cosh(x)~8 + 8x*(
a + 2*b)*cosh(x)*sinh(x)~7 + (a + 2*b)*sinh(x)~8 - 4x(a - 2*b)*cosh(x)”6 +
4x(7x(a + 2*¥b)*cosh(x)”2 - a + 2*b)*sinh(x)"6 + 8% (7*x(a + 2*b)*cosh(x)~3 -
3*(a - 2*b)*cosh(x))*sinh(x)"5 + 6*x(a + 2*b)*cosh(x)~4 + 2*%(35%(a + 2*b)*co
sh(x)"4 - 30x(a - 2*b)*cosh(x)"2 + 3*a + 6*xb)*sinh(x)"4 + 8% (7x(a + 2*b)*co
sh(x)"5 - 10x(a - 2*b)*cosh(x)~3 + 3*(a + 2*b)*cosh(x))*sinh(x)~3 - 4*x(a -
2%b)*cosh(x) "2 + 4x(7x(a + 2*b)*cosh(x)”"6 - 15x(a - 2xb)*cosh(x)”4 + 9*x(a +
2xb)*cosh(x) "2 - a + 2*b)*sinh(x)~2 - 2*sqrt(2)*(cosh(x)~4 + 4*cosh(x)*sin
h(x)"3 + sinh(x)"4 + 2*%(3*cosh(x)”"2 + 1)*sinh(x)"2 + 2*cosh(x)”"2 + 4x(cosh(
x)73 + cosh(x))*sinh(x) + 1)x*sqrt(b)*sqrt(((a + b)*cosh(x)"4 + (a + b)*sinh
(x)74 - 4%(a - b)*cosh(x)"2 + 2*x(3*(a + b)*cosh(x)~2 - 2*a + 2*b)*sinh(x) "2
+ 3*a + 3*b)/(cosh(x)"4 - 4xcosh(x) "3*sinh(x) + 6*cosh(x) " 2*sinh(x)”"2 - 4%
cosh(x)*sinh(x)~3 + sinh(x)~4)) + 8+((a + 2*b)*cosh(x)~7 - 3x(a - 2xb)*cosh
(x)75 + 3*(a + 2*b)*cosh(x)"3 - (a - 2%b)*cosh(x))*sinh(x) + a + 2%b)/(cosh
(x)78 + 8*cosh(x)*sinh(x)~7 + sinh(x)"8 + 4*(7*cosh(x)"2 - 1)*sinh(x)"6 - 4
*cosh(x)”6 + 8*(7xcosh(x)~3 - 3*cosh(x))*sinh(x)~5 + 2*(35*cosh(x)~4 - 30*c
osh(x) "2 + 3)*sinh(x)~4 + 6%cosh(x)”4 + 8*(7*xcosh(x)~5 - 10*cosh(x)~3 + 3*c
osh(x))*sinh(x)~3 + 4*(7xcosh(x)~6 - 15*cosh(x)”™4 + 9*cosh(x)”2 - 1)*sinh(x
)72 - 4xcosh(x)”2 + 8*(cosh(x)~7 - 3*cosh(x)”5 + 3*cosh(x)~3 - cosh(x))*sin
h(x) + 1)) + 2xsqrt(2)*sqrt(((a + b)*cosh(x)"4 + (a + b)*sinh(x)"4 - 4x(a -
b)*cosh(x)"2 + 2%(3*(a + b)*cosh(x)~2 - 2%a + 2*b)*sinh(x)”"2 + 3*a + 3%b)/
(cosh(x)~4 - 4x*cosh(x) " 3*sinh(x) + 6*cosh(x) 2*sinh(x)~2 - 4*cosh(x)*sinh(x
)73 + sinh(x)~4)))/(cosh(x)~4 + 4*cosh(x)*sinh(x)~3 + sinh(x)~4 + 2%(3*cosh
(x)72 - 1)*sinh(x)”"2 - 2*cosh(x)~2 + 4x(cosh(x)"3 - cosh(x))*sinh(x) + 1),
1/4%(2x(cosh(x)"4 + 4*cosh(x)*sinh(x)~3 + sinh(x)"4 + 2*(3*cosh(x)"2 - 1)*s
inh(x) "2 - 2*cosh(x)~2 + 4x(cosh(x)~3 - cosh(x))*sinh(x) + 1)*sqrt(-b)*arct
an(sqrt (2)*sqrt(-b) *sqrt(((a + b)*cosh(x)"4 + (a + b)*sinh(x)”"4 - 4x(a - b)
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*cosh(x)72 + 2*x(3*(a + b)*cosh(x)"2 - 2*%a + 2*b)*sinh(x)"2 + 3*a + 3*b)/(co
sh(x)"4 - 4*cosh(x) " 3*sinh(x) + 6*cosh(x) " 2*sinh(x)~2 - 4*cosh(x)*sinh(x)~3
+ sinh(x)~4))/(b*cosh(x)~4 + 4xbxcosh(x)*sinh(x)~3 + b*sinh(x) "4 + 2xb*cos
h(x)~2 + 2*(3*b*cosh(x)~2 + b)*sinh(x)~2 + 4x(b*cosh(x)~3 + b*cosh(x))*sinh
(x) + b)) + (cosh(x)"4 + 4xcosh(x)*sinh(x)”3 + sinh(x)~4 + 2%(3*cosh(x)"2 -
1)*sinh(x) "2 - 2*cosh(x)~2 + 4*(cosh(x)~3 - cosh(x))*sinh(x) + 1)*sqrt(a +
b)*log(((a™2 + 2xaxb + b~2)*cosh(x)~8 + 8x(a”2 + 2*a*b + b~2)*cosh(x)*sinh
(x)77 + (a2 + 2*%a*xb + b™2)*sinh(x)"8 - 4*(a”"2 - b™2)*cosh(x)"6 + 4*(7*(a"2
+ 2xaxb + b~"2)*cosh(x)”2 - a”2 + b™2)*sinh(x)76 + 8*(7*x(a"2 + 2*axb + b~2)
*cosh(x)73 - 3*(a"2 - b~2)*cosh(x))*sinh(x)”5 + 2x(3*a”2 + 2*a*b + 3*b~2)*c
osh(x)"4 + 2x(35%x(a”"2 + 2*xa*xb + b~2)*cosh(x)"4 - 30*x(a”2 - b"2)*cosh(x)"2 +
3*%a~2 + 2*axb + 3*b"2)*sinh(x)"4 + 8*(7+x(a”2 + 2*axb + b~2)*cosh(x)"5 - 10
*(a"2 - b"2)*cosh(x)"3 + (3*a™2 + 2*xaxb + 3*b~2)*cosh(x))*sinh(x)~3 - 4x*x(a~
2 - b"2)*cosh(x)72 + 4x(7+*(a”2 + 2*a*b + b~2)*cosh(x)"6 - 15%(a"2 - b~2)*co
sh(x)~4 + 3%(3%a”2 + 2%axb + 3*b~2)*cosh(x)"2 - a2 + b~2)*sinh(x)~2 + sqrt
(2)*((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)~"3 + (a + b)*sinh(x)"4 -
2% (a - b)*cosh(x)"2 + 2x(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4x((a + b
)*cosh(x)~3 - (a - b)*cosh(x))*sinh(x) + a + b)*sqrt(a + b)*sqrt(((a + b)*c
osh(x)”™4 + (a + b)*sinh(x)"4 - 4*%(a - b)*cosh(x)~2 + 2%(3*(a + b)*cosh(x)~2
- 2%a + 2*b)*sinh(x)~2 + 3*a + 3*b)/(cosh(x)~4 - 4*cosh(x) " 3*sinh(x) + 6*c
osh(x) "2*sinh(x) "2 - 4x*cosh(x)*sinh(x)~3 + sinh(x)74)) + a~2 + 2*a*b + b~2
+ 8%((a”"2 + 2*xaxb + b~ 2)*cosh(x)”7 - 3*(a"2 - b~2)*cosh(x)"5 + (3*a"2 + 2*a
*b + 3*%b”2)*cosh(x)"3 - (a”2 - b"2)*cosh(x))*sinh(x))/(cosh(x)"4 + 4*cosh(x
)"3*sinh(x) + 6*cosh(x) " 2*sinh(x)~2 + 4%*cosh(x)*sinh(x)~3 + sinh(x)"4)) - 2
*xsqrt (2)*sqrt(((a + b)*cosh(x)"4 + (a + b)*sinh(x)"4 - 4x(a - b)*cosh(x)"2
+ 2%(3*(a + b)*cosh(x)"2 - 2*a + 2*b)*sinh(x)~2 + 3*a + 3*b)/(cosh(x)"4 - 4
*cosh(x) "3*sinh(x) + 6xcosh(x) "2*sinh(x)~2 - 4*cosh(x)*sinh(x)~3 + sinh(x)~
4)))/(cosh(x)"4 + 4*cosh(x)*sinh(x)~3 + sinh(x)"4 + 2*(3*cosh(x)”"2 - 1)*sin
h(x)~2 - 2*cosh(x)~2 + 4*(cosh(x)~3 - cosh(x))*sinh(x) + 1), -1/2%((cosh(x)
“4 + 4xcosh(x)*sinh(x)~3 + sinh(x)~4 + 2*(3*cosh(x)"2 - 1)*sinh(x)~2 - 2*co
sh(x)~2 + 4*x(cosh(x)~3 - cosh(x))*sinh(x) + 1)*sqrt(-a - b)*arctan(sqrt(2)x*
((a + b)*cosh(x)"4 + 4x(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)"4 - 2*(a
- b)*cosh(x)~"2 + 2x(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4*x((a + b)*co
sh(x)~"3 - (a - b)*cosh(x))*sinh(x) + a + b)*sqrt(-a - b)*sqrt(((a + b)*cosh
(x)74 + (a + b)*sinh(x)~"4 - 4x(a - b)*cosh(x)"2 + 2x(3*(a + b)*cosh(x)"2 -
2%a + 2*b)*sinh(x)~2 + 3*a + 3%b)/(cosh(x)”"4 - 4*cosh(x) " 3*sinh(x) + 6*cosh
(x)"2*sinh(x) "2 - 4*cosh(x)*sinh(x)~3 + sinh(x)~4))/((a"2 + 2*axb + b~2)*co
sh(x)"8 + 8*%(a”"2 + 2*axb + b~ 2)*cosh(x)*sinh(x)~7 + (a”2 + 2*a*b + b~2)*sin
h(x)"8 - 4%(a"2 - b™2)*cosh(x)"6 + 4*(7x(a”2 + 2*a*b + b~2)*cosh(x)"2 - a~2
+ b72)*sinh(x)"6 + 8%(7*(a”2 + 2*a*b + b~2)*cosh(x)~3 - 3*(a”™2 - b~2)*cosh
(x))*sinh(x)75 + 6*%(a”2 + 2*a*xb + b~2)*cosh(x)~4 + 2x(35%(a”2 + 2*axb + b~2
Yxcosh(x)"4 - 30*(a"2 - b"2)*cosh(x)"2 + 3*a”™2 + 6*xaxb + 3*b~2)*sinh(x)”4 +
8x(7x(a”"2 + 2*xaxb + b~2)*cosh(x)”5 - 10*x(a"2 - b~2)*cosh(x)"3 + 3*(a"2 + 2
*axb + b"2)*cosh(x))*sinh(x)"3 - 4*(a”2 - b™2)*cosh(x)"2 + 4*x(7x(a"2 + 2*ax
b + b™2)*cosh(x)"6 - 156*%(a”"2 - b"2)*cosh(x)"4 + 9*x(a”2 + 2*a*b + b~2)*cosh(
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X)72 - a”2 + b™2)*sinh(x)"2 + a”2 + 2*a*b + b72 + 8*((a”2 + 2*a*b + b~2)*co
sh(x)"7 - 3*x(a"2 - b™2)*cosh(x)"5 + 3*(a”2 + 2*xaxb + b~2)*cosh(x)”"3 - (a~2

- b"2)*cosh(x))*sinh(x))) - (cosh(x)~4 + 4*xcosh(x)*sinh(x)~3 + sinh(x)~4 +

2% (3*xcosh(x) "2 - 1)*sinh(x)~2 - 2*cosh(x)”2 + 4*(cosh(x)~3 - cosh(x))*sinh(
x) + 1)*sqrt(-b)*arctan(sqrt(2)*sqrt(-b)*sqrt(((a + b)*cosh(x)"4 + (a + b)*
sinh(x)"4 - 4*x(a - b)*cosh(x)"2 + 2*(3*(a + b)*cosh(x)"2 - 2%a + 2*b)*sinh(
x)7"2 + 3*a + 3%b)/(cosh(x)"4 - 4*cosh(x) 3*sinh(x) + 6*cosh(x) " 2*sinh(x)~2

- 4xcosh(x)*sinh(x)~3 + sinh(x)~4))/(b*cosh(x)~4 + 4*b*cosh(x)*sinh(x)~3 +

b*sinh(x)~4 + 2%b*cosh(x)~2 + 2x(3*b*cosh(x)~2 + b)*sinh(x)~2 + 4*(b*xcosh(x
)73 + b*cosh(x))*sinh(x) + b)) + sqrt(2)*sqrt(((a + b)*cosh(x)"4 + (a + b)*
sinh(x)"4 - 4*x(a - b)*cosh(x)"2 + 2*(3*(a + b)*cosh(x)"2 - 2%a + 2*b)*sinh(
x)7"2 + 3*a + 3%b)/(cosh(x)"4 - 4*cosh(x) 3*sinh(x) + 6*cosh(x) " 2*sinh(x)~2

- 4xcosh(x)*sinh(x)~3 + sinh(x)~4)))/(cosh(x)"4 + 4*cosh(x)*sinh(x)~3 + sin
h(x)~4 + 2x(3*cosh(x)”2 - 1)*sinh(x)~2 - 2*cosh(x)~2 + 4*(cosh(x)~3 - cosh(
x))*sinh(x) + 1)]

giac [F] time = 0.00, size = 0, normalized size = 0.00
f Vb coth(x)* + a coth(x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)*(atb*coth(x)~4)~(1/2),x, algorithm="giac")
[Out] integrate(sqrt(b*coth(x)~4 + a)*coth(x), x)

maple [A] time = 0.17, size = 116, normalized size = 1.30

Zb(cothz(x))+2a ’
\/ a+b (coth4(x)) Vb In (2\/5 (cothz(x)) + 2\/ a+b (coth4(x)) ) aarctanh (2 Vith \Jasb{cothi(o) ) barct:
_ N N

2 2 2Va+b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)x*(a+b*coth(x)~4)"(1/2),x)

[Out] -1/2*(a+b*coth(x)~4)~(1/2)-1/2*b~(1/2)*1n(2*b~ (1/2) *coth(x) ~2+2* (a+b*coth (x
)"4)~(1/2))+1/2*a/(a+b) " (1/2)*arctanh (1/2* (2*xb*coth(x) ~2+2*a)/(a+b) ~(1/2) /(
a+bxcoth(x)~4)~(1/2))+1/2%b/(a+b) ~(1/2) *arctanh (1/2* (2xb*xcoth(x) ~2+2*a)/(a+
b)~(1/2)/(a+b*xcoth(x)~4)~(1/2))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f Vb coth(x)* + a coth(x) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)*(at+b*coth(x)~4)~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(b*coth(x)~4 + a)*coth(x), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f coth(x) \/bco’ch(x)4 +a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)*(a + bxcoth(x)~4)~(1/2),x)
[Out] int(coth(x)*(a + b*coth(x)~4)~(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f \Na+b coth* (x) coth (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)*(atb*xcoth(x)**4)x**(1/2),x)

[Out] Integral(sqrt(a + b*coth(x)*x4)*coth(x), x)
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coth(x)

3.52 dx

\/a+b coth*(x)

Optimal. Leaf size=40

tanh™ ( a+bcoth( ]

Va+b \a+b co’ch4 (%)
2Va+b

[Out] 1/2*arctanh((at+b*coth(x)~2)/(a+b)~(1/2)/(atb*coth(x)~4)~(1/2))/(a+b)~(1/2)

Rubi [A] time = 0.08, antiderivative size = 40, normalized size of antiderivative = 1.00,
f rul
number of steps used = 4, number of rules used = 4, integrand size = 15, number of rules _

0.267, Rules used = {3670, 1248, 725, 206}

tanh_l ( a+b coth? (%) ]

Va+b \a+b COth4(X)
2Va+b

Antiderivative was successfully verified.

integrand size

[In] Int[Coth([x]/Sqrtl[a + bxCoth[x]~4],x]

[Out] ArcTanh[(a + b*Coth[x]~2)/(Sqrt[a + b]l*Sqrt[a + b*Coth[x]~4])]/(2*Sqrt[a +
b])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] |l LtQ[b, 0])

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl[(a_) + (c_.)*(x_)~"2]), x_Symbol] :> -Subst[
Int[1/(c*d™2 + a*e™2 - x72), x], x, (axe - c*xd*x)/Sqrtl[a + c*x"2]] /; FreeQ
[{a, c, d, e}, x]

Rule 1248

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*x((a_) + (c_.)*x(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + exx) gx(a + c*x~2)7p, x], x, x°2], x] /; FreeQ
[{a, ¢, d, e, p, q}, x]

Rule 3670
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Int[((d_.)*tan[(e_.) + (f_.)*(x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*& DD~ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*(a + b*x(ff*x)"n) p)/(c"2 + £
£f72%x72), x], x, (cxTanl[e + fxx])/ff]l, x]] /; FreeQ[{a, b, c, d, e, f, m, n
, Py, x] && (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps
th
f coth®) dx = Subst [ f » a = dx, x, coth(x)]
\/a+bcoth4(x) (1—x ) Va + bx

1

1
Sub
27" St(f(l—x)\/a+bx2

1 1 —a — bcoth?
= - ESubst f dx, x a—beoth™(v)

_ 2 4 4
a+tb-x \/a+bc0th4(x)

tanh_l [ a+b cothz(x) ]

Va+b \Ja+b coth4(x)
2Va+b

dx, x, coth? (x)]

Mathematica [A] time = 0.02, size = 40, normalized size = 1.00

2
ta nh_l ( a+b coth”(x) ]

Va+b \a+b Coth4(x)
2Va+b

Antiderivative was successfully verified.

[In] Integrate[Coth[x]/Sqrt[a + b*Coth[x]~4],x]

[Out] ArcTanh[(a + b*Coth[x]~2)/(Sqrt[a + b]l*Sqrt[a + b*Coth[x]~4])]/(2*Sqrt[a +
b])

fricas [B] time = 0.68, size = 1290, normalized size = 32.25

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(coth(x)/(a+b*xcoth(x)~4)~(1/2),x, algorithm="fricas")

[Out] [1/4%1log(((a”2 + 2x%axb + b~2)*cosh(x)~8 + 8*(a”2 + 2*xaxb + b~2)*cosh(x)*sin
h(x)77 + (2”2 + 2%axb + b™2)*sinh(x)7"8 - 4%(a”2 - b~2)*cosh(x)”6 + 4*(7x(a”
2 + 2%axb + b"2)*cosh(x)"2 - a2 + b™2)*sinh(x)"6 + 8*(7*(a"2 + 2*a*b + b2
Yxcosh(x)"3 - 3*(a”™2 - b™2)*cosh(x))*sinh(x)”5 + 2*(3*a~2 + 2*axb + 3*b~2)*
cosh(x)~4 + 2%(35%(a"2 + 2*xaxb + b~2)*cosh(x)”™4 - 30*x(a"2 - b~2)*cosh(x) "2
+ 3%a”2 + 2*axb + 3*b72)*sinh(x)"4 + 8% (7x(a”2 + 2%axb + b"2)*cosh(x)”5 - 1
0%(a”2 - b™2)*cosh(x)~3 + (3%¥a”2 + 2*axb + 3*b~2)*cosh(x))*sinh(x)~3 - 4x*(a
"2 - b"2)*cosh(x)72 + 4x(7+*(a”2 + 2*a*b + b"2)*cosh(x)”6 - 15%(a"2 - b™2)*c
osh(x)"4 + 3*(3*%a”2 + 2xa*b + 3*b~2)*cosh(x)”2 - a”2 + b~2)*sinh(x)"2 + sqr
t(2)*((a + b)*cosh(x)"4 + 4*(a + b)*cosh(x)*sinh(x)"3 + (a + b)*sinh(x)"4 -
2%(a - b)*cosh(x)"2 + 2%(3*(a + b)*cosh(x)"2 - a + b)*sinh(x)"2 + 4*x((a +
b)*cosh(x)"3 - (a - b)*cosh(x))*sinh(x) + a + b)xsqrt(a + b)*sqrt(((a + b)*
cosh(x)74 + (a + b)*sinh(x)~4 - 4x(a - b)*cosh(x)~"2 + 2x(3*(a + b)*cosh(x)”
2 - 2%a + 2*b)*sinh(x)~2 + 3*a + 3*b)/(cosh(x)"4 - 4*cosh(x) " 3*sinh(x) + 6%
cosh(x)"2*sinh(x) "2 - 4*cosh(x)*sinh(x)~3 + sinh(x)74)) + a~2 + 2*a*b + b~2
+ 8x((a”2 + 2%axb + b"2)*cosh(x)”7 - 3*%(a”2 - b™2)*cosh(x)”5 + (3*xa"2 + 2%
a*b + 3*%b”"2)*cosh(x)"3 - (a”2 - b~2)*cosh(x))*sinh(x))/(cosh(x)~4 + 4xcosh(
x) "3*sinh(x) + 6*cosh(x) " 2*sinh(x)"2 + 4*cosh(x)*sinh(x)~3 + sinh(x)~4))/sq
rt(a + b), -1/2*xsqrt(-a - b)*arctan(sqrt(2)*((a + b)*cosh(x)"4 + 4*x(a + b)*
cosh(x)*sinh(x)"3 + (a + b)*sinh(x)"4 - 2*(a - b)*cosh(x)"2 + 2%(3*(a + b)*
cosh(x)72 - a + b)*sinh(x)"2 + 4*x((a + b)*cosh(x)"3 - (a - b)*cosh(x))*sinh
(x) + a + b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"4 + (a + b)*sinh(x)~4 - 4x%(
a - b)*cosh(x)”"2 + 2x(3x(a + b)*cosh(x)~2 - 2*a + 2%b)*sinh(x)~2 + 3*a + 3%
b)/(cosh(x)~4 - 4*cosh(x) " 3*sinh(x) + 6*xcosh(x) 2*sinh(x)~2 - 4*cosh(x)*sin
h(x)"3 + sinh(x)74))/((a"2 + 2*a*xb + b~2)*cosh(x)"8 + 8*(a"2 + 2xa*xb + b~2)
*cosh(x)*sinh(x)"7 + (a”2 + 2*a*b + b"2)*sinh(x)"8 - 4*(a”™2 - b"2)*cosh(x)”
6 + 4x(7*x(a”2 + 2*a*b + b"2)*cosh(x)"2 - a”2 + b"2)*sinh(x) "6 + 8*(7*x(a"2 +
2%a*b + b~2)*cosh(x)"3 - 3*(a”™2 - b~2)*cosh(x))*sinh(x)”5 + 6x(a”2 + 2xaxb
+ b"2)*cosh(x)~4 + 2x(35%(a”2 + 2*a*b + b~2)*cosh(x)”4 - 30*(a"2 - b~2)*co
sh(x)~2 + 3*a”2 + 6*xaxb + 3*b~2)*sinh(x) "4 + 8x(7x(a”2 + 2*a*b + b~2)*cosh(
x)75 - 10x(a”2 - b"2)*cosh(x)”3 + 3*(a”2 + 2*axb + b~2)*cosh(x))*sinh(x)~3
- 4x(a”2 - b"2)*cosh(x)"2 + 4*(7*(a”2 + 2*a*b + b~2)*cosh(x)"6 - 156x(a"2 -
b~2)*cosh(x)”4 + 9*(a~2 + 2*axb + b~2)*cosh(x)"2 - a”2 + b™2)*sinh(x)"2 + a
"2 + 2*%axb + b72 + 8%((a”2 + 2*a*b + b~2)*cosh(x)~7 - 3*(a”2 - b~2)*cosh(x)
"5 + 3*%(a”2 + 2*axb + b~2)*cosh(x)"3 - (2”2 - b"2)*cosh(x))*sinh(x)))/(a +
b)]

giac [F] time = 0.00, size = 0, normalized size = 0.00

f coth(x) i
v/bcoth(x)* + a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(coth(x)/(a+b*xcoth(x)~4)~(1/2),x, algorithm="giac")

[Out] integrate(coth(x)/sqrt(b*coth(x)~4 + a), x)

maple [A] time = 0.14, size = 37, normalized size = 0.92

2b(coth?(x))+2a ]

arctanh
[2\/@ ‘/a+b(coth4(x))
2Va+b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)/(atb*coth(x)~4)"(1/2),x%)
[Out] 1/2/(a+b)~(1/2)*arctanh(1/2*x(2xb*xcoth(x) ~2+2*a)/(a+b) " (1/2)/(at+b*coth(x) "4)
~(1/2))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f coth(x) i
vbcoth(x)* + a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)/(at+b*xcoth(x)~4)~(1/2),x, algorithm="maxima")
[Out] integrate(coth(x)/sqrt(b*coth(x)"4 + a), x)
mupad [F]  time = 0.00, size = -1, normalized size = -0.02

coth(x)

f \Jbeoth(x)* +a

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] int(coth(x)/(a + bxcoth(x)~4)~(1/2),x)
[Out] int(coth(x)/(a + b*coth(x)~4)~(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

coth (x)

f \Ja + beoth? (%)

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(coth(x)/(atb*xcoth(x)**4)**(1/2),x)

[Out] Integral(coth(x)/sqrt(a + bxcoth(x)**4), x)
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coth(x)

3.53 dx

(a+b coth? (x))3/2

Optimal. Leaf size=74

tanh_l [ a+b cothz(x) ]

Vatb Ja+bcoth(x) a — bcoth?(x)
32 -
2a+1) 2a(a +b)yJa+b coth4(x)

[Out] 1/2*arctanh((a+b*xcoth(x)~2)/(a+b)~(1/2)/(at+b*coth(x)~4)~(1/2))/(a+b)~(3/2)+
1/2* (—a+b*coth(x) ~2)/a/(a+b)/(a+b*xcoth(x)~4) "~ (1/2)

Rubi [A] time =0.12, antiderivative size = 74, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 6, number of rules used = 6, integrand size = 15, —— =

0.400, Rules used = {3670, 1248, 741, 12, 725, 206}

2
tanh_l [ a+b coth”(x) ]

Va+b A/a+b coth4(x)

2(a + b)%?

integrand size

a-b cothz(x)

2a(a + b)/a + b coth*(x)

Antiderivative was successfully verified.
[In] Int[Coth[x]/(a + b*xCoth[x]~4)~(3/2),x]

[Out] ArcTanh[(a + b*Coth[x]~2)/(Sqrtla + b]l*Sqrtl[a + b*Coth[x]~4])]1/(2x(a + b)~(
3/2)) - (a - b*Coth[x]~2)/(2*a*(a + b)*Sqrt[a + b*Coth[x]~4])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int[u, x], x] /; FreeQl[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 725

Int[1/(((d) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(cxd™2 + axe™2 - x72), x], x, (axe - c*d*x)/Sqrtla + c*x"2]] /; FreeQ
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[{a, c, d, e}, x]

Rule 741

Int[((d_) + (e_.)*x(x_)) " (m_ )*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> -Simp
[((d + exx)"(m + 1)*(a*xe + cxd*x)*(a + c*xx”2)"(p + 1))/ (2%a*x(p + 1)*(c*xd"2
+ axe”2)), x] + Dist[1/(2xa*x(p + 1)*(cxd”2 + a*e”2)), Int[(d + e*x) m*Simp[
ckd™2%(2%p + 3) + axe”2x(m + 2%p + 3) + ckexd*(m + 2%p + 4)*x, x]*(a + c*xx”
2)"(p + 1), x], x] /; FreeQ[{a, c, d, e, m}, x] && NeQ[c*d"2 + a*xe”2, 0] &&
LtQlp, -1] &% IntQuadraticQla, O, c, d, e, m, p, x]

Rule 1248

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*x((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*x) g*(a + c*x"2)7p, x], x, x°2], x] /; FreeQ
[{a, c, d, e, p, q}, x]

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)]1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_I)*xx)1)"(@))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
£f72xx72), x], x, (cxTan[e + f*xx])/ff]l, x1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps
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coth(x) _ X
f (a + bc:oth‘l(x))g/2 = Subst [f (1 _ xz) ( 7+ bx4)3/2 dx, x, COth(x)]

1 1

= — Subst f dx, x, coth?(x)

) 3/2
(1-x) (a + bxz)

a 2
_ a — b coth®(x) N Subst (f (oo Varbe? dx, x, coth (x))
2a(a + b)yJa + bcoth*(x) 2a(a + )
1 2
- beottiy  Sub([ o o cot’)

- +
2a(a + b)m 2(a+b)

1 —a-b coth? (%)
Subst| | ——dx, x, ——=
a->b COthz(X) (f a+b-x? \a+b coth(x) ]
2a(a + b)yJa + b coth*(x) 2a+b)

tanh_l( u+bcoth2(x) )

Va+b \la+b coth4(x)

2(a + b)%?

a-b cothz(x)

2a(a + b)\Ja + b coth* (%)

Mathematica [A] time = 0.50, size = 73, normalized size = 0.99

2
tanh_l [ a+b coth”(x) ]

Va+b A/a+b coth4(x)

B a - bcoth®(x)

1
2 32
2 (a+0) a(a + b)rJa + bcoth4(x)

Antiderivative was successfully verified.

[In] Integratel[Coth[x]/(a + b*Coth[x]~4)~(3/2),x]

[Out] (ArcTanh[(a + b*Coth[x]~2)/(Sqrtl[a + bl*Sqrt[a + b*Coth[x]~4])]/(a + b)~(3/
2) - (a - b*Coth[x]~2)/(ax(a + b)*Sqrt[a + bxCoth[x]~4]))/2

fricas [B] time = 0.83, size = 3938, normalized size = 53.22

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)/(at+b*coth(x)~4)~(3/2),x, algorithm="fricas")

[Out] [1/4*(((a"2 + ax*b)*cosh(x)”8 + 8*(a~2 + axb)*cosh(x)*sinh(x)~7 + (a2
)*sinh(x)78 - 4*(a”2 - ax*b)*cosh(x)76 + 4*%(7*(a”2 + a*b)*cosh(x)"2 - a™2 +
a*xb)*sinh(x) "6 + 8*x(7*(a"2 + axb)*cosh(x)”"3 - 3*(a"2 - ax*b)*cosh(x))*sinh(x
)75 + 6%(a”2 + axb)*cosh(x)"4 + 2%(35%(a”2 + a*b)*cosh(x)"4 - 30%(a”"2 - ax*b
)*cosh(x) "2 + 3*%a”2 + 3xaxb)*sinh(x)~4 + 8%(7*(a”2 + a*b)*cosh(x)”5 - 10*(a
~2 - ax*b)*cosh(x)”~3 + 3x(a”2 + axb)*cosh(x))*sinh(x)~3 - 4%x(a”2 - axb)*cosh
(x)72 + 4%(7*(a"2 + ax*b)*cosh(x)"6 - 15*%(a”"2 - ax*b)*cosh(x)"4 + 9*x(a"2 + ax
b)*cosh(x)"2 - a”2 + a*b)*sinh(x)”"2 + a”2 + a*b + 8*((a”2 + a*b)*cosh(x)”7
- 3%(a”™2 - ax*b)*cosh(x)"5 + 3*(a”™2 + ax*b)*cosh(x)"3 - (a2 - axb)*cosh(x))x*
sinh(x))*sqrt(a + b)*log(((a”2 + 2%a*b + b~2)*cosh(x)”8 + 8x(a”2 + 2*a*b +
b~2) *cosh(x)*sinh(x)~7 + (a2 + 2*a*b + b~2)*sinh(x)~8 - 4*x(a”2 - b~2)*cosh
(x)76 + 4%(7*(a"2 + 2*a*xb + b~2)*cosh(x)”2 - a”2 + b™2)*sinh(x)"6 + 8*(7*(a
"2 + 2%axb + b"2)*cosh(x)"3 - 3*%(a”2 - b"2)*cosh(x))*sinh(x)"5 + 2*(3*a"2 +
2%axb + 3*b~2)*cosh(x)”4 + 2x(35%(a”2 + 2xa*b + b~2)*cosh(x)”4 - 30*(a"2 -
b~2)*xcosh(x)"2 + 3*a”2 + 2*axb + 3*xb~2)*sinh(x)~4 + 8% (7*(a"2 + 2xa*xb + b~
2)*cosh(x)”5 - 10*x(a"2 - b~2)*cosh(x)”3 + (3*a~2 + 2*axb + 3*b~2)*cosh(x))x*
sinh(x) "3 - 4*(a”2 - b~2)*cosh(x) "2 + 4*x(7x(a"2 + 2*a*b + b~2)*cosh(x)”"6 -
15%(a"2 - b~2)*cosh(x) "4 + 3*(3*a~2 + 2*axb + 3*b~2)*cosh(x)"2 - a”2 + b~2)
*sinh(x) 72 + sqrt(2)*((a + b)*cosh(x)~4 + 4*x(a + b)*cosh(x)*sinh(x)"3 + (a
+ b)*sinh(x)"4 - 2*(a - b)*cosh(x)"2 + 2*(3*(a + b)*cosh(x)"2 - a + b)*sinh
(x)72 + 4x((a + b)*cosh(x)”3 - (a - b)*cosh(x))*sinh(x) + a + b)*sqrt(a + b
)*sqrt(((a + b)*cosh(x)"4 + (a + b)*sinh(x)"4 - 4x(a - b)*cosh(x)"2 + 2% (3%
(a + b)*cosh(x)72 - 2*a + 2*b)*sinh(x)~2 + 3*a + 3*b)/(cosh(x)”4 - 4*cosh(x
) "3*sinh(x) + 6*cosh(x) " 2*sinh(x)~2 - 4*cosh(x)*sinh(x)”~3 + sinh(x)"4)) + a
2 + 2*axb + b72 + 8%((a”2 + 2*a*b + b~2)*cosh(x)~7 - 3*(a”2 - b~2)*cosh(x)
5 + (3*%a”2 + 2%axb + 3*b~2)*cosh(x)"3 - (2”2 - b"2)*cosh(x))*sinh(x))/(cos
h(x)~4 + 4*cosh(x) " 3*sinh(x) + 6*cosh(x)~2*sinh(x)~2 + 4*cosh(x)*sinh(x)~3
+ sinh(x)74)) - 2xsqrt(2)*((a”2 - b"2)*cosh(x)"4 + 4*x(a”2 - b~2)*cosh(x)*si
nh(x)"3 + (a”2 - b™2)*sinh(x)"4 - 2*x(a”2 + 2*a*xb + b~2)*cosh(x)"2 + 2*x(3*(a
"2 - b™2)*cosh(x)"2 - a”2 - 2%a*b - b"2)*sinh(x)"2 + a2 - b2 + 4*x((a"2 -
b~2)*cosh(x)”3 - (a”2 + 2xa*b + b~2)*cosh(x))*sinh(x))*sqrt(((a + b)*cosh(x
)74 + (a + b)*sinh(x)"4 - 4*x(a - b)*cosh(x)~2 + 2x(3*(a + b)*cosh(x)"2 - 2%
a + 2*b)*sinh(x)~2 + 3*a + 3%*b)/(cosh(x)”4 - 4*cosh(x) 3*sinh(x) + 6*cosh(x
) 2xsinh(x) "2 - 4*cosh(x)*sinh(x)~3 + sinh(x)~4)))/((a"4 + 3*a~3%b + 3*a™ 2%
b"2 + a*b~3)*cosh(x)"8 + 8*(a"4 + 3*a~3*b + 3*a~2%b"2 + a*xb~3)*cosh(x)*sinh
(x)77 + (a4 + 3*a”3*b + 3*xa"2%b"2 + a*b”3)*sinh(x)"8 - 4x(a”4 + a~3*b - a~
2*¥b"2 - a*b~3)*cosh(x)”6 - 4*x(a"4 + a~3*b - a™2%b"2 - a*xb™3 - 7x(a"4 + 3*a”
3*b + 3*a"2*b"2 + a*b~3)*cosh(x) "2)*sinh(x)"6 + 8*(7+*(a”"4 + 3*a”3*b + 3*a~2
*b~2 + a*xb”3)*cosh(x)"3 - 3*%(a”4 + a”™3*b - a"2*b"2 - a*b~3)*cosh(x))*sinh(x
)75 + 6*%(a”4 + 3*a”3xb + 3*a”2%b”2 + a*b~3)*cosh(x)"4 + 2x(35%(a”4 + 3*a~3x%
b + 3*a"2xb"2 + a*b”3)*cosh(x)"4 + 3*xa~4 + 9*a~3*b + 9*a"2*xb"2 + 3*axb”3 -

+ a*b
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30%(a”"4 + a~3*b - a”2*%b"2 - a*b”3)*cosh(x)"2)*sinh(x)"4 + a™4 + 3*a~3*b + 3
*a"2*b”"2 + axb”3 + 8*%(7+x(a”4 + 3*a"3%b + 3*a"2%b"2 + a*xb”3)*cosh(x)”"5 - 10%
(274 + a”3%b - a”2*%b"2 - a*b”3)*cosh(x)"3 + 3*x(a”4 + 3*a~3*b + 3*xa"2*b"2 +
a*b~3)*cosh(x))*sinh(x)~3 - 4%x(a”4 + a”3*b - a"2*b"2 - a*b~3)*cosh(x)"2 + 4
*(7+x(a"4 + 3*a”3*b + 3*a"2%b"2 + a*b”3)*cosh(x)"6 - 15x(a”4 + a~3*b - a~2x*b
~2 - a*b”3)*cosh(x)”™4 - a4 - a”3%b + a”2*b”2 + a*xb”3 + 9*(a”4 + 3*a”3*b +
3*%a~2*xb”"2 + a*b~3)*cosh(x)"2)*sinh(x)"2 + 8*((a"4 + 3*a~3*b + 3*a”2*b”"2 + a
*b~3)*cosh(x)”7 - 3*x(a”4 + a"3%b - a"2*b”2 - a*b~3)*cosh(x)”5 + 3*(a"4 + 3%
a~3%b + 3*a"2*b"2 + a*b~3)*cosh(x)”3 - (a”4 + a~3*b - a”2%b"2 - a*b”3)*cosh
(x))*sinh(x)), -1/2%x(((a"2 + a*b)*cosh(x)”"8 + 8%(a"2 + axb)*cosh(x)*sinh(x)
7 + (a2 + a*b)*sinh(x)"8 - 4*%(a”2 - a*b)*cosh(x)"6 + 4*(7*(a”2 + axb)*cos
h(x)"2 - a”2 + ax*b)*sinh(x)”"6 + 8*x(7*(a”2 + axb)*cosh(x)”"3 - 3*(a”2 - axb)*
cosh(x))*sinh(x)"5 + 6*(a~2 + a*b)*cosh(x)”™4 + 2*(35%(a"2 + axb)*cosh(x)"4
- 30%(a”2 - axb)*cosh(x)"2 + 3*a”2 + 3xaxb)*sinh(x)~4 + 8*(7*(a”2 + ax*b)*co
sh(x)”5 - 10%(a”"2 - ax*b)*cosh(x)~3 + 3*(a”2 + a*b)*cosh(x))*sinh(x)~3 - 4x*(
a2 - axb)*cosh(x)"2 + 4%x(7+*(a”2 + ax*b)*cosh(x)"6 - 15%(a”2 - a*b)*cosh(x)”
4 + 9%x(a”2 + a*b)*cosh(x)”2 - a”2 + axb)*sinh(x)"2 + a2 + a*xb + 8x((a"2 +
axb)*cosh(x)”7 - 3*x(a”2 - ax*b)*cosh(x)”5 + 3*x(a”2 + ax*b)*cosh(x)”"3 - (a"2 -
axb) *cosh(x))*sinh(x))*sqrt(-a - b)*arctan(sqrt(2)*((a + b)*cosh(x)~4 + 4x
(a + b)*cosh(x)*sinh(x)~3 + (a + b)*sinh(x)"4 - 2*(a - b)*cosh(x) "2 + 2*x(3x*
(a + b)*cosh(x)”"2 - a + b)*sinh(x)"2 + 4*x((a + b)*cosh(x)~3 - (a - b)*cosh(
x))*sinh(x) + a + b)*sqrt(-a - b)*sqrt(((a + b)*cosh(x)"4 + (a + b)*sinh(x)
~4 - 4%(a - b)*cosh(x)"2 + 2%(3*(a + b)*cosh(x)"2 - 2%a + 2%b)*sinh(x)"2 +
3*%a + 3*b)/(cosh(x)"4 - 4*cosh(x) " 3*sinh(x) + 6*cosh(x) 2*sinh(x)~2 - 4*cos
h(x)*sinh(x)~3 + sinh(x)74))/((a”2 + 2*a*b + b~2)*cosh(x)~8 + 8*(a”2 + 2*ax
b + b"2)*cosh(x)*sinh(x)"7 + (2”2 + 2*xa*b + b~2)*sinh(x)~"8 - 4*(a"2 - b~ 2)*
cosh(x)76 + 4*%(7x(a"2 + 2*axb + b~ 2)*cosh(x)”2 - a”2 + b™2)*sinh(x) "6 + 8*(
7*(a"2 + 2*axb + b~2)*cosh(x)”3 - 3*(a"2 - b~2)*cosh(x))*sinh(x)"5 + 6*x(a”~2
+ 2%a*xb + b72)*cosh(x)~4 + 2%(35%(a”2 + 2*axb + b~2)*cosh(x)”4 - 30*(a"2 -
b~2)*cosh(x)~2 + 3*a”2 + 6*a*b + 3*b~2)*sinh(x)"4 + 8*(7*x(a"2 + 2*a*xb + b~
2)*cosh(x)”5 - 10*x(a"2 - b~ 2)*cosh(x)”3 + 3*(a~2 + 2*a*xb + b~2)*cosh(x))*si
nh(x)"3 - 4x(a”2 - b"2)*cosh(x)"2 + 4x(7*(a”2 + 2*a*b + b~2)*cosh(x)"6 - 15
*(a”™2 - b"2)*cosh(x)"4 + 9%(a”2 + 2*a*xb + b"2)*cosh(x)"2 - a2 + b~2)*sinh(
X)72 + a”2 + 2%axb + b72 + 8%x((a”2 + 2*xaxb + b"2)*cosh(x)”7 - 3x(a”2 - b”2)
*cosh(x)”5 + 3*(a”2 + 2xa*xb + b~2)*cosh(x)”"3 - (a”2 - b~2)*cosh(x))*sinh(x)
)) + sqrt(2)*((a”2 - b~2)*cosh(x)"4 + 4x(a”2 - b~2)*cosh(x)*sinh(x)~3 + (a~
2 - b™2)*sinh(x)"4 - 2x(a”2 + 2*a*b + b"2)*cosh(x)"2 + 2%(3*(a”"2 - b~2)*cos
h(x)"2 - a”2 - 2%a*xb - b™2)*sinh(x)"2 + a2 - b™2 + 4*x((a"2 - b"2)*cosh(x)”
3 - (272 + 2*axb + b~2)*cosh(x))*sinh(x))*sqrt(((a + b)*cosh(x)"4 + (a + b)
*sinh(x)~4 - 4%(a - b)*cosh(x)"2 + 2*x(3*(a + b)*cosh(x)~2 - 2*a + 2*b)*sinh
(x)72 + 3*a + 3*b)/(cosh(x)~4 - 4*cosh(x) " 3*sinh(x) + 6*xcosh(x) 2*sinh(x) "2
- 4*cosh(x)*sinh(x)~3 + sinh(x)"4)))/((a"4 + 3*a~3%b + 3*a”2*b”2 + a*xb~3)x*
cosh(x)78 + 8*%(a”™4 + 3*a~3*b + 3*a~2%b"2 + a*b”3)*cosh(x)*sinh(x)"7 + (a"4
+ 3%a”3*%b + 3*a"2*b”2 + a*b~3)*sinh(x)”8 - 4*(a”"4 + a~3*b - a"2%b"2 - a*xb”3
)*cosh(x)76 - 4*x(a”4 + a”3*%b - a™2*xb"2 - a*b™3 - 7*x(a”™4 + 3xa~3*b + 3*a~2*b
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2 + a*b”3)*cosh(x)"2)*sinh(x)"6 + 8% (7*(a"4 + 3*a~3*b + 3*a~2%b"2 + a*xb”3)
*cosh(x)"3 - 3*%(a”4 + a~3%b - a~2%b”"2 - a*xb~3)*cosh(x))*sinh(x)"5 + 6x(a"4

+ 3*%a”3*%b + 3*%a"2xb"2 + a*b~3)*cosh(x)”"4 + 2x(35%(a”4 + 3*a~3*b + 3*a"2xb”"2

+ a*b”3)*cosh(x)"4 + 3*a”4 + 9*a~3*b + 9*a~2xb"2 + 3*ax*b”3 - 30*(a"4 + a”~3
*b — a”2%b"2 - axb”3)*cosh(x)"2)*sinh(x)"4 + a4 + 3*a”~3%b + 3%a"2*b~2 + ax
b"3 + 8x(7x(a”4 + 3*a"3*b + 3*a"2*%b"2 + a*b~3)*cosh(x)”5 - 10*x(a"4 + a~3%*b

- a"2x%b"2 - a*b”3)*cosh(x)"3 + 3*x(a"4 + 3*a~3%b + 3*%a"2*xb"2 + axb”3)*cosh(x
))*sinh(x)”3 - 4*(a”4 + a~3%b - a~2*b"2 - a*b~3)*cosh(x)”"2 + 4*x(7*(a"4 + 3x*
a~3%b + 3*a”"2*b”"2 + axb~3)*cosh(x)”6 - 15%x(a"4 + a~3%b - a”"2*%b”2 - a*xb”3)x*c
osh(x)74 - a4 - a~3%b + a™2*b"2 + a*xb™3 + 9*x(a"4 + 3*a~3%b + 3*%a"2*xb"2 + a
*b~3)*cosh(x) "2)*sinh(x) "2 + 8*x((a"4 + 3*a”~3%b + 3*%a"2*b~2 + a*xb~3)*cosh(x)
°7 - 3%(a”4 + a”3*b - a”2%b"2 - a*b”3)*cosh(x)"5 + 3*x(a”4 + 3*a"3*b + 3*xa”~2
*b"2 + axb”3)*cosh(x)"3 - (a4 + a~3%b - a”2*b"2 - a*b”3)*cosh(x))*sinh(x))
]

giac [F] time = 0.00, size = 0, normalized size = 0.00

coth(x) i

W

(b coth(x)* + a) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)/(atb*coth(x)~4)~(3/2),x, algorithm="giac")
[Out] integrate(coth(x)/(b*coth(x)~4 + a)~(3/2), x)

maple [C] time = 0.12, size = 431, normalized size = 5.82

iVb (co hz(x) iVb (co hz(x)
arctanh| Zb(COch(x))Jrzg \/1_ ( \/; ) \/1+ ( \FZ ) EllipticPi| coth
2\a+b u+b(aﬁh4uj)
cothe’(x) cothz(x) coth(x) 1 - 2\a+b - b 1
b(4a(a+b) T 2@t T qa@rn) T Harbp Ve Vrb(eoth’®)
\/(coth4(x) + )b 2(a+b)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)/(at+b*xcoth(x)~4)~(3/2),x)

[Out] bx(1/4/a/(a+b)*coth(x)~3+1/4/a/(a+b)*coth(x) "2+1/4/a/(a+b)*coth(x)-1/4/(a+b
)/b)/((coth(x)~4+a/b)*b) ~(1/2)-1/2/(a+b)*(-1/2/(a+b) ~(1/2) *arctanh (1/2* (2*b
xcoth(x) ~2+2%a)/(a+b)~(1/2)/(a+b*coth(x)~4)~(1/2))-1/(I/a~(1/2)*b~(1/2))~(1
/2)*(1-I/a~(1/2)*b~ (1/2) *coth(x)~2) ~(1/2)*(1+I/a~(1/2)*b~(1/2) *coth(x) ~2) ~(
1/2) / (a+b*coth(x)~4)~(1/2)*EllipticPi(coth(x)*(I/a~(1/2)*b~(1/2))~(1/2) ,-I*
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a~(1/2)/v~(1/2),(-I/a~(1/2)*b~(1/2))~(1/2)/(I/a~(1/2)*b~(1/2))~(1/2)) ) +b* (-
1/4/a/(a+b)*coth(x) "3+1/4/a/(a+b)*coth(x)~2-1/4/a/(a+b)*coth(x)-1/4/(a+b) /b
)/ ((coth(x) “4+a/b)*b)~(1/2)-1/2/(a+b)*(-1/2/(a+b) " (1/2) *arctanh (1/2*(2*b*co
th(x)~2+2%a)/(atb)~(1/2)/(atb*coth(x)~4)~(1/2))+1/(I/a~(1/2)*b~(1/2))~(1/2)
*(1-I/a~(1/2)*b~(1/2)*coth(x) "2) " (1/2)*(1+I/a~ (1/2)*b~(1/2) *coth(x)~2) ~(1/2
)/ (a+bxcoth(x)~4)~(1/2)*EllipticPi(coth(x)*(I/a~(1/2)*b~(1/2))~(1/2),-I*a"(
1/2)/b~(1/2), (-I/a~(1/2)*b~(1/2))~(1/2)/(I/a~(1/2)*b~(1/2))~(1/2)))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

coth(x) i

W

(b coth(x)* + a) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)/(a+b*coth(x)~4)~(3/2),x, algorithm="maxima")
[Out] integrate(coth(x)/(b*coth(x)~4 + a)~(3/2), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

th
f( coth(x) - i

b co’ch(x)4 + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(x)/(a + bxcoth(x)~4)~(3/2),x)
[Out] int(coth(x)/(a + b*coth(x)~4)~(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

coth (x)

5 dx
(a+ beoth® (x))?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(x)/(atb*xcoth(x)**4)**(3/2),x)
[Out] Integral(coth(x)/(a + b*coth(x)**4)**(3/2), x)



Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: x)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal] *)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex*)

(¥ "C" if result involves higher level functions than necessaryx*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
I1f [ExpnType [result] <=ExpnType [optimall],
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If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result] <=2*LeafCount [optimal],
IIA" s
||Bll] ,
||Cl|] s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
||Cl| s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*xexpression based on the functions it involves*)

(1
(¥2 = algebraic functionx)

rational functionx)

(¥3 = elementary functionx*)

(x4 = special functionx)

(*5 = hyperpergeometric functionx)
(6 = appell functionx)

(¥7 = rootsum functionx)

(*8 = integrate functionx)

(¥9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn] ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType lexpn[[1]1]1],2]1],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunction@[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]1],
If [SpecialFunctionQ[Head [expnl],
Apply [Max, Append [Map [ExpnType, Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]l],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]],
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If [Head [expn]===RootSum,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

},funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, Coshlntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{Hypergeometric1F1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]

4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000
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#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount (result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType (result);
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",
ExpnType_optimal);
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
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if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do not
as well");
fi;
if leaf_ count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:
#

# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
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#

#Nasser 032417

is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function
hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

H OH HF H OH HF H H H R H
© 0 N O O WN -
n

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest(expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)])))
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elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2. .nops(u),u))
end if
end proc:
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#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count (expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfil]
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def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow):  #type(expn,' ~""')

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, ' *™")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args([1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
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elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(O,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,
return max(7,ml1)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count_result
leaf_count_optimal

leaf _count(result)
leaf_count (optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

debug=False;

def tree_size(expr):
i
Return the tree size of this expression.
win
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is Nonme:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_function(func):
debug=False
m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot','sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh','cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch'
'arctan2', 'floor', 'abs'
]
if debug:
if m:

,'sgn',
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print ("func ", func , " is elementary_function")
else:

print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
debug=False
if debug: print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi', 'fresnel sin','fresnel cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi','cosh_integral', 'gamma’','log_gamma', 'psi,zeta’,
'polylog','lambert_w', 'elliptic_£f','elliptic_e',
'elliptic_pi','exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):

return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):
debug=False

if debug: print ("Enter is_atom")

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:

if expn.parent() is SR:
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return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.argsl[1i],

Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()
[1]1)) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]))




350

return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)

return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it

#is checked before calling the grading function that is passed.
#but kept it here.

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

if debug: print ("Enter grade_antiderivative for sagemath")

leaf _count_result = tree_size(result) #leaf_count(result)
leaf_count_optimal = tree_size(optimal) #leaf_count(optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
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if leaf_count_result <= 2x%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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